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ABSTRACT 


The object of the work presented in this thesis is an attempt to study the free vibrational 
behaviour of isotropic/polar-orthotropic non-homogeneous circular and annular plates with 
various complicating effects such as thickness variation, elastic foundation, thermal gradient. 
shear deformation, rotatory inertia and elastically restrained edge. Very little work dealing with 
non-homogeneous plates is available in the literature. The model proposed herein to account for 
non-homogeneity of plate material is such that most of the earlier proposed models can be 
regarded as particular cases. The thesis consists of nine chapters. Chapter I presents an up-to- 
date survey of literature on vibration of plates with various complicating effects. The remaining 
work from chapters П to IX is divided into two parts, А and В. Part A(chapters Il to М), deals 
with isotropic plates, while part B(chapters VI to IX), deals with polar-orthotropic plates. 
Extensive numerical results for the frequencies and mode shapes for various values of plate 


parameters have been given in each chapter, which would be of interest to design engineers. 
The chapter-wise summary is given as follows: 


PARTA 

Chapter II deals with free axisymmetric vibrations of isotropic non-homogeneous annular plate 
of quadratically varying thickness on the basis of classical plate theory. The non-homogencity 
of the plate material is assumed to arise due to the variation of Young's modulus and density 
which are assumed to vary exponentially in the radial direction. The numerical solution of the 
governing differential equation derived by using Hamilton’s energy principle is obtained by 
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differential quadrature method (DQM), which provides highly accurate results with minimal 
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computational efforts. First three natural frequencies have been computed for different values 
of various plate parameters such as non-homogeneity, density, taper and also radii ratio for 
three different combinations of boundary conditions. Mode shapes for the first three modes of 
vibration are computed for specified plates. The results for linear as well as parabolic thickness 
variations have been obtained as special cases. Comparison of results with those available in 


the literature has been presented. 


In Chapter ПІ, an analysis for the free axisymmetric vibrations of isotropic non-homogeneous 
circular plate of variable profile has been presented on the basis of classical plate theory. 
Assuming the exponential variation for non-homogeneity of the plate material and quadratic 
variation for thickness as in chapter П, the differential quadrature method has been used to 
obtain the frequency equations for three different edge conditions. The effect of non- 
homogeneity, density and taper parameters and that of edge conditions on natural frequencies 
have been investigated for the first three modes of vibration. Normalized transverse 
displacements have been presented for a specified plate for all the three edge conditions. 
Special cases for linear as well as parabolic thickness variations have been deduced. A 
comparison of results with those available in literature by other methods has been presented. A 
comparative study for evaluation of frequencies for specified plates with respect to different 


choices of grid points has also been carried out. 


Chapter IV deals with free axisymmetric vibrations of isotropic non-homogeneous, moderately 
thick annular plates of quadratically varying thickness. The analysis is based on a set of 
coupled differential equations with variable coefficients derived by an extension of Mindlin's 


plate theory. As a closed form solution of these equations is not feasible, an approximate 
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solution has been obtained using РОМ. For three different combinations of edge conditions. 
frequency equations have been solved in respect of different values of thickness. non- 
homogeneity, density and taper parameters and also radii ratio to obtain the first three natural 
frequencies. Transverse displacements are presented for specified plates for first three modes of 
vibration. The results have been compared with those available in literature by other methods. 
A comparison of frequencies with the corresponding values obtained by classical plate theory 


has also been presented. 


In chapter V, the effect of transverse shear and rotatory inertia on flexural vibrations of 
isotropic non-homogeneous circular plates of variable thickness has been studied. The 
governing differential equations derived in chapter IV have been extended for circular plates of 
quadratically varying thickness in radial direction. Chebyshev collocation technique has been 
employed for their numerical solution with exponential variation for non-homogeneity of the 
plate material. The effect of various plate parameters such as thickness, non-homogeneity. 
density and taper on the frequencies for three different edge conditions has been analyzed. 
Mode shapes for specified plates have been presented for the first three modes of vibration. 
Comparison of frequencies for isotropic homogeneous Mindlin circular plate of uniform 
thickness obtained by other methods has been presented. A comparison of frequencies with 


those obtained by classical plate theory has also been made. 


PART B 
Chapter VI deals with the analysis of free axisymmetric vibrations of non-homogeneous polar 
orthotropic annular plates of non-uniform thickness on the basis of classical theory of plates. 


Assuming the quadratic variation for thickness and exponential variation for non-homogeneity 
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solution has been obtained using DQM. For three different combinations of edge conditions. 


frequency equations have been solved in respect of different values of thickness, non- 
homogeneity, density and taper parameters and also radii ratio to obtain the first three natural 
frequencies. Transverse displacements are presented for specified plates for first three modes of 
vibration. The results have been compared with those available in literature by other methods. 


A comparison of frequencies with the corresponding values obtained by classical plate theory 


has also been presented. 


In chapter V, the effect of transverse shear and rotatory inertia on flexural vibrations of 
isotropic non-homogeneous circular plates of variable thickness has been studied. The 
governing differential equations derived in chapter IV have been extended for circular plates of 
quadratically varying thickness in radial direction. Chebyshev collocation technique has been 
employed for their numerical solution with exponential variation for non-homogeneity of the 
plate material. The effect of various plate parameters such as thickness, non-homogeneity, 
density and taper on the frequencies for three different edge conditions has been analyzed. 
Mode shapes for specified plates have been presented for the first three modes of vibration. 
Comparison of frequencies for isotropic homogeneous Mindlin circular plate of uniform 
thickness obtained by other methods has been presented. A comparison of frequencies with 


those obtained by classical plate theory has also been made. 


PART В 


Chapter VI deals with the analysis of free axisymmetric vibrations of non-homogeneous polar 
orthotropic annular plates of non-uniform thickness on the basis of classical theory of plates. 


Assuming the quadratic variation for thickness and exponential variation for non-homogeneity 
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of plate material, an approximate solution of the governing differential equation of motion of 
such plates has been obtained by new version of DQM. First three natural frequencies have 
been computed for different values of radii ratio and various plate parameters, such as rigidity, 
non-homogeneity, density and taper parameters for three different combinations of boundary 
conditions. Normalized transverse displacements for the first three modes of vibration have 
been computed for specified plates. A comparison of minimum number of grid points to obtain 
the results with four digit exactitude by DQM and new version of DQM has been made. Also a 


comparison of results with those available in literature has been presented. 


Chapter VII analyses the effect of Winkler type elastic foundation on free axisymmetric 
vibrations of polar orthotropic non-homogeneous annular plates of variable thickness on the 
basis of classical plate theory. The solution of the equations of motion for the plates of 
exponentially varying thickness has been obtained by employing the Chebyshev collocation 
technique. The effect of foundation together with orthotropy on the natural frequencies has 
been investigated for different values of radii ratio and various plate parameters such as taper, 
non-homogeneity and density for three different combinations of edge conditions. Mode shapes 
have been presented for a specified plate for the first three modes of vibration. A comparison of 


results with those available in literature has also been presented. 


In chapter VII, the effect of two-parameter elastic foundation (Pasternak) has been investigated 
on free axisymmetric vibrations of polar orthotropic non-homogeneous annular plates of 
variable profile on the basis of classical plate theory. An approximate solution of the governing 
differential equation for such plates has been obtained by Chebyshev collocation technique for 


inner edge clamped and outer edge clamped or simply supported. First three natural frequencies 
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for linearly as well as parabolically varying thickness have been computed for various values of 


non-homogeneity, density, taper, rigidity, foundation parameters and radii ratio. Normalized 
transverse displacements for the first three modes of vibration for specified plate have been 


plotted. A comparison of results with those available in the literature has also been presented. 


Chapter IX investigates the effect of non-homogeneity caused by a constant thermal gradient 
on the free axisymmetric vibrations of polar orthotropic circular plates of quadratically varying 
thickness with elastically restrained edge on the basis of classical plate theory. An approximate 
solution of the problem is obtained by Ritz method, ener employs polynomial coordinate 
functions as the basis functions. Mode shapes have been computed for a specified plate and the 
effect of orthotropy together with thermal gradient has been studied on the natural frequencies 
for various values of taper and flexibility parameters for the first three modes of vibration. The 
cases of classical boundary conditions i.e. clamped, simply supported and free edge conditions 


have been deduced as special cases. 
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CHAPTER I 


INTRODUCTION 


The study of vibration has acquired great importance due to its applications in various fields of 
engineering and technology ranging from household goods, such as washing machines, 
grinders and juicers, to aerospace industries. Vibration is a universal phenomenon since all 
bodies possessing mass and elasticity are capable of vibration. Atoms, molecules, nuclei and 
even the minutest particle in nature vibrate. There are low frequency vibrations of the lungs and 
heart, high frequency vibrations of the ear drum and also the vibrations induced by body 
motions. Depending upon their characteristics, vibrations may be desirable and undesirable. 
Musical instruments and machines would be of no interest without vibration. Vibration of 
telephone receivers, centrifugal separators, turbines, teleprinters and that of musical 
instruments is desirable, while that of machines and bridges is undesirable. Vibrations are also 
undesirable, when measurements with precision instruments, such as an electron microscope. 
are required. Vibrations are also beneficial for many purposes, such as atomic clocks that are 
based on atomic vibrations, ultrasonic instrumentation used in eye and other types of surgery. 
Vibrations may cause excessive noise due to wear of machine parts leading to reduction in 
performance. The knowledge of the theory of vibrations not only helps in preventing 
undesirable vibrations, but also helps in increasing the efficiency and life span of the machines. 
When a structure is excited with a frequency corresponding to one of its natural frequencies, 
then resonance occurs, resulting in excessive deflection and failure. Thus, the knowledge of 


natural frequencies of structural components is essential for design engineers to avoid 


resonance. 
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The study of vibration of plates has attracted scientists and engineers since the work of Chladni 
in 1787, who presented various modes of vibration for completely free square 
plates(Leissa[1973]). Later in 1811, Sophie Germain developed the theory for vibrating 
isotropic plates, which is known as classical plate theory. He derived the governing differential 
equation for such plates, but the boundary conditions were erroneous. The correct boundary 
conditions were given by G.R. Kirchoff(1850a, 1850b). This classical plate theory, also known 
as small deflection plate theory, is attributed to Kirchoff and Love(1850a, 1850b, 1944) and is 
based upon the following assumptions : 

1. Thickness is small as compared to other dimensions. 

2. The normal stresses in the direction transverse to the middle surface are Los to be 


negligibly small. 


し > 


. The middle surface of the plate remains unstretched during deformation. 
4. The linear elements normal to the undeformed middle surface remain linear and normal to 


the deformed middle surface. 


Several books have significantly contributed to the development of this subject. The 
Mathematical Theory of Elasticity by Love[1944] is one of the oldest and best books. 
Subsequently, many books have appeared dealing with bending and vibration of plates, notable 


ones amongst them being Volterra and Zachmanoglu[1965], Szilard[1974], Рапс[1975], — 


Rao[2004]. Based upon classical plate theory, a lot of research work d 


plates of various geometries such as circular, annular, rectan 


gular and tri 
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Most of the work deals with plates of uniform thickness. An excellent survey of work up to 
1965 has been given by Leissa in his monograph[1969]. Itao and Crandall[1979] have 
presented an interesting study giving as many as 701 lowest frequencies of uniform circular 
plates with free edge. In his bibliography, Naruoka[1981] has compiled 12717 research papers 
on the theory of plates published all over the world. Weisensel[1989] has given an elegant 
account of natural frequencies for homogeneous isotropic circular/annular plates of uniform 
thickness in two tables based upon 55 research papers. The study of vibrational behaviour of 
isotropic homogeneous plates has been continuing till today. Recently, Liew and Yang[1999, 
2000] obtained full vibration spectrum of natural frequencies and mode shapes of circular and 
annular plates respectively, using three-dimensional analysis. Liu et al.[2001] studied 
axisymmetric vibration frequencies of some typical circular and annular plates by satisfying 
stress boundary conditions. Chakraverty et al.[2001] analysed free vibration of annular elliptic 
plates by using boundary characteristic orthogonal polynomials in Rayleigh-Ritz method. Rossi 
and Laura[2002] studied transverse vibrations of thin circular plates with mixed boundary 
conditions. Rossi[2002] presented an analysis of transverse vibrations of a circular annular 
plate with free inner edge. Zhou et al.[2003] analysed three-dimensional vibrational behaviour 
of circular and annular plates using Chebyshev-Ritz method. Zagrai and Donskoy[2005] 
obtained natural frequencies and modal parameters of uniform circular plates with elastic edge 
support. Lower natural frequencies of circular plates with mixed boundary conditions have 


been determined and analysed by Bauer and Eidel[2006]. 


There has been an increasing interest in the study of vibrational behaviour of circular and 
annular plates of variable thickness due to their increasing use in aerospace industry, electronic 


and optical equipments and missile technology. A considerable number of papers is available 


3 


for various types of thickness variation and different boundary conditions. Conway[1957, 
1958] and Conway[1964] analysed flexural vibrations of discs of linearly varying thickness. 
Barakat and Bauman[1968] have considered parabolic thickness variation in the study of 
axisymmetric vibration of thin circular plates. Harris[1968], Kirkhope and Wilson[1972], Soni 
and Amba-Rao[1975], Chen[1976] and Luisoni et al.[1977] studied the axisymmetric as well as 
asymmetric vibrations of non-uniform isotropic circular plates. Gelos et al.[1981] studied the 
vibrations of circular plates with variable profile. Ficcadenti et al.[1986] performed numerical 
experiments on vibrating circular plates of non-uniform thickness and variable rotational 
constraint along the edge. Avalos et al.[1987] and Sanzi et al.[1989] presented an analysis of 
vibration of circular plates with stepped thickness over a concentric region. Selmane and 
Lakis[1999] studied natural frequencies of transverse vibrations of non-uniform circular and 
annular plates. Singh and Saxena[1995] and Bambill and Laura[1996] studied axisymmetric 
vibrations of circular plates with double linear thickness variations. Singh and Saxena[1996a, 
1996b] obtained natural frequencies for transverse vibrations of circular plates with quadratic 
and exponential thickness variations. Chen[1997] analysed the axisymmetric vibrations of 
circular and annular plates of arbitrarily varying thickness. Singh and Hassan[ 1998] studied the 
transverse vibrations of circular plates with arbitrarily varying thickness. Recently, Duan et 
al.[2005] have given generalised hypergeometric function solutions for transverse vibration ofa 


class of thin annular plates with thickness varying monotonically in radial direction. 


As the plates used in various applications may have appreciable thickness, the classical plate - 
theory over-predicts the natural frequencies because of overestimation of stiffness oft 
The theory, however, does not account for the effect of transverse shear defo 


rotatory inertia. Research on incorporating shear deformation effects has re 
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theories which range from Reissner[1945], Hencky[1947], Uflyand[1948] to Mindlin[1951] 
and finally to Deresiewicz and Mindlin[1955], who introduced both the shear deformation and 
rotatory inertia effects in the study of vibrational behaviour of isotropic circular plates of 
uniform thickness. A literature survey by Liew et al.[1995] presents an excellent review of 


earlier research work/investigations on thick plate vibrations. 


In the last few decades, various linear and higher order theories dealing with plate type 
structures have been developed and are given in Levinson[1980], Reddy and Phan[1985]. 
Senthilnathan[1989] and Soedel[2004]. These theories have been widely used in most 
engineering applications. An extensive review of work dealing with complicating effects, such 
as thickness variation and axial force etc. has been given by Leissa in his monograph[1969] and 
a series of review articles[1977, 1978, 1981, 1987]. Later work is not found in the form of 
review articles, although quite a large number of papers on plate vibrations is available in the 
literature. Notable contributions are listed in references : Verma [1987], Kapania and 
Raciti[1989], Reddy [1990]. Chakraverty [1992], Jain[1993], Saxena[1996]. Bert and 
Malik[1996a, 1996b, 1996c], Chakraverty et al.[1999], Ansari[2000]、 Xiang[2002], Gupta and 
Ansari[2002], Kang[2003] and Sheikh et al.[2003]. Recently, Cheung and Zhou[2003] carried 
out an analysis of the free vibration of rectangular Mindlin plate with variable thickness. An 
exact solution of buckling and vibration of stepped rectangular Mindlin plate has been given by 
Xiang and Wei[2004]. Malekzadeh et al.[2004] presented free vibration analysis of Mindlin 
plates. Wang et al.[2004] presented mode shapes and modal stress resultants for freely 
vibrating circular plates. Free vibration analysis of moderately thick plates of variable ihiekness 


with elastically restrained edge has been given by Malekzadeh and Shahpari[2005]. Xiang and 


Zhang[2005] gave an analysis of the vibrational behaviour of circular Mindlin plates with 


stepwise thickness variations. 


In many practical situations, particularly in aerospace industry, missile technology and 
microelectronics, certain parts have to operate under high temperature environment causing 
non-homogeneity of the material i.e. elastic constants of the material become functions of space 
variables. Further, structural components are non-homogeneous either by design or due to 
imperfections in the underlying material. Material properties, in such elastic bodies, vary in а 
continuous manner. Ply-wood, timber and fibre-reinforced plastics etc. form an important class 
of non-homogeneous materials which are used in engineering applications. Very few models, 
representing the behaviour of non-homogeneity, have been proposed in the literature. The 
earliest model was proposed by Bose[1967], where Young's modulus and density are supposed 
to vary with radius vector. Biswas[1969], in his model, considered exponential variations for 
torsional rigidity and the material density, while Rao et al.[1974] have taken linear variations 
for both the Young's modulus and the density. In a series of papers, Tomar et al.[1982a, 19826. 
1983, 1984] have analysed the vibrational behaviour of non-homogeneous isotropic plates of 
variable thickness of different geometries on the basis of classical plate theory. The non- 
homogeneity of the plate material is assumed to arise due to the variation of Young’s modulus 
and density along one direction. In the aforesaid models, the Poisson’s ratio has been assumed 


to remain constant. 


All the above investigations have been carried out assuming the plate material to be elastically 
isotropic. On account of the desirability of light weight, high strength, corrosion resistance and 


high temperature performance requirements in modern technology such as diaphragms used in 
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pressure capsules, aircraft fuselages, circular and annular plates stiffened with circumferential 


ribs and modern composite plates, to mention a few, there has been a phenomenal increase in 
the development of anisotropic materials during the last two decades of the last century. Many 
engineering structures made of composite materials may be modelled analytically as 
orthotropic(a special case of anisotropy). Composite materials find their -use especially in 
aerospace technology, ocean engineering and applied sciences. Thus, the vibrational behaviour 
of fibre-reinforced materials and their increasing use have led to the study of vibration of 
orthotropic plates. Hearmon[1946] was the first known researcher in the field of rectangular 
orthotropy. Later on, Lekhnitskii[1968] extended the classical plate theory to anisotropic plate 
dealing with bending, stability and vibration. A considerable amount of work, dealing with 
vibration of polar orthotropic circular and annular plates, has been carried out by a number of 
researchers and the notable ones are reported in references (Ramaiah and Vijaikumar[1973]. 
Ginesu et al.[1979], Avalos et al.[1982], Laura et al.[1982], Gorman[1982]. Bell and 
Kirkhope[1983], Narita[1984], Reddy[1984], Narita et al.[1986], Ram Kumar et al.[1987]. 
Gunaratnam and Bhattacharya[1989], Kim and Dickinson[1990]. Bercin[1996]. Davi and 


Milazzo[2003] and Lal and Sharma[2003. 2004a], Kang et al.[2005 ]). 


The consideration of thickness variation together with orthotropy in the design of structural 
components, not only ensures reduction in size and weight, but also meets the desirability of 
economy and high strength. Keeping this in view, Laura et al.[1982] studied the effect of linear 
thickness variation on the vibration of polar orthotropic circular plates. Lal and Gupta[1982] 
analysed the axisymmetric vibrations of polar orthotropic annular plates of linearly varying 
thickness using Chebyshev collocation technique. Gorman[1983a. 19836] used the finite 


element technique to obtain natural frequencies of circular and annular plates of variable 
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thickness under different conditions. Gupta and Lal[1985] analysed the effect of linear 


thickness variation on the axisymmetric vibrations of polar orthotropic Mindlin annular plates. 
Sankarnarayanan et al.[1985] studied the axisymmetric vibrations of layered annular plates 
with linear variation in thickness. Using Ritz method, Gupta and Ansari[1998b] studied the 
asymmetric vibration and elastic stability of polar orthotropic circular plates of linearly varying 
profile. In two papers, Gupta and Ansari[1998a, 2003] analysed the effect of linear and 
parabolic thickness variations on free vibrations of polar orthotropic circular plates with 
elastically restrained edge. Recently, Lal and Sharma[2004b] studied the vibration of non- 
homogeneous polar ‘orthotropic annular plate of exponentially varying thickness. Elishakoff 


and Pentaras[2006] studied simply supported polar orthotropic inhomogeneous circular plates. 


In normal practice, the actual boundary condition on a periphery, often tends to be partway 
between the classical conditions and may correspond more closely to some form of elastic 
restraint. The analysis of vibration of plates with elastically restrained edge is an important 
problem in aeronautical and naval structural engineering. In aircraft structures, the individual 
plates are connected to other plates or stiffened at their boundaries and thus, have elastic 
restraint at their edges. Many researchers, like Laura et al.[1976, 1981], have drawn attention to 
vibration of plates with elastic restraints and presented the fundamental frequencies of circular 
plates elastically restrained against rotation. Narita and Leissa[1980, 1981] analysed simply 
supported and free US having elastic constraints. Leissa and Narita[1981] gave free 
vibration analysis of circular plates having elastic constraints and added mass, distributed along 
the edge segments. Irie et al.[1983] studied the free vibrations of circular plates with elastic 
restraint along the radial segment. Azimi[1988] studied the free vibrations of isotropie plates 


restrained elastically on their boundary by receptance method and also reviewed earlier work 


Da. BX 49 “ер J 


on elastically restrained circular plates. Bambill et al.[1996] obtained the first mode 


approximation of mass and compliance of circular plates elastically restrained against rotation. 
Comparatively, little amount of work has been done dealing with vibration of polar orthotropic 
circular and annular plates with elastically restrained edge conditions. Notable contribution up 
to 2002, on vibration of polar orthotropic circular/annular plates of uniform and variable 
thickness with elastically restrained edge, are reported in references : Kim and 
Dickinson[1990], Gupta et al.[1991], Chung et al.[1993], Lawrence and Yin[1996], Gupta and 
Ansari[1998a, 1998b, 2002]. More recently, Singh and Jain[2003, 2004] studied asymmetric 
transverse vibrations of polar orthotropic annular plates of non-uniform thickness with 
elastically restrained edges. In another paper, Singh and Jain[2005] presented an analysis of 
free asymmetric vibration of polar orthotropic annular sector plate with a linearly varying 
thickness when circular edges are elastically restrained. In a latest study, Gupta et al.[2006] 
presented a study on asymmetric buckling and vibration of polar orthotropic circular plates of 


linearly varying thickness resting on Winkler foundation with elastically restrained edge. 


Plates supported by elastic foundations have achieved great importance in foundation 
engineering such as floor slabs of multi-storey buildings, foundation of deep wells and storage 
tanks, pavement slabs of roads and airfields etc.[Szilard 1974, p.136]. A number of research 
workers has analysed the effect of elastic foundation on natural frequencies of plates. In this 
context, Hetenyi[1946, 1966] and Vlasov[1966] investigated the effect of elastic foundation on 
the dynamic behaviour of beams and plates. Various models, approximating the supporting 
medium(i.e. foundation), such as Vlasov, Pasternak and Winkler, have been proposed in the 
literature and an excellent account of these models, has been given by Kerr[1964]. 


Bhattacharya[1977] investigated the effect of Vlasov foundation on the natural frequencies of 
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triangular plates. Gupta and Lal[1979] and Gupta et al.[1985] analysed the effect of Winkler 


foundation and orthotropy on the frequencies of annular plates of linearly varying thickness 
using quintic splines interpolation technique. Later, Gupta et al.[1990] used Ritz method in the 
study of the effect of Winkler foundation on vibration of polar orthotropic circular plates of 
variable thickness when the edge is elastically restrained. Laura and Gutierrez[1991] studied 
the effect of Winkler type foundation on the vibration of a circular plate of linearly varying 
thickness. Gupta et al.[1994] analysed the effect of Winkler foundation on axisymmetric 
vibration of polar orthotropic circular plates. Liew et al.[1996] investigated the effect of 
Winkler type foundation on natural frequencies of Mindlin’s rectangular plates. Ayvaz et 
al.[1998] applied a modified Vlasov model for the earthquake analysis of plates resting on 
elastic foundation. Gupta and Ansari[1999, 2002] and Gupta et al.[2006] studied the effect of 
elastic foundation (Winkler type) on asymmetric vibrations of polar orthotropic plates of 


variable thickness using Ritz method. 


Clearly, most of the studies have been devoted to Winkler model of foundation, which is 
assumed to be replaced by a series of unconnected, closely spaced vertical elastic springs. Main 
disadvantage of Winkler’s model is the discontinuity in the displacement. To avoid this 
disadvantage, a more realistic model was proposed by Pasternak. This model provides a close 
approximation to foundation reaction as it takes into account, not only its transverse reaction, 
but also shear interaction between spring elements, which is achieved by connecting the ends of 
the springs to the plate with incompressible vertical elements. Keeping this in view, a number 
of papers has appeared in the literature dealing with Pasternak type elastic foundation and is 
given in references (Nassar[1981], Kamal and Durvasula[1983], Dumir[1987], Paliwal[2003], 


Smaill[1991], Xiang et al.[1994], Han and Liew[1997], Wang et al.[1997], Shen[1997], 
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Omurtag and Kadioglu[1998]. Shen et al.[2001], Wang et al.[2001], Filipich and 
Rosales[2002], Teo and Liew[2002], Malekzadeh and Karami[2004], Gúler[2004], Zhou et 
al.[2006]), to mention a few. Among these, most of the work is concerned with bending of 


beams and plates of different geometries. The above up-to-date survey clearly shows that very 


little work has been done on the vibration of polar orthotropic circular /annular plates resting on 


Pasternak foundation. 


Plate type structural components find wide applications in aerospace structures. In addition to 
mechanical loads, they are subjected to thermal load, which is caused by aerodynamic heating. 
Such thermal environments also arise in many engineering applications such as radiant burners, 
heat exchangers and artillery barrels etc. The extent of heating depends upon particular 
situation. The increase in temperature causes change in the material properties and thus, the 
homogeneous character of the material breaks down, giving rise to non-homogeneity in the 
material i.e. mechanical properties of the material become functions of space variables 
(Hoff[1958]). This necessitates the study of vibration analysis in the presence of thermal 
disturbances. Due to the increasing use of modern materials in the design of structural 
elements, there is an obvious need to study their vibrational behaviour in the presence of 
thermal gradient. Most of the engineering materials are found to have a linear relationship 
between the modulus of elasticity and temperature (Nowacki[1962]. Fauconneau and 
Marangoni[1970]). A number of studies, dealing with the effect of thermal gradient on 
vibration of isotropic/orthotropic rectangular/circular/annular/elliptic plates of uniform/non- 
uniform thickness, has been reported in references: ше and Yamada[1978], сын апа 
Dhotarad[1979], Laura and Gutierrez[1980], Gupta[1984], Tomar and Gupta[1983, 1984a, 


1984b, 1985a, 1985b], Gorman[1983c, 1985a, 1985b], Ghosh[1985], Kar and Sujata[1988. 
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Dhotarad[1979], Laura and Gutierrez[1980], Gupta[1984], Tomar and Gupta[1983, 1984a, 


1984b, 1985a, 1985b], Gorman[1983c. 1985a, 1985b]. Ghosh[1985], Kar and Sujata[1988. 


1990], Rao et al.[1996]. During the survey of the literature, the author has not come across 


papers, dealing with linear vibrations of plates in the presence of thermal gradient, except that 


of Li and Zhou[2001] and Arafat et al.[2004], in which natural frequencies of heated annular 


and circular plates have been presented. 


In addition to the above references. the following literature has also been consulted: 


Conway[1959], Sternberg and Chakravorty[1959]. Thorkildsen and Hoppmann[ 1959], 


Erdogan[1985], Clastornik et al.[1986]. Tsai[1987], Јозћ 1995], Liu and Chen[1995], 


Masad[1996]. Gutierrez et al.[1996]、Saha et al.[1997], Wang and Wang[2005]. Hou et 


al.[2005] and Sharma[2005]. 


The above survey of literature reveals the fact that almost no work has been done dealing with 
vibrations of non-homogeneous plates of variable thickness during the last two decades with 
the exception of Sharma[2005], which presents free vibration studies on non-homogeneous 
annular plates. A major part is devoted to plates of either uniform or linear or exponential 
thickness variation using Chebyshev collocation technique. Thus, it is evident that no work has 
been done to study the effect of quadratic thickness variation, Pasternak foundation, thermal 
gradient and elastically restrained edge on the natural frequencies of non-homogeneous 


isotropic and orthotropic circular and annular plates. ° 
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РҮТТТРЕШРТЕЕСОСОСГССОС 


Present Investigation 


The object of the work presented in this thesis is an attempt to study the free vibrational 
behaviour of isotropic/polar-orthotropic non-homogeneous circular and annular plates with 
various complicating effects, such as thickness variation, shear deformation, rotatory inertia, 
elastic foundation (Winkler and Pasternak), thermal gradient and elastically restrained edge. 
The model considered to account for non-homogeneity of plate material is the same as taken by 
Sharma[2005]. Hamilton's energy principle has been used to derive the governing differential 
equation of motion for different plate problems, which has been solved by using four different 
numerical techniques, namely differential quadrature method, Chebyshev collocation 
technique, new version of differential quadrature method and Ritz method. Convergence 
studies have been carried out for all the numerical techniques employed. In case of DQM 
technique, an interesting study has been presented for evaluation of frequency parameter for a 
specified plate by taking equally spaced and three unequally spaced grid points i.e. zeros of 
shifted Legendre polynomials, zeros of shifted Chebyshev polynomials and grid points taken 
by Liew et al. [1997]. Extensive numerical results for frequencies and mode shapes have been 
obtained for various values of plate parameters for different boundary conditions. The results 
would be of great interest to design engineers in obtaining desired frequency by the proper 
choice of one or more plate parameters. The thesis consists of nine chapters. Chapter 1 presents 
an up-to-date survey of literature on vibration of plates with various complicating effects. 


Chapters II to У, deal with isotropic plates, while chapters VI to IX, deal with polar-orthotropic 


plates. 5 


Chapters II and Ш deal with the axisymmetric vibrations of annular and circular plates, 


respectively, on the basis of classical plate theory, while Mindlin’s plate theory has been used 


in chapters IV and V for respective geometries. In all these chapters, the variation in thickness 


of the plate has been taken as quadratic. Differential quadrature method (DQM) has been used 


in chapters II-IV and Chebyshev collocation technique has been used in chapter V. 


In chapter VI, new version of DOM has been used to study the axisymmetric vibrations of 
polar orthotropic annular plates of quadratically varying thickness. Chebyshev collocation 
technique has been used in chapters VII and VIII to study the effect of Winkler foundation and 
Pasternak foundation respectively, on the axisymmetric vibrations of annular plates. The 
thickness variation has been taken to be exponential in chapter VII and general in chapter VIII. 
In chapter IX, Ritz method has been used to analyse the effect of thermal gradient on the 
axisymmetric vibrations of circular plates of quadratically varying thickness with elastically 
restrained edge. In all the above chapters i.e. from VI-IX, the analysis has been presented on 


the basis of classical plate theory. 
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CHAPTER II 


VIBRATIONS OF NON-HOMOGENEOUS ANNULAR PLATES OF 
QUADRATIC THICKNESS 


1. INTRODUCTION 

The study of vibrations of annular plates of variable thickness is of great interest in connection 
with various engineering applications such as aeronautical, civil, marine and mechanical 
engineering. In many practical situations, as in aerospace and missile technology, the structural 
components have to operate under elevated temperatures which cause non-homogeneity in the 
plate material i.e. elastic constants of the material become functions of the space variables. In 
an up-to-date survey of literature, the author has come across various models to account for 
non-homogeneity of plate material proposed by researchers dealing with vibration. Bose[1967] 
analyzed the vibrations of thin non-homogeneous circular plates with a central hole assuming 
the variation in Young's modulus and density in radial direction as E = Eor and p = por, where 


Eg and ро are constants. Biswas[1969], considered a non-homogeneous material for which 
rigidity 4 = де “7 and density p= e 、 where до and po are constants and both u and р 


were assumed to vary exponentially. Rao et al.[1974], dealing with vibration of non- 
homogeneous isotropic thin plates, have assumed linear variations for Young's modulus and 
density given by Е = Ед1+ах) and p = po(1+Bx). In a series of papers. Tomar et al.[1982a, 
1982b, 1983, 1984] have assumed exponential variations 1.e. Е = Eo e and p = po & in the 
study of vibrational behaviour of non-homogeneous isotropic plates. The Poisson's ratio has 
emain constant. The assumption of variation, in which parameter и is the 


been assumed to r 


same for Young’s modulus as well as density, does not seem to have any justification. In the 
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present study, a more general model has been proposed and used in which the Young's modulus 


and density have been assumed to vary exponentially in radial direction in a distinct manner. 


Various numerical techniques such as Frobenius method (Tomar et al.[1982a]), finite-difference 
method (Singh et al.[1996a]), simple polynomial approximation method(Gupta et al.[1990], 
Avalos et al.[1982]), Galerkin's method (Ratko[2005]), Rayleigh-Ritz method (Gutierrez et 
al.[1996], Singh and Saxena[1996], Gupta and Ansari[2003]), characteristic orthogonal 
polynomial method (Singh and Chakraverty[1994]), quintic splines method (Lal et al.[1997]), 
finite element method (Chen and Ren[1998]. Liu and Lee[2000]) and Chebyshev collocation 
method (Gupta et al.[1994], Lal et al.[2001]), etc. have been employed to study the vibrational 
characteristics of plates of various geometries. The above numerical methods, such as finite 
difference and finite element methods require fine mesh size to obtain accurate results but are 
computationally expensive. The method of quintic splines, characteristic orthogonal 
polynomials and Frobenius method require an appreciable number of terms for plates of 
variable thickness. Differential quadrature method (DQM), introduced by Bellman et al.[1972] 

which was generalized and simplified subsequently by Quan and Chang[1989a, 1989b] and Shu 
and Richards[1992]. has emerged as a distinct numerical technique during last two decades. 

This method has the capability of producing highly accurate results with minimum 

computational efforts for initial and boundary value problems. This has led to the study of 
vibrational behaviour of plates of various geometries using DQ method by a number of 
researchers (Bert et al.[1988], Wang et al.[1993], Wang et al.[1995], Bert and Malik[1996a, 


1996b], Liew et al.[19971, Malekzadeh and Shahpari[2005]), to mention a few. 


въввсопсовособвососовево 


This chapter deals with the axisymmetric vibrations of non-homogeneous annular plates of 


quadratically varying thickness using differential quadrature method. This type of thickness 
variation was considered earlier by Singh and Saxena[1996a] and has the advantage of dealing 
with linear and parabolic thickness variation, which are of practical importance. The non- 
homogeneity occurs due to variation in Young's modulus as well as density, which have been 


assumed to vary exponentially in radial direction. 


2. BASIC PLATE EQUATION 


Consider an isotropic annular plate of thickness h = h(r) with inner and outer radii 5 and a, 
respectively, referred to a system of cylindrical coordinates (ғ, 9 z), where the axis of the plate 


is taken as the line 7 = 0 and its middle surface as the plane z = 0, shown in Figure 2. 


Strain Displacement Relations 
Let (u, v, w) be the displacement components at a point (ғ, 6 z) in ғ, 0 and 2 directions, 


respectively. We assume that u and v are proportional to z, and w is independent of z. For 


Е : 3 0 
axisymmetric vibrations, the displacement will also be axisymmetric and hence an )=0. 


Therefore, displacement components are given by 
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w= w(r,t), 
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and strain components in terms of displacements, become 


д?» 
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Stress-Strain Relations 


The stress-strain relations for the isotropic material are given by 


(0 — 25 [e, +052], 
1-0" 

пуњене Eun me Е (2.2.3) 
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O»: =0, 0,9 =0, 


where E isthe Young's modulus of elasticity and v the Poisson's ratio. 


Using relations (2.2.2) in (2.2.3), we get, 


Mec av MES) a (2.2.4) 
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If M,, My, Мо denote the moment resultants all per unit length, then 
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Integration after substituting o,,0, and o,, from equation (2.2.4) into equation (2.2.5) leads to. 


M,=-D Oow eD Ow ! 
Or? r Or 


Y 2 J 
М, = де). (22.6) 


r er or? 


where D is the flexural rigidity defined by 


Eh? 


rer 


Energy Variations 


The strain energy density is given by 


dW = lors, + О 059 ar O o£ 10 ar с, | dV > (2.2.7) 


where dV denotes elementary volume. 


The total strain energy of the plate is obtained by integrating relation (2.2.7) over the total 


volume of the plate. This gives 


27 h/2 
| [(с,, +0 ¿Ep )r dz dO dr . (2.2.8) 
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Substituting the values of 6,, Є» Є,» To from equations (2.2.2) and (2.2.4) in equation (2.2.8), 
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Now integrating with respect to z, it leads to 
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The expression for kinetic energy is given by 
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The total kinetic energy, resulting from the vertical movement of the elements of the plate. is 


given by 


> 


ST | (2) "E dou (2.2.12) 
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0 -h/2 
Now integrating with respect 10 2, we get 
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Taking variations of W and T 


a | дуд (би) v dw O° (ди) о(ди) ди ] 1 ди (ди) 
= D — ——— + ——— د کے کم‎ ndo о 2.2.14 
ой ] ] E ді? m or? み or?) Gy en ( ) 
a 2r би 299) 
= A PEA c 2.2.15 
ол ще ot Зо E 


20 


SO OT @ G G Ó 6 G SS 


Equation of Motion 


T i i : NE Эба , 
o obtain equations of motion, Hamilton's energy principle is used which can be written as, 


5 


Sue (2.2.16) 
where / and /2 are the initial and final values,944 "the kinetic potential L is given by 
L=T-W. 

Taking the variational operator б inside the 1 Bstituting from equations (2.2.14) 


and (2.2.15) and considering óW-óT, we get 
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Integrating equation (2.2.17) by parts, the integrated parts give boundary conditions while the 


remaining triple integrals are 
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Expression (2.2.18) will be satisfied only when the coefficient of би is zero and hence, we get 


92 д?» д д?» o? | o 22 ees ^w 
= „У | р==| ДО р-- + ohr —-=0. ER: 9) 
АС 2) 2 or? Ән Or) Or\r or де (445) 


21 


wa 


ERARRREARESGEGEGGENMOG 


Equation (2.2.19) after simplification leads to 
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For non-homogeneity of the plate material, let us assume that E and p are functions of space 


variable r. Now equation (2.2.20) becomes 
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Introducing the non-dimensional variables x =—, W=— 
a a a 


variation in thickness i.e. 
h = holt + qx + Bx’), such that |а| <1, |6| 1 and a+ 8 > -1, (2.2.22) 


and assuming the exponential variation (following Tomar et al. [1982a, 1982b, 1983, 1984]) for 


the non-homogeneity of material in radial direction as follows : 


вав", р= poe": (2.2.23) 


equation (2.2.21) reduces to 


dW 2 al 
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Р, 


where, w(x,t)= (әде (for harmonic vibrations), @ is the radian frequency, ho, po are the 


thickness and density at the centre of the plate, / and 7 are non-homogeneity parameters, の 


and f are the taper parameters and 


Tob P==(1+Bx) 
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and Ep із Young's modulus of plate material at x — 0. 


Equation (2.2.24), which is a fourth order linear differential equation with variable coefficients 
involving several plate parameters, becomes quite complex and so its exact solution is not 
possible. Equation (2.2.24) together with the boundary conditions at the edges x = gand x = 1, 
where & = b/a, constitutes a two point boundary value problem in the range (6, 1), and has been 


solved by differential quadrature method (DQM). 
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3. METHOD OF SOLUTION : DIFFERENTIAL QUADRATURE METHOD 


Let xi, X2..... Xm be the m grid points in the applicability range [51]. According to differential 
quadrature method (Bert et al.[1988]). the и" order derivative of W(x) with respect to x can be 
expressed discretely at the point x; as 


d"W (x ) m Cm 
AA ーー «(пу А EN! jm 2. : 
de 2% W(x,), п-1,2,34 ше (2.3.1) 


where с”? are weighting coefficients associated with n" order derivative of W(x) with respect 


to x at discrete point x;. 


Following Shu [2000; pages 31, 35], the weighting coefficients in equation (2.3.1) are given by 
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Discretizing the equation (2.2.24) at nodes xi. í = 3. 4........ m-2, equation (2.2.24) reduces to, 
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+ P,W(x,)=0, 


(2.3.6) 


і-3,4...(т-2) 


mom om mom mmm m NNNM MN NN 


Substituting the expressions for first four derivatives at node x; in equation (2.3.6) using 


relations (2.3.1) to (2.3.5), the equation (2.3.6) becomes 


DRG +P, d? +B, +P, WC, )+ P. W(x)= 0, ¡=3,4..... (m-2). (2.3.7) 
ізі 


The satisfaction of equation (2.3.7) at (т-4) nodal points x;, i = 3, 4,..., (m-2) provides a set of 


(m-4) equations in terms of unknowns W, ј = 1, 2,..., m (where W; stands for W(x;)), which can 


be written in matrix form as 
[w= . (2.3.8) 


where B and W are matrices of order (m-4) x m and m x 1, respectively. 


Here, the (m-2) internal grid points, chosen for collocation, are the zeros of shifted Chebyshev 


polynomial of order (m-2) with orthogonality range (& 1) given by 


Ku af) де 3t) k =1,2,..., (m-2). (2.3.9) 


m-22 


However, for a specified plate, the following three different sets of grid points have also been 


considered for a comparative study : 
(1) zeros of shifted Legendre polynomial P; (x) (Bellman et al.[1972] ), satisfying the 


differential equation 


" 


х(1- x)P; (x)+ (1- 2х)р” + (и+ )Р; (x)=0, 


(ii) grid points taken by Liew et al.[1997] 
55 | 5 т. (2.3.10) 


(iii) equally spaced grid points (Bert et al.[1988]). 
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4. BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS 


The three different combinations of boundary conditions have been considered which are 
(a) C-C, (b) C-Sand (с) C-F, 
where first suffix denotes the boundary condition at inner edge and second at the outer edge. 


The symbols C, S and F are used for clamped, simply-supported and free. 


By satisfying the relations : 


(1) w- -0 
dx 
@ GS 


d’W vdW Фи  1d’W 1 dW _ 


2 72 2 2 
ах х ах tke xe dhs x dk 


(iii) 
for clamped, simply-supported and free edge conditions respectively, a set of four 
homogeneous equations in terms of W, are obtained. These equations together with field 


equations (2.3.8) give a complete set ої m equations in m unknowns. For a C-C plate, the above 


set of homogeneous equations can be written as 


| 2 (2 = [B]; 2.4.1) 


je 


where В“ is a matrix of order 4 x m. 


For a non-trivial solution of equation (2.4.1), the frequency determinant must vanish and hence 
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Similarly for C-S апа C-F plates, the frequency determinants can respectively be written as 


B 
lan: (2.4.3) 
B 
ger) = 0: (2.4.4) 


5. NUMERICAL RESULTS AND DISCUSSION 

The frequency equations (2.4.2-2.4.4) provide the values of the frequency parameter (2 for 
various values of plate parameters. The first three natural frequencies of vibration have been 
computed for three different combinations of boundary conditions i.e. C-C, C-S and C-F for 
non-homogeneity parameter д = -0.5(0.1)1.0; density parameter 7 = -0.5( 0.1)1.0; radii ratio 
є = 0.1(0.05)0.7 and taper parameters œ = -0.5(0.1)0.5; В = -0.5(0.1)0.5 such that a+ß>-1 for 


D = 0.3. 


To choose appropriate number of grid points т, convergence studies have been carried out for 
different sets of plate parameters. The normalized frequency parameter 0/Q* for first three 
modes of vibration for specified plate i.e. ш = -0.5, 7 = 1.0, а = -0.2, B = -0.3, є = 0.3 are 
presented in Figures 2.1(a.b,c) for C-C, C-S and C-F plates, respectively. It is observed that 
frequency parameter converges with increasing number of grid points. For convergence of 
frequency parameter in higher modes more grid points are needed than for the lower ones. The 
convergence of frequency with increasing number of grid points is oscillatory for C-C and C-S 
plate while for C-F plate itis monotonic. The value of m has been fixed as 20, since there was 
no further improvement even in the fourth place of decimal for all the three plates. Calculations 


were carried out with double precision arithmetic on Pentium-IV. 


27 


ПНР ар ро Проф XR 4) EL бр ЧЕ «Р 66 4 5 ер «У. «8 «Б 


The numerical results for specified plate parameters are given in Tables (2.1-2.12) and Figures 


(2.2-2.7). Tables (2.1-2.12) present the values of frequency parameter О for different values of 
plate parameters і.е. density parameter 7 (= -0.5, 0.0, 1.0), non-homogeneity parameter 
и (= -0.5, 0.0, 1.0), taper parameters а (= -0.5, 0.0, 0.5); В (= -0.5, 0.0, 0.5) such that a + f > -1 
for radii ratio e (= 0.1, 0.3, 0.5, 0.7) for C-C, C-S and C-F plates, respectively. From the 
results, it is found that the frequency parameter for C-S plate is smaller than that for C-C plate 
and greater than that for C-F plate irrespective of the values of other plate parameters. The 
value of frequency parameter Q increases with increasing values of non-homogeneity parameter 


и, taper parameters а and В and radii ratio e, while it decreases with increasing values of density 


parameter 7. 


Figures 2.2(a,b,c) show the effect of non-homogeneity parameter / on the frequency parameter 
Q for 7 = 0.5, є 0.3, а = 0.0, 0.3 and Д = 0.0, +0.3 for all the three plates vibrating in 


fundamental, second and third mode, respectively. It is observed that frequency parameter 


increases with increasing values of non-homogeneity parameter z for all the three plates. The 


rate of increase of Q with д is more pronounced in the case of C-C plate as compared to C-S 


and C-F plates. The frequency parameter increases with increasing values of œ ог Bor both for 
all the three plates. Also, the rate of increase of О with increasing values of и in all the three 


plates becomes higher and higher with increase in the number of modes. 


Figures 2.3(a,b,c) depict the variation of frequency parameter © with density parameter 7 for 


и= 0.5, == 0.3, а = 0.0, 0.3 and p= 0.0, 0.3 for all the three plates vibrating in fundamental, 


ode, respectively. It is seen that frequency parameter (2 decreases with 
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increasing value of density parameter 7. The rate of decrease of О with increasing value of п is 


more pronounced in the case of C-C plate as compared to C-S and C-F plate, whatever are the 
values of other plate parameters. The rate of decrease in second mode is higher as compared to 
that in fundamental mode and the rate of decrease in third mode is higher than that in second 


mode. 


Figures 2.4(a,b,c) show the effect of taper parameter @ on frequency parameter Q for д = 0.5. 
n = 0.5, == 0.3, 0.5 and £ = -0.3, 0.3 for plates vibrating in fundamental, second and third 
-modes, respectively. It is observed that frequency parameter increases with increasing value of 
taper parameter a for all the three plates except for C-F plate for £= 0.3, 8 = -0.3. In this case, 
frequency first decreases and then increases with local minima in the vicinity of @ = -0.4. The 
rate of increase of Q is higher for C-C plate as compared to those of C-S and C-F plates. 
Further, the frequency parameter can be increased / decreased by increasing / decreasing the 
value of є as well as В except for C-F plate for є = 0.3 for а < -0.1. In that case, frequency 


decreases by increasing f. Also, the rate of increase of О with « increases with the increase in 


number of modes. 


Figures 2.5(a,b,c) show the plots of frequency parameter Q versus taper parameter fj for 


'u-0.5, 97 0.5, £= 0.3, 0.5 and taper parameter а = -0.3, 0.3 for plates vibrating for first three 


modes of vibration, respectively. It is found that frequency parameter increases with increasing 


value of taper parameter В for C-C and C-S plates, irrespective of the value of other plate 


parameters. However, in the case of C-F plate, the frequency parameter first decreases and then 


increases i.e. it has a local minima in the vicinity of 8 = 0.0, which shifts towards lower value 
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of В with the increase in hole size as well as taper parameter а. In particular, for «= -0.3, there 


is a local minima in the vicinity of £ = 0.2 for == 0.3 and at д = -0.2 for є = 0.5. The rate of 
increase of О with increasing value of # is more pronounced in the case of C-C plate as 
compared to those in the case of C-S and C-F plates. Also, the rate of increase of О with р 


increases with the increase in number of modes. 


Figure 2.6 depicts the effect of radii ratio є on frequency parameter © for д = 0.5, п = 0.5. 

а = -0.3, 0.3 and Д = -0.3, 0.3 for all the three plates vibrating in fundamental mode. It is 
observed that frequency parameter increases with increasing value of є The rate of increase of 
Q for є » 0.5 is much higher as compared to that for = < 0.5 for all the three boundary 
conditions. This rate of increase reduces in the order of boundary conditions C-C, C-S, С-Е for 


the same set of other plate parameters. 


Figures 2.7(a,b,c) show Ше plots for normalized transverse displacements for д= -0.5, 1.0, 
n= 0.5, £= 0.3, a= 0.0, B= 0.0; a= 0.5, B= 0.0 and а = 0.5, B= 0.5 for the first three modes 


of vibration for C-C, C-S and C-F plates, respectively. It is seen that the radii of nodal circles 


increase with the increasing value of non-homogeneity parameter И as well as the inner edge 


becomes thicker and thicker for all the three boundary conditions. 


A comparison of results with those available in literature has been presented in Tables 2.13- 


2.15. Table 2.13 shows a comparison of results for homogeneous (и = 0.0, 7 = 0.0), annular 


plate of uniform thickness (а = 0.0, В = 0.0) with exact solutions given by Leissal1969| and 


approximate solutions obtained by Sharma[2006] using Chebyshev collocation method, 
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Selmane and Lakis[1999] using finite element method and Verma[1987] using quintic splines 


method. Table 2.14 compares the results for homogeneous (и = 0.0, 7- 0.0) annular plate of 
linearly varying thickness (а = -0.5(0.2)0.5, В = 0.0) with the results obtained by Lal[1979] 
using Chebyshev collocation method, Chen[1997] using finite element method and 
Verma[1987] using quintic splines method for C-C and C-S plate. A comparison of the results 
for homogeneous (д = 0.0, 7 = 0.0) annular plate of parabolically varying thickness (a = 0.0, 
В = -0.5(0.2)0.5) with those obtained by Lal[1979] employing Chebyshev collocation method 
for C-C and C-S plates is given in Table 2.15. An excellent agreement of the results shows the 


versatility of present technique. 


A comparative study for evaluation of frequency parameter (2 for a specified plate for the first 
three modes of vibration has been presented in Table 2.16 by taking equally spaced and three 
unequally spaced grid points i.e. zeros of shifted Chebyshev polynomials obtained from 
equations (2.3.9) and (2.3.10) and that of shifted Legendre polynomials. During numerical 
computation, it is found that for uniform grid spacing, the number of grid points is considerably 
greater as compared to that for non-uniform grid spacing. It is worth noting that in the case of 
uniform grid points, the results converge with increasing value of m up to a certain extent and 
after that results become unstable. This may be attributed to round-off errors. It is observed that 
the number of grid points taken as zeros of shifted Chebyshev polynomials (used in the present ` 
investigation) do not exceed the number of grid points as taken by Liew et al.[1997] and 


1972]. Thus the present choice of grid points, not only provides a comparatively 


* 


Bellman et al.[ 


faster rate of convergence, but also leads to reliable results. 


31 


Дарро) ар гр ру ре р уре ро Гита 


об) оо шд, to 


ーー ENTRIES 


3 ПО. 
Eyes. 
" 


Table 2.1 
Values of frequency parameter Q for C-C plate for e = 0.1 


7 
-0.5 0 1 
ト | u LS 
a | В -0.5 0 1 -0.5 0 1 -0.5 0 
PN І 
-0.5| 0 | 19.0782 21.8774 28.7371 | 16.4756 18.9464 25.0280 | 12.1832 14.0886 
0.5 | 25.6764 29.5466 39.1089 | 22.3682 25.8141 | 16.8315 19.5364 
-0.5 | 20.5152 23.5209 30.8700 | 17.7096 20.3608 26.8715 | 13.0836 15.1252 
0 27.1730 31.2494 41.3143 | 23.6546 27.2806 36.2730 | 17.7720 20.6123 
0.5 | 33.0828 281462 50.7140 | 28.9495 33.4770 44.7668 | 21.9775 25.5617 
-0.5 | 28.6639 32.9439 43.4964 | 24.9364 28.7402 38.1597 | 18.7094 21.6838 
0.5| 0 | 34.6148 | 39.8862 52.9688 | 30.2668 34.9756 46.7144 | 22.9408 26.6610 
0.5 | 40.1922 464114 61.8971 | 35.2738 40.8500 54.7991 | 26.9338 31.3728 
QUAL eg mis, 
I 
-0.5| 0 | 52.8251 60.7775 80.1698 | 45.6748 52.6801 69.8322 | 33.8944 39.2840 
0.5 | 69.6207 79.9665 105.1286 | 60.6503 69.8328 92.2532 | 45.6914 2 
-0.5| 58.0039 66.7389 88.0460 | 50.1377 57.8312 76.6753 | 37.1793 43.0959 
0 75.1661 862503 113.5555 | 65.4435 75.3663 99.6000 | 49.2401 56.9852 
0.5 | 898601 1031224 135.3243 | 78.5887 90.4082 119.2189 | 59.6669 68.9777 
-0.5| 80.5974 92.6045 121.8190 | 70.1353 80.7840 106.7992 | 52.7099 61.0139 
os | 0 | 95.5669 109.6934 144.0004 | 83.5276 96.1115 126.7936 | 63.3322 732345 
0.5 | 1092116 1252574 164.1721 | 95.7592 110.0986 145.0095 | 73.0755 84.4336 
ا‎ 
(ре Ш 
I 
-95' 0 | 104.1922 120.0242 158.5007 | 90.1199 — 104.0538 138.0505 | 66.9557 77.6636 
05 | 135.8939 155.9447 204.3934 | 118.3704 136.1443 179.2520 | 89.1990 | 103.0588 
05| 115.5359 133.1071 175.7974 | 99.9058 115.3715 153.0979 | 74.1787 86.0637 
0 147.9703 169.8501 222.7151 | 128.8230 1482137 195.2444 | 96.9651 | 112.0765 
0.5 | 175.3996 200.8708 262.1995 | 153.3474 176.0177 230.8044 | 116.4075 | 134.2294 
05| 159.8180 183.4965 240.7079 | 139.0723 160.0523 210.9418 | 104.5721 — 120.9124 
05| о | 187.7977 215.1368 280.9694 | 164.0944 1884187 247.2129 | 124.4153 — 143.5220 
213.0875 243.7039 3172455 | 186.7518 214.0747 279.9465 | 142.4529 — 164.0485 


18.8205 
26.3129 


20.1831 
27.7202 
34.5835 


29.1149 
36.0206 
42.5832 


52.5882 
70.5207 


57.1074 
76.0544 
91.8534 


81.4691 
97.5742 
112.3049 


103.9955 
136.9276 


115.2899 
149.0119 
177.6226 


160.8612 
190.0588 
216.5015 


Table 2.2 


Values of frequency parameter Q for C-C plate for є = 0.3 


ty 


"Ba 9 も も 6 0000050500509 U ZU 


n 
-0.5 0 
ーー だ u 
a | В -0.5 0 І -0.5 0 І -0.5 
І 
-0.5 | 0 | 29.8639 35.1222 48.5495 | 252335 29.7276 41.2340 | 17.9224 21.1864 | 29.5887 
0.5 | 41.9983 49.5019 68.7403 | 35.7121 42.1662 58.7592 | 25.6880 30.4364 42.7120 
а! 
-0.5 | 32.8105 38.5799 53.2999 | 27.6949 32.6202 45.2198 | 19.6206 23.1986 32.3772 
о | 0 | 452406 532976 73.9349 | 38.4248 45.3462 63.1230 | 27.5750 32.6543 45.7712 
0.5 | 56.5277 66.6883 92.7847 | 48.1855 56.9460 79.5089 | 34.8303 41.3069 58.0809 
lm 
-0.5 | 48.4295 57.0322 79.0459 | 41.0922 48.4746 67.4160 | 29.4297 34.8354 48.7804 
05 | 0 | 599148 70.6509 98.2027 | 51.0210 60.2677 84.0623 | 36.8046 43.6256 61.2751 
0.5 | 70.8150 83.5909 1164417 | 60.4540 71.4856 99.9300 | 43.8273 52.0067 73.2157 
خا‎ | 
T 
-0.5 | 0 | 82.8038 975741 135.1833 | 70.0158 82.6289 114.8228 | 49.8348 58.9884 82.4649 
05 | 114.7703 135.0557 186.5973 | 97.5812 1149999 159.3617 | 70.2255 83.0083 115.7177 
05| 922704 108.7509 150.7274 | 77.9522 92.0144 127.9184 | 55.3841 65.5721 91.7111 
o | о | 125.2016 147.3683 203.7097 | 106.3456 125.3621 173.8117 | 76.3799 90.3086 | 125.9659 
0.5 | 154.6659 1819028 251.0422 | 131.7859 155.2258 214.8658 | 95.2498 | 112.5280 156.6985 
.0.5| 1354076 1594160 220.4582 | 114.9162 135.4958 187.9462 | 823916 97.4400 — 135.9786 
os | о | 165.5379 194.7346 268.8736 | 140.9273 166.0329 229.9343 | 101.6775 120.1522 — 167.4004 
05 | 193.8493 227.9109 314.3244 | 165.3884 — 194.7409 269.3815 | 119.8468 141.5418 — 196.9706 
1 Ш 
os | о | 162.8812 192.0798 266.3226 | 137.7694 162.6951 2262116 | 98.1500 1162328 162.5270 
0.5 | 2242744 263.7248 363.6012 | 190.6768 224.5293 310. 137.2525 162.0701 225.3184 
— T 
051 182.6486 215.4837 299.0142 | 154.3641 182.3743 253.7956 | 109.7892 130.0796 182.0572 
o | о | 245.9753 289.3880 399.3650 | 208.9360 246.1573 340.6606 | 150.1161 177.3563 246.8294 
05 | 302.3385 355.1183 488.4935 | 257.5676 302.9540 417.8973 | 186.1510 219.5657 304.5642 
05| 267.2234 314.5232 434.4141 | 226.8042 267.3284 370.2780 | 162.6901 192.3026 267.8748 
05 | о | 324.9222 381.8152 525.6695 | 276.5837 325.4702 449.3538 | 199.5669 235.5025 326.9747 
05 | 378.9667 444.8192 611.0422 | 323.2438 379.9443 523.3785 234.1865 276.0382 382.3769 
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і Table 2.3 
= Values of frequency parameter © for C-C plate for є = 0.5 
e 
———= 
= -0.5 0 | 
йо ру -05 0 | -0.5 0 I -0.5 0 I 
~ = І 
f| aa 0 55.0406 66.3711 96.4768 45.4803 54.8912 79.9310 30.9707 37.4451 54.7192 
>| 0.5 | 82.6856 99.8274 145.4660 68.5852 82.8778 120.9834 47.0626 56.9715 83.4640 
У я 
Бе -0.5| 60.8822 73.3962 106.6310 50.2552 60.6381 88.2508 34.1511 41.2789 60.2866 
м 0 | 0 89.1591 107.6079 156.6965 73.8837 89.2508 130.1962 50.6006 61.2334 89.6431 
0.5 | 115.8277 139.8897 203.9925 96.1804 116.2646 169.8450 66.1417 80.0961 117.4281 
а аца мі 
Е -0.5| 95.4742 115.1996 167.6585 79.0509 95.4673 139.1864 54.0490 65.3883 95.6699 
2 0510 | 122.5308 147.9452 215.6169 | 101.6689 122.8654 179.3843 | 69.8092 84.5134 123.8304 
sal 0.5 | 148.7924 179.7381 262.2092 | 123.6288 149.4744 218.4497 85.1208 103.0999 | 151.2170 
= lI 
3 ` TEB —— IN 
-0.5| 0 | 152.1449 183.6653 267.3373 | 125.7716 151.9449 221.5067 | 85.7497 103.7533 151.7182 
3 0.5 | 226.8497 273.6121 297.5796 | 188.1494 227.1080 330.5110 | 129.1321 156.1094 227.8836 
y Ir 
~ -0.5| 169.6359 204.8257 298.2691 140.1050 169.2995 246.9172 95.3497 115.3957 9 
-- 0 | 0 | 246.2130 297.0313 431.7954 | 204.0397 246.3428 358.6601 139.8044 169.0492 246.8832 
=: 0.5 | 318.0874 383.5626 557.0690 | 264.0721 318.6732 463.5359 | 181.5828 219.4646 320.2102 
~ |= 
Bi -0.5| 265.0816 319.8538 465.1442 | 219.5181 — 265.0800 386.0850 | 150.1921 181.6446 > 265.3795 
3 0.5| 0 | 338.1189 407.7882 592.4579 | 280.5172 338.5780 492.6616 | 192.6358 232.8650 339.8836 
S 05| 408.8108 492.8926 715.6553 | 339.5698 409.7249 595.8123 | 233.7441 282.4696 — 412.0243 
За, Ш 
ЗА 
77|20.5| 0 | 298.6657 360.7037 525.3153 | 246.9403 298.4481 435.2742 | 168.4502 203.8782 298.2031 
a 0.5 | 443.8486 535.1213 776.6651 368.1161 444.1320 645.5241 | 252.6705 305.2823 444.9805 
“ІН 
2 -0.5| 334.1550 403.7500 588.5360 | 276.0525 333.7878 487.2601 187.9923 227.6383 333.2676 
o | о | 483.0798 582.6704 846.3941 | 400.3433 483.2237 702.9437 | 274.3633 331.6381 483.8187 
> 05 | 622.6037 750.2640 | 087.8383 | 516.8282 623.2453 904.9586 | 355.3718 429.1580 624.9250 
~ 
= 05 5213217 629.0301 9144073 | 431.7455 5213225 | 758.9282 295.4843 357.3045 521.6564 
D 0510 | 663.1699 799.4212 1159.8965 | 550.1646 | 663.6744 964.3190 | 377.8274 456.4354 665.1059 
за 800.3295 964.1640 1397.2028 | 664.6893 801.3302 1162.8933 | 457.4936 552.3319 803.8422 
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| Table 2.4 

^" Values of frequency parameter © for C-C plate for ғ = 0.7 


N -0.5 0 
Н H 
0 1 -0.5 0 1 
І 


-0.5| 0 | 142.0921 175.7034 268.6238 | 114.7434 141.9309 217.1297 | 74.7526 92.5237 141.7263 


m 0.5 | 234.3102 — 289.8738. 443.5995 | 189.5140 234.5300 359.1365 | 123.8579 153.3769 235.1685 
Ё Аме А ーー 


~ -0.5 | 155.0014 191.6326 292.8745 | 125.0895 154.7012 236.5826 | 81.3907 100.7219 1542292 
> о | 0 | 248.3238 307.1658 469.9222 | 200.7529 248.4021 380.2654 | 131.0783 162.2940 248.7658 
0.5 | 339.4662 420.0068 642.8706 | 274.6541 339.9267 520.6329 | 222.4464 341.1380 


Т 


-0.5| 262.0211 324.0678 495.6530 | 211.7360 261.9590 400.9156 | 138.1319 171.0055 262.0505 
0.5| 0 | 353.7662 437.6524 669.7314 | 286.1245 354.0847 542.1969 | 186.9882 231.5500 355.0193 
0.5 | 444.5041 549.9938 841.9187 | 359.6989 445.2054 681.9489 | 235.3139 291.4391 446.9898 


— 


Il 


FEE » am 
0.51 0 | 392.0070 484.9524 | 741.8678 | 316.6111 — 391.7885 599.6803 | 206.3622 255.5030 — 391.5120 
0.5| 644.7361 7973167 1218.8368 | 521.4502 | 645.0328 986.5898 | 340.8115 421 .8164 645.8902 
ІНЕ 
-0.5| 428.9663 530.7491 812.1527 | 346.2741 428.5551 656.1397 | 225.451 1 279.1771 427.9089 
o | о | 684.8840 847.0570 1295.1522 | 553.6934 | 684.9916 1047.9339 | 361.5875 — 447.5790 685.4871 
0.5 | 934.5195 1155.5948 1766.2692 > 935.1415 1430.1080 | 494.4046 611.8717 — 936.7691 


381.8747 472.7365 724.1570 
515.6159 638.1732 977.1917 
647.8192 801.7059 1227.3091 


-0.5| 724.1092 895.6562 1369.7225 | 585.1898 724.0264 1107.8639 
0510 | 975.4914 1206.3544 1844.1433 | 788.9413 975.9249 1492.7139 
0.5 | 1223.9633 1513.4530 2313.0593 | 9903388 1224.9110 1873.1070 


404.8144 501.2801 768.2323 
667.6217 826.1204  1264.2482 


620.9591 768.5345 1176.5943 
1021.4588 1263.3098 1931.3068 


-0.5 0 | 768.7735 951.2323 1455.5445 
0.5 | 1262.9848 1561.6195 2386.1234 


442.9070 548.6054 841.2345 
709.0830 — 877.6134 1343.6260 
968.6332  1198.4216 1833.4669 


680.0791 841.9418 1289.7006 
1085.7273 1343.0825 2054.1367 
1481.2377 1831.6857 2799.4100 


-0.5| 842.3921 1042.6161 1596.2683 
1342.9642 1660.8646 2538.8479 
1831.0044 2263.6204 3457.7640 


749.5680 927.8987 1421.1571 
1010.9632 1250.9898 1914.4905 
1269.2883 1570.2813 2402.0088 


1148.5050 1421.0125 2174.1531 
1546.8356 1913.1025 2924.7532 
1940.4694 2399.3844 3666.4763 


-0.5| 1421.1027 1757.8352 2688.1017 
0.5 | 0 | 1912.6272 2364.8974 3613.5922 
0.5 | 2398.3465 2964.7831 4528.1221 


CJJ 9 9 . 6 OB O O ç 5 5» °. Ó o9 9» 9 SS 9 


Values of frequency parameter О for C-S plate for є = 0.1 


Table 2.5 


Е n 
-0.5 0 
H 
г H 
PA OS 0 1 -0.5 0 1 
І 
-0.5| 0 | 14.0945 15.9801 20.4520 | 12.0128 13.6528 17.5567 | 8.6479 9.8746 12.8161 
0.5 | 16.7756 18.9303 23.9944 | 143622 16.2423 20.6749 | 10.4302 11.8456 15.2038 
б 
-0.5| 15.5839 17.6957 22.7068 | 13.2932 15.1315 19.5100 | 9.5844 10.9616 14.2667 
о | 0 | 183457 20.7200 262930 | 15.7159 17.7897 22.6719 | 11.4264 12.9901 16.6951 
0.5 | 20.5153 23.1029 29.1735 | 17.6172 19.8802 25.2041 | 12.8693 14.5807 18.6290 
C 
L = 
-0.5| 19.8958 22.4910 28.5747 | 17.0517 19.3195 24.6533 | 12.4082 14.1203 18.1739 
0510 | 221109 249126 31.4689 | 18.9946 21.4464 27.2005 | 13.8854 15.7419 20.1239 
05| 24.0363 270313 34.0637 | 20.6816 23.3046 29.4792 | 15.1655 17.1546 21.8606 
L = 
II 
та 
051 0 | 43.7473 50.1616 65.6707 | 37.6585 43.2847 56.9447 | 27.7104 32.0042 42.5164 
05| 554001 632760 82.1563 | 48.0659 55.0350 71.8090 | 35.9384 41.3533 54.4991 
に = на ise 
05| 48.6688 55.8417 732201 | 41.8818 48.1719 63.4748 | 30.7925 35.5894 47.357! 
o | о | 605319 692025 90.0311 | 52.4781 60.1435 78.6364 | 39.1703 | 45.1151 59.5826 
05| 70.6000 806188 1043285 | 61.5834 70.4099 91.5785 | 464236 53.3480 70.1030 
05| 65.5770 75.0273 97.7748 | 56.8153 65.1643 85.3480 | 42.3468 | 488114 — 64.5770 
051 о | 758966 866298 1123127 | 66.0648 75.5979 98.5003 | 49.7132 57.1765 752757 
05| 853123 972027 125.5247 | 74.5239 85.1281 | 1104981 | 56.4837 64.8564 85.0718 
トーー = 
-0.5 90.8129 | 1044512 1374665 | 783728 90.3500 1194599 | 57.9876 67.1557 89.6103 
1160688 132.8310 173.0334 | 100.9178 — 115.7577 1514900 | 75.7989 — 873471 — 115.3754 
.0.5| 1014957 1168013 153.8788 | 87.5576 | 100.9972 133.6872 | 64.7227 75.0052 — 100.2211 
o | о | 1272150 145.6934 190.0629 | 110.5313 | 126.8815 | 166.2978 82.8933 95.6002 126.4821 
05| 149.0716 1702025 220.6465 | 130.1068 1488965 — 193.9298 | 98.4662 113.2171 | 148.8564 
.0.5| 138.1943 1583664 206.8504 | 119.9971 — 137.8373 — 180.8905 89.8728 103.7221 1374192 
05| 0 | 160.4220 183.2877 237.9352 | 139.9118 — 1602310 208.9878 | 105.7242 121.6530 160.1877 
05| 180.5710 205.8527 266.0190 | 157.9951 180.5414 2344119 120.1717 137.9754 180.864 
A A LM — 


^ 

> 

— 

" Table 2.6 

® Values of frequency parameter Q for C-S plate for є = 0.3 

> 

` | т 

5 -0.5 0 

L ーー H 

Di с 18 | 25 0 | -0.5 0 1 

“и — І 

8 -0.5| 0 21.7966 25.4001 34.4067 18.2248 21.2689 28.8937 12.6709 14.8296 20.2600 
а 0.5 | 27.5965 32.0478 43.0805 23.1568 26.9280 36.2929 16.2132 18.9029 25.6078 
е E 
I -0.5| 24.6425 28.7521 39.0466 20.6020 24.0735 32.7887 14.3202 16.7817 22.9887 
" 0 0 30.6950 35.6845 48.0689 25.7509 29.97T1 40.4898 18.0210 21.0352 28.5611 

0.5 | 35.8742 41.6072 55.1757 30.1541 35.0181 47.0608 21.1826 24.6614 33.3061 
に -0.5| 33.7394 39.2623 52.9898 28.2983 32.9763 44.6278 19.7943 23.1294 31.4699 
—|0.5| 0 39.0813 45.3668 60.9152 32.8413 38.1733 51.3880 23.0582 26.8709 36.3557 
~ 0.5| 43.9772 50.9613 68.1932 37.0030 42.9335 57.5915 26.0457 30.2945 40.8329 
= | = II 
-0.5| 0 68.3245 80.2919 110.5832 57.5716 67.7557 93.5959 40.7035 48.0453 66.7647 
(3 0.5| 91.6160 107.3603 146.9902 77.6408 91.1204 125.1332 55.5314 65.3699 90.3191 
Э -0.5| 77.0726 90.6331 125.0034 64.8848 76.4146 105.7092 45.7879 54.0843 75.2669 
~ 0 0 101.0028 118.4502 162.4348 85.5020 100.4228 — 138.1307 61.0156 71.8801 99.4741 
P 0.5 | 122.4808 143.4003 195.9585 104.0311 121.9854 167.2062 74.7417 87.9111 121.2491 
A 
Г -0.5| 110.2397 129.3639 177.6378 93.2348 109.5739 150.9197 66.4065 78.2798 108.4751 
(» 0.51 0 132.1634 154.8352 211.8704 | 112.1456 131.5838 180.6065 80.4101 94.6373 130.7003 
~ 0.5 | 152.8064 178.8102 244.0686 | 129.9655 152.3169 208.5503 93.6291 110.0732 151.6573 
| Ш 
D 
~ 1051 0 141.7322 166.9279 230.8120 | 119.6727 141.1443 195.7110 84.9784 100.5056 140.1478 
2 0.5 | 191.9412 2252457 309.1649 162.9444 191.4866 263.5701 116.9681 137.8453 190.8137 
| 
5 -0.5| 160.0398 188.6265  261.1899 | 135.0093 159.3503 221.2805 95.6908 113.2620 158.1770 
~ 0 0 | 211.6788 248.6033 341.7653 179.5167 211.1294 291.0727 128.5956 151.6705 210.2940 
E 0.5 | 257.8388 302.1835  413.6597 2193431 257.4324 353.4025 158.1092 | 186.0954 256.9369 
D 
г -0.5| 231.0865 271.5783 373.8542 195.8031 230.4400 318.1296 140.0103 165.2473 229.4380 
о 0.5| 0 | 278.2564 326.3317 447.3232 236.5002 277.7565 381.8257 | 170.1657 200.4227 277.1019 
0.5 | 322.5429 371.1199  516.2298 274.1322 322.1903 441.5969 198.5331 2334984 321.8825 
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Table 2.7 


37.6703 
52.1048 


42.8756 
57.7899 
71.5116 


63.3525 
77.3633 
90.7897 


3 
Values of frequency parameter © for C-S plate for є = 0.5 
ағаны 
= Yan 
У -0.5 m 0 
E u 
b 
| a | В -0.5 0 に に 08 0 1 -0.5 
ҷи І 
" -0.5 Ф 39.6941 47.5364 68.0839 32.5465 39.0056 55.9483 21.8180 26.1864 
ы 0.5 | 54.9213 65.6351 93.5726 45.1359 53.9781 77.0590 30.3957 36.4000 
~ 
^ -0.5| 45.1292 54.0850 77.5879 | 36.9859 44.3594 63.7318 | 24.7715 4 
al o | o | 60.8462 727697 103.9049 | 49.9829 59.8199 85.5340 | 33.6303 40.3052 
š 05| 75.3621 900093 128.1524 | 61.9818 74.0786 105.6116 | 41.8027 50.0281 
" E 
" -0.5| 66.6429 79.1525 114.0269 | 54.7231 65.5351 93.8331 36.7910 44.1226 
- 10.510 81.4569 97.3475 138.7734 | 66.9700 80.0898 114.3272 | 45.1345 54.0501 
~ 0.5 | 95.6754 114.2292 162.5071 78.7220 94.0511 133.9771 53.1374 63.5684 
: I 
3 1 i 
-05| 0 | 125.0411 150.6337 218.2967 | 103.1078 124.3055 180.4168 | 69.9567 84.4669 
» 0.5 | 181.7712 218.6153 315.7372 150.4019 | 181.0269 — 261.8540 | 102.7516 123.8654 
— M = 
~ 
= -0.5| 140.9040 169.8328 246.3880 | | 16.0819 140.0209 203.4483 | 78.6130 94.9689 
a| 0 | 0 | 198.9461 239.3897 346.0964 | 164.4670 198.0535 286.7766 | 112.1592 | 135.2719 
d 0.5 | 253.5087 304.8783 439.9515 210.0397 252.7074 3652350 | 143.7771 173.2542 
^ 
-0.5| 215.7791 259.7536 375.8649 | 178.2476 214.7381 311.2060 | 121.3705 146.4420 
D 0.5| 0 | 271.2516 326.2259 471.1341 | 224.5017 270.2104 390.8431 | 153.4572 184.9883 
~ 0.5 | 325.0357 390.6724 563.4914 | 269.3548  324.0000 468.0570 | 184.5831 222.3788 
p. Mi = 
IH 
A AA 
~ 1.0.5} 0 | 2593575 3 12.9243 454.7848 | 214.1751 258.5950 376.3659 | 145.7544 176.2358 
0.5 | 380.6252 458.2599 663.1366 | 315.3313 379.9217 550.5688 | 215.9868 260.6043 
-0.5| 291.8464 352.3468 512.7314 | 240.7904 290.9158 > 423.9489 | 163.5737 197.9086 
o | 0 | 416.0283 501.1745 726.0872 | 344.3759 415.1567 602.3365 | 235.4879 284.2988 
05| 532.7079 640.9961 926.4917 | 441.7266 531.9052 769.9272 | 303.1119 — 365.5229 


450.6690 
569.1777 
683.9349 


543.1765 
685.1907 
822.7019 


251.1881 


122.9695 
179.7271 


138.4099 
196.4776 


212.8851 
268.4112 
322.2663 


257.2359 
378.7528 


289.2433 
413.6757 
530.6324 


787.7330 
991.2811 
1188.3558 


372.7839 449.6286 
471.6584 568.2058 
567.4145 683.0359 


653.0109 
823.2291 
988.0491 


254.5464 
323.2242 
389.7552 


307.4620 
389.9532 
469.8596 


447.8340 
566.6192 
681.6648 


Table 2.8 
Values of frequency parameter Q for C-S plate for є = 0.7 


= n 
-0.5 E 0 
ү u | 
© | В -0.5 0 1 -0.5 0 1 


-0.5 0) 100066 124.2931 1882697 | 81.1395 99.9142 1514227 | 52.3489 64.4959 97.8481 
0.5 | 157.7340 194.0143 293.3384 | 126.8905 156.1162 | 236.1575 82.0307 100.9750 — 152.8979 


-0.5| 112.6722 138.7531 210.3261 | 90.5160 | 111.4985 169.1042 | 58.3566 71.9230 109.1990 

170.2684 209.4910 316.9468 | 136.9323 168.5241 255.0969 | 88.4740 108.9417 165.0740 
0.5 | 226.2517 278.2432 420.5294 | 182.0509 223.9416 338.6279 | 117.7422 144.9074 219.3350 
) zii — = 
-0.5| 182.5543 224.6731 340.1077 | 146.7808 180.6932 273.6735 | 94.7908 116.7519 177.0119 
0.5| 0 | 238.9910 293.9796 — 444.5344 | 192.2625 236.5597 357.8888 | 124.2967 153.0118 231.7219 
0.5 | 204.6848 362.3669 547.5585 | 237.1428 291 6818 440.9673 | 153.4090 188.7842 285.6863 


I 
II 


-0.5 0 | 320.5896 396.0736 — 604.2327 258.5407 319.5026 487.6870 168.0158 207.7465 317.4519 
b) 0.5 | 518.7599 640.4797 975.7674 418.9505 517.3948 788.6859 273.0372 337.3823 514.8584 


| e 


-0.5| 353.6125 436.9945 667.0412 | 285.0143 352.3 171 538.0821 | 185.0137 228.8277 349.8644 
o | 0 | 554.0891 684.2442 1042.8968 | 447.2904 552.511 | 842.5809 | 291.2554 359.9696 > 549.5638 
0.5 | 749.9710 925.8288 1410.1448 | 605.8503 748.1218 1140.1111 395.0698 488.1157 744.7025 
> ЈГ “+ 
- -0.5| 588.7555 727.1914 1108.7847 | 475.0936 586.9657 895.4699 309.1225 382.1235 583.6097 


413.6072 511.0968 780.0073 


> 0.51 0 | 785.9046 970.3383 1478.4057 | 634.6789 — 783.8408 1194.9221 
516.9671 638.6823 974.2927 


0.5 | 980.9251 1210.8610 1844.0405 | 792.5426 978.5928 1491.1470 


Ш 


349.9016 433.0063 662.7254 
572.5646 707.9408 1081.6283 


-0.5| 0 | 665.9289 823.4556 1258.3642 | 537.4939 664.8104 1016.4554 
0.5 | 1085.3489 1340.9218 2045.5360 877.1896  1084.0273 1654.5102 


591.0736 731.3426 1118.9821 384.3743 475.8362 728.8006 
934.8872 1155.6397 1764.7629 609.7345 754.1007 1152.7752 
1270.5184 1569.8382 2395.1736 829.7425 1025.7548 1566.6738 


732.6079 906.3423 | 386.0218 
0 |1157.2027 1430.0792 2182.7231 
1571.5969 1941.3426 2960.4536 


991.3968 1225.7867 1872.7885 646.1254 799.2991 1222.4586 
1329.2941 1642.7813 2507.4519 867.6174 1072.7855 1639.1483 
1663.3938 2055.0889 3134.9822 1086.6250 1343.2034 2051.1612 


1227.5902 1517.4288 2317.1646 
0.5 | 0 | 1644.7830 2032.1438 3100.1411 
2057.2836 2541.0701 3874.3140 


DEV лм や € wu v vo v w 


ри 


Table 2.9 
Values of frequency parameter О for C-F plate for є = 0.1 


| ーー 
1 
- -0.5 [ES 0 I 
31! 
---Е-- Ше | 
| о В 38 0 1 -0.5 0 1 -0.5 0 | 
КЕШЕ u | = ! 
-0.5| 0 | 44740 4.9096 5.9133 | 3.6372 3.9956 2.6271 3.1818 
0.5 | 42385 4.6957 5.8364 | 3.4381 3.8120 24950 3.1140 
| 
|- 
-0.5| 5.0587 5.5367 6.6384 | 4.1233 4.5176 2.9845 3.5977 
o | о | 47517 52481 64780 | 3.8612 4.2680 2.8025 3.4736 
0.5| 47823 53582 6.9148 | 3.8815 4.3519 2.8508 3.6902 
05| 52636 5.8003 7.1225 | 42841 47246 5.8103 | 2.8172 3.1114 3.8364 
05| o | 5.2474 5.8600 7.5012 | 42642 4.7652 6.1066 | 2.7963 3.1285 4.0169 
0.5 | 5.4239 6.1642 8.3321 |де 5.0076 67722 | 2.8835 32817 4.4423 
x] 
Ë Il 
Г ae 
-0.5| о | 20.8850 23.6121 29.9903 | 17.6932 20.0468 25.5717 12.6127 14.3517 18.4642 
05 | 23.5886 26.5172 33.3259 | 20.0990 22.6396 28.5662 14.4891 16.3855 20.8387 
— 
-0.5| 23.8086 26.9192 34.1682 | 20.1710 22.8581 29.1448 14.3798 16.3685 21.0580 
0 | 0 | 262777 29.5402 37.0989 | 22.3883 25.2201 31.8036 | 16.1373 18.2532 23.2063 
0,5 | 28.6157 32.0613 39.9720 | 24.4584 27.4584 34.3764 | 17.7388 19.9934 25.2351 
= 
-0.5 | 28.9969 32.5974 40.9159 | 24.7023 27.8290 35.0784 | 17.8017 20.1400 25.6001 
05| 0 | 31.2233 34.9775 43.5687 | 26.6842 29.9541 374702 | 19.3496 21.8090 27.5090 
05| 33.3231 37.2197 45.9661 | 28.5431 6 39.6425 | 20.7871 23.3615 29.2515 
| 
I 
MTS 
051 0 | 55.0963 63.0954 82.3044 | 47.2848 54.2750 71.1307 | 34.6198 39.9222 52.8153 
67.6794 17.0849 99.5098 | 58.5691 66.8639 86.7129 | 43.6098 50.0223 65.4855 
os | 62.3792 71.5014 93.4262 | 53.4955 61.4633 80.6963 | 39.1043 45.1406 59.8384 
o | о | 74.8482 85.3320 110.3506 64.7084 73.9469 96.0790 | 48.0790 55.2074 72.4230 
05| 85.9532 97.7177 125.7737 | 74.6824 85.1030 110.0293 | 56.0586 64.1878 88.7665 
-0.5| 82.0034 93.5671 121.1861 70.8322 81.0150 105.4344 | 52.5315 60.3751 — 79.3435 
0.5 | 0 | 93.1199 105.9515 136.5717 | 80.8312 92.1878 | 119.3768 | 60.5502 69.3928 90.7163 
0.5 | 103.5045 117.5812 1512975 90.1640 102.6623 132.6584 | 68.0329 77.8338 101.4822 


Table 2.10 
Values of frequency parameter © for C-F plate for є = 0.3 


[= n. 

-0.5 il 0 

H Це и 

а. | В -0.5 0 Lo QS 0 
I 

-0.5| 0 6.3679 7.1862 9.1377 5.1283 5.7908 
0.5 | 6.3069 7.1384 9.1759 5.0729 5.7443 
Fest 
-0.5| 7.5284 8.4824 10.7501 6.0715 6.8452 8.6853 

0 | 0 7.3211 8.2692 10.5766 5.8939 6.6604 8.5265 3.8036 
0.5| 7.5190 8.5316 11.0521 6.0497 6.8672 8.9031 3.8998 

ІГ = = 
-0.5| 8.3602 9.4286 12.0150 | 6.7360 7.6004 9.6943 4.3536 4.9167 t 

0.510 8.4694 9.5890 12.3565 6.8183 7.7229 9.9600 4.4001 4.9876 6.4419 
0.5 | 8.7765 9.9821 13.0148 7.0629 8.0361 10.4858 4.5546 5.1859 6.7761 

ー+ ze 

= デニー II 

—— 

-0.5| 0 | 32.1621 37.3807 50.3031 26.7633 31.1470 42.0253 18.4563 21.5357 29.2102 
0.5 | 38.9445 45.0632 60.1385 32.5501 37.7109 50.4485 22.6414 26.2958 35.3481 
- + 
0.51 37.3159 43.4068 58.4901 31.0322 36.1468 48.8414 21.3732 24.9634 33.9147 

o | o | 44.0029 50.9530 68.0742 | 36.7545 42.6142 57.0765 | 25.5343 29.6805 39.9526 
0.5 | 50.3005 58.1096 773 162 | 42.1147 48.7119 64.9641 29.3946 34.0810 45.6647 
-0.5| 49.0950 56.8871 76.0830 | 40.9838 47.5510 63.7613 | 28.4399 33.0832 44.5905 

0.5 | 0 55.3906 64.0251 85.2544 | 46.3513 53.6434 71.6032 323175 37.4943 50.2893 
0.5 | 61.4448 70.9165 94.1944 | 51.4989 59.5079 792214 | 36.0177 41.7175 55.7911 

III 

-0.5| 0 | 85.6673 100.5458 138.0319 | 72.0221 84.6509 116.5453 | 50.7219 59.7858 82.7881 
0.5 | 112.0779 131 10039 178.3613 | 94.7960 110.9653 151.5210 | 67.5763 79.3358 108.9750 
-0.5| 97.9669 1 15.0964 158.3151 82.2690 96.7923 133.5253 57.8037 68.2032 94.6360 

о | 0 | 124.7385 145.9411 199.0713 105.3744 123.4661 168.9110 74.9283 88.0520 121.1807 
0.5 | 149.2424 174.21 15 236.5409 | 126.5156 147.9017 201.4156 | 90.5972 106.2304 145.5423 
-0.5 | 137.3316 160.8073 219.7064 | 1 15.8894 135.8991 186.2261 822269 96.7095 133.3173 

0.5 | 0 | 162.1695 189.4485 257.6261 137.3273 160.6664 219.1391 98.1254 115.1474 158.0067 
0.5 | 185.7701 21 6.6802 293.7314 157.6965 184.2118 250.4677 113.2356 132.6782 181.5034 


~“ — am m am m um m m ms ғ @ а 


Table 2.11 
Values of frequency parameter Q for C-F plate for = = 0.5 
N 
-0.5 0 1 
Е ши | 
а || | -05 0 1 -0.5 0 | -0.5 0 
= - І E 
-0.5| 0 10.8494 12.6628 17.2232 8.6541 10.1035 13.7499 5.4937 6.4174 
0.5 | 11.9438 13.9321 18.9623 9.5219 11.1095 15.1269 6.0387 7.0483 
a L 
-0.5| 13.1438 15.3372 20.8457 | 10.4907 12.2453 16.6532 6.6676 7.7873 
o | 0 | 14.0042 16.3273 22.1885 | 11.1686 13.0243 17.7076 7.0876 8.2689 
0.5 | 15.3582 17.9162 24.4078 | 12.2452 14.2875 19.4718 7.7671 9.0659 
-0.5| 16.1238 18.7929 25.5145 | 12.8632 14.9963 20.3695 | 8.1683 9.5272 
0.5 | 0 17.3482 20.2259 27.5087 | 13.8350 16.1333 21.9513 8.7793 10.2418 
0.5 | 18.8032 21.9396 29.9169 14.9927 17.4969 23.8675 9.5109 11.1034 
> 
š lI 
-0.5| 0 | 58.0524 69.3651 98.8334 | 47.4405 56.7240 80.9326 | 31.6144 37.8524 
0.5| 77.6192 92.4712 130.9857 63.6057 75.8262 107.5479 42.6180 50.8728 
トー ーー 一 = 
-0.5| 67.3097 80.4959 1 14.8827 | 54.9651 65.7788 94.0101 | 36.5756 43.8320 
o | o | 87.0329 103.7642 147.1940 | 71.2740 85.0328 120.7835 | 47.6958 56.9791 
0.5 | 105.9773  126.1499 178.3925 | 86.9135 103.5248 146.5860 | 58.3272 69.5652 
FE IT 
-0.5| 96.4173 115.0288 163.3814 | 78.9140 94.2111 133.9947 | 52.7490 63.0596 
0.5 0 | 115.5140 137.5828 194.7787 | 94.6871 112.8516 159.9757 | 63.4811 75.7591 
0.5 | 134.1809 159.6462 225.5475 | 110.0930 131.0717 185.4137 | 73.9480 88.1529 
IH 
-0.5| 0 | 156.0734 187.8198 271.5179 128.4936 154.7432 224.0309 86.9333 104.8462 
0.5 | 222.8635 267.5458 384.8813 | 184. 1402 221.2246 318.7246 125.4815 150.9803 
-0.5 | 177.6417 213.9461 309.7804 146.0998 176.0865 255.3381 98.6394 119.0589 
o | 0 | 245.5679 295.0015 424.9537 202.7064 243.6940 351.5726 137.8683 165.9950 
0.5 | 310.1313 372.0848 534.6079 256.4989 307.9721 443.1647 175.1374 210.6048 
-0.5 | 267.9911 322.1291 464.5820 221.0341 265.8844 384.0407 150.0848 180.8094 
0.5 | 0 | 333.3273 400.1218 575.4899 215.4763 330.9284 476.6929 187.8102 225.9592 
0.5 | 396.9417 476.0778 683.5581 328.4794 394.2673 566.9603 224.5355 269.9204 


8.7426 
9.6047 


10.6025 
11.2516 
12.3643 


12.9522 
13.9457 
15.1564 


54.1542 
72.3428 


62.8188 
81.1501 
98.7536 


89.9312 
107.6749 
125.0182 


152.2413 
218.1826 


173.1547 
240.2033 
303.9868 


261.9487 
326.4852 
389.3489 


Table 2.12 
Values of frequency parameter Q for C-F plate for £ = 0.7 


= 1 

) -0.5 0 
H й 

у |а sS 0 l eos 0 
I 


-0.5| 0 | 25.8231 31.2649 45.7958 | 20.4024 24.7044 36.1930 | 12.7254 15.4115 22.5868 
0.5| 34.0336 41.1562 60.1568 | 26.8854 5 47.5327 | 16.7641 20.2771 29.6515 
>I 
-0.5| 30.7781 37.2776 54.6378 | 24.3216 29.4608 43.1896 | 15.1749 18.3852 26.9636 
o | 0 | 38.6661 46.7695 68.3881 | 30.5476 36.9526 54.0423 | 19.0508 23.0490 33.7191 

0.5 | 47.1272 56.9747 83.2397 | 37.2295 45.0122 65.7719 | 23.2147 28.0717 41.0298 


— 


-0.5| 43.3904 52.4961 76.1922 | 34.2829 41.4811 60.6897. | 21.3839 25.8782 37.8741 
0.5| 0 | 51.6905 62.5016 91.3370 40.8367 49.3816 72.1749 25.4668 30.8003 45.0300 
0.5| 60.2401 72.8180 106.3627 47.5889 57.5294 84.0429 29.6749 35.8785 52.4279 


Il 


= — 
-0.5| 0 | 146.2937 179.8130 271.4470 | 117.3383 144.2589 217.8822 | 75.4280 92.7791 140.2679 


0.5 | 223.6442 274.5302 413.3528 | 179.5904 220.5064 332.1714 | 115.7152 142.1475 214.3383 


-0.5| 165.3364 203.3239 307.2567 | 132.5507 163.0461 246.5135 | 85.1288 — 104.7663 158.5571 
0 | 0 | 243.2413 298.7045 450.1078 | 195.2604 239.8420 361.5867 | 125.7266 154.5079 233.1643 
0.5 | 319.8619 392.5369 590.7177 | 256.9168 315.3667 474.8153 | 165.6179 203.3952 306.5262 


-0.5| 262.6821 322.6920 486.5972 | 210.8013 259.0230 390.7816 | 135.6501 166.7629 251.8389 
0.5| 0 | 339.6458 416.9372 627.8022 | 272.7396 334.8873 504.5009 | 175.7311 215.8791 325.5333 
415.9806 510.4228 767.9026 | 334.1629 410.1290 617.3131 | 215.4679 264.5784 398.6178 


208.2538 257.3034 392.5310 


398.4390 491.8910 749.2096 | 321.0219 396.4209 604.1182 
334.8164 413.2736 629.2384 


0.5 | 637.7497 186.5533 1195.6321 514.5929 634.8323 965.5258 


356.1221 439.9519 671.0290 230.7492 285.2172 435.4841 
551.5650 680.6514 1035.8498 358.5473 442.6993 674.4523 
743.1232 916.5948 1393.5515 483.7901 597.0498 908.7228 


-0.5| 442.2663 546.2304 832.6877 
0 | 683.8788 843.7045 1283.2997 
0.5 | 920.7057 1 135.3229 1725.1561 


381.9253 471.6932 719.0210 
507.8666 626.8993 954.5737 
632.6075 780.6336 1187.9164 


588.0030 725.8177 1105.2007 
780.6216 963.0587 1464.8425 
971.4138 1198.0626 1821.1323 


-0.5| 729.3515 900.0541 1369.7737 
0.5| 0 | 967.4837 1193.2687 1814.0142 
0.5 | 1203.3650 1483.7280 2254.1304 


М? 


SY 


ë ( Table 2.13 
omparison of frequency parameter Q for homogeneous (u=0.0,n= 0.0) annular plate 
of uniform thickness (а = 0.0, p = 0.0) 


Boundary І T 
—! 
| є=0.3 
C-C 45.3462 45.3371* 125.3621 125.6191* 246.1573 246.6994% 
452: 45.3462" 125° 125.3621°° 246.1563°° 
45.346! 125.36* 246.17 
C-S 29.9777 29.9689* 100.4228 100.6065* 2111294 211.5629% 
29.9" 29.9771" 100* 100.4228°° 211.1291°° 
C-F 6.6604 6.6542* 42.6142 42.6156* 123.4661 123.5739* 
6.66" 6.6604°° 42.6° 42.6141°° 123.4662°° 
18.222 
sale є 20.5 3 
C-C 89.2508 89.2962* 246.3428 247.0133* 483.2237  484.4110% 
89.2* 89.2508” 246° 246.3428° 483.2216°° 
89.251" 246.35! 482.25! 
C-S 59.8199 59.8468* 198.0535 198.5584* 415.1567  416.1242* 
59.8" 59.8200°° 198° 198.0535°° 415.1563°° 
C-F 13.0243 13.0206* 85.0328 85.0943* 243.6940 
13.0° 13.0243°° 85.1° 85.0328°° 


‚ Values taken from Verma[1987]. 
Values taken from Leissa[1969]. 
* Values taken from Sharma[2006]. 
+ Values taken from Selmane and Lakis[1999]. 
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ТаЫе 2.14 


Comparison of frequency parameter Q for homogeneous (p = 0.0, n = 0.0) annular plate 
of linear thickness variation (ß = 0.0) 


Values taken from Lal[1979]. 
Values taken from Verma[1987]. 
Values taken from Chen[1997]. 


= 
С-С C-S 
а І 
II | 
== 0.3 
-0.5 | 29.7276 29.7277* 82.6289 82.6288% 212689 21.2689% 67.7557 67.1558* 
29.720 82.7968" 21.2638" 67.8800" 
---- 
-0.3 36.1158 36.1163* 100.1368 100.1369% | 24.8562 24.8561* 81.1247 81.1248* 
36.120? 36.11578: 100.13680° | 24.8587 24.85620° 81.12467° 
-0.1 | 42.3023 42.3017% 117.0511 | 117.0509* 280948 28.2880* 94.0612 94.0613* 
42.300" 28291! 
0.1 | 48.3654 48.3557% 133.6001 133.603% 31.6425  31.6579* 106.731 106.7312* 
48.347" 31.627 
1- 
0.3 | 54.3459 54.2882* 149.9038 149.8837% | 34.9294 34.9122* 119.2213 119.2282% 
54.306! 54.3459° 149.90380° | 34.898 92943* 119.22130* 
0.5 | 60.2677 60.1621% 166.0329 166.0372% | 38.1733 38.1483* 131.5838 
60.2016' 166.2233! 38.1228' 131.6944* 
= = 0.5 
-0.5 | 54.8912 54.8913% 151.9449 151.945* 39.0056 39.0056* 124.3055 124.3057* 
54.9098" 152.3412" 39.0185" 124.6153* 
-0.3| 68.7954 > 68.7955“ 190.169 190.1664* | 47.4486 47.4486* 154.1461 154.1461* 
68.79539° 190.16900° 47.44856° 154.14600* 
-0.1 | 82.4679 82.4678* 2211214 227.72255 | 55.7221 55.722* 183.4936 — 183.4939* 
0.1 | 96.0081 96.0082% 264.8899 264.8848* | 63.8991 63.8951* 212.5587 212.5587% 
03 | 109.4649 109.4664* 301.8158 301.8171* | 72.015 72.0141* 241.4413* 
109.46480° 301.81560° 72.01501° 241.44480° 
0.5 | 122.8654 122.8699* 338.578 338.5798* | 80.0898 80.0936% 270.2104 270.2085% 
122.8823' 339.3885' 80.0928' 270.7872" 
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Comparison of frequency parameter Q for homo 


Table 2.15 


geneous (p = 0.0, п = 0.0) annular plate 


of parabolic thickness variation (а = 0.0) 


С-С 
В 11 
є = 0.3 
- 
-0.5| 32.6202 32.6201% | 92.0144 92.0138* | 24.0735 
-0.3 | 37.9240 37.9240* 106.0049 106.0050* 26.6013 
-0.1 | 42.9245 42.9222* 119.0712  119.0715* 28.8926 
0.1 | 47.7271 47.9402* 131.5259  131.5222* 31.0317 
0.3 | 52.3893 52.3417* 143.5418 143.5575* 33.0643 
0.5 | 56.9460 56.9390* | 155.2258 155.2150% 35.0181 
є = 0.5 
Е 
-0.5 | 60.6381 60.6396* 169.2995 169.2996* 44.3594 
-0.3 | 72.4007 72.4007* 201.0472 201.0476* 50.7836 50.7836* 
-0.1 | 83.7093 83.7092* 231.4658 231.4666* 56.8644 56.8645* 
0.1 | 94.7352 94.7337* 261.0512 261.0513* 62.7327 62.7334% 
0.3 | 105.5690 105.5722* 290.0676 290.0068* 68.4573 68.4548* 
0.5 |1 16.2646 116.2645* 3 18.6732 318.6692* 74.0786 74.0800* 


+ Values taken from Lal[1979]. 


24.0734* 76.4146 — 76.4145* 
26.6013* 86.4757 86.4757* 
28.8922* 95.8872 95.8872* 
30.8515* 104.8693 104.8668* 
33.1102* 113.5437 113.5269% 


35.0332* 121.9854 | 121.9536* 


140.0209 140.0208% 


163.8999 — 163.9001* 


186.8278 186.8305% 


209.1583 209.1586% 


231.0805 231.0857* 


252.1074 252.6975* 
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Fig. 2 : Geometry and cross-section of the tapered annular plate for quadratic 
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thickness variation i.e. А = hl! +ах+ Bx!) where x = = 
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Fig. 2.2a : Frequency 
for = 0.5 


,e=0.3. 
n. a = 0, В = -0.3; A, a = 0, B = 0.3; m, a = 0.3, В = -0.3; e,0 = 0.3. B = 0; А.с = 0.3. p = 0.5 
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parameter for C-C, C-S and C-F plates vibrating in fundamental mode 
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scale for C-F 


С-С, C-S and C-F plates vibrating in fundamental mode 
„ СС ;====== , C-S з ------------ , C-F. 
o, a = 0, B = -0.3; A, a = 0, B = 0.3; m. a = 0.3, В = -0.3; ө, a = 0.3, B = 0; А.а = 0.3. В = 0.3 


Fig. 2.3a : Frequency parameter for 
for p = 0.5, == 0.3. 
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2.6 : Frequency parameter for C-C, C-S and C-F plates vibrating in fundamental mode 
ШЕ = 1 CS ЕЕ è C-F. 
=0.5, 7 = 0.5. ICC с у 3 i T s 
e -0.3, В = -0.3; A, a= -0.3, B = 0.3; m, о = 0.3, В = -0.3; А,а-0.3. В= 0.3. 
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1 ibration for C-C plate 

і š ized displacements for the first three modes of vibration : 

ps ye 2 5 5 3 03 . — ———, fundamental mode; ---, second mode; ------ , third mode. 
в, о. = 0.5 8-05; A, a = 0.5, = 0: о, а=0,В=0. п,А,о,ц- 1.0; m. А. e, | =-0.5. 
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Fig. 2.7b : Normalized displacements for the first three modes of vibration for C-S plate 
forn = 0.5, £= 0:3. ——— fundamental mode; - — — , second mode; ------ , third mode. 
n, a = 0.5, B = 0.5; А, a = 0.5, B = 0; 0,070,870. nm A,0,p= 1.0; m, А, e, u= -0.5. 
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Fig. 2.7c : Normalized displacements for the first three modes of vibration for C-F plate 


forn = 0.5, 8 = 0.3. 
о, a=0.5,P= 0.5; А, a 


、 fundamental mode; ===, second mode; ------- ‚third mode. 
= 0.5, B = 0; о. а=0,В=0. 0, 4,0, n= 1.0; m, A, e, p= -0.5. 
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CHAPTER Ш 


VIBRATIONS OF NON-HOMOGENEOUS CIRCULAR PLATES OF 
QUADRATIC THICKNESS 


1. INTRODUCTION 

Circular plates of uniform/non-uniform thickness are extensively used as structural components 
in various engineering fields such as aerospace industry, missile technology, naval ship design 
and telephone industry etc. Keeping the above in view, a DQ procedure has been developed for 
obtaining natural frequencies of non-homogeneous circular plates of quadratically varying 
thickness employing classical plate theory. The non-homogeneity of plate material may arise 


due to the variation of Young's modulus and density which have been assumed lo vary 


exponentially in radial direction. The numerical solution of the governing differential equation 


derived by using Hamilton’s energy principle has been obtained by differential quadrature 


method. The effect of non-homogeneity on natural frequencies of vibration has been 


investigated for different values of density parameter and taper parameters for three boundary 


conditions. Transverse displacements have been presented for a specified plate for the first three 


modes of vibration. 


2. EQUATION OF MOTION 


The differential equation which governs axisymmetric motion of an isotropic non-homogeneous 


circular plate of radius a with thickness h = h(r) referred to a cylindrical polar coordinate 


system (r, 0, z) (Figure 3) is given by the equation (2.2.21), which is as follows: 


60 


Wo e с «+ 


„дю |2 3 
Eh' 3 ЕГ "б dE +3Eh? dh ди 
дг г | dr. p" ar? 


- Eh’ «он dE ann? а) 
б) 1 dr dr Q^w 
„2 > А d’E 2 2 2 EG 
P ert Е on EA se of | INS 
| ағ” ағ dr ағ ағ” (3.2.1) 
р d’E 2 dE dh 
| 3 y 2 Š 2 Y 
+ => Eh' «р зае Hero 2 dh d Ди ай 
E @ +38 Де no NES 
dr ағ” 


This can be derived by assuming the relations (2.2.1-2.2.6) and replacing the integration limits 


with respect to ғ from 0 to a instead of 5 to а in equation (2.2.18). 


Ў : Е Е у = м (0 2 Sa: 
Introducing non-dimensional variables х = —, =, ћ = — , together with quadratic variation 
a a a 


in thickness i.e. 


h= hl + ax + Bx’), such that a| «1. [8] <1 and а + В>-1, (3.2.2) 
and assuming exponential variation for non-homogeneity of material as follows : 
E= Ее“, pz рої (3.2.3) 
equation (3.2.1) now reduces to 
у 3 а” dW 
AAA ВА (3.2.4) 
: 4 lx 


where, w (ог) є (әде (for harmonic vibrations), @ is the radian frequency, Ло, £v are the 


thickness and density at the centre of the plate, / and 7 are non-homogeneity parameters, @ 


61 


е O О ө 4 


g gë o | 


@ 


2 


„ = m m с S 985 5 5 9 5 55655 ら 5855 ら 589 ら に 


and р are taper parameters, and variable coefiicients Р), i = 0, 1, 2, 3, 4 are given by relations 


(2.2.25). 


An approximate solution of equation (3.2.4) together with boundary conditions at the edge x = 


and regularity condition at the centre x = 0, has been obtained by DQ method. 


3. METHOD OF SOLUTION : DQM 
Let x; i = 1, 2,..., m be the grid points in the applicability range [0,1] of the plate. The DQ 
method (Bert et al.[1988]) approximates the n order derivative of W(x) with respect to x at 


discrete point x, as 
AE с МЫ і-1,2,..,т, : (3.3.1) 
ігі 


where weighting coefficients с. аге determined as in chapter II using relations (2.3.2-2.3.5). 


Now, discretizing equation (3.2.4) at the grid point x = x, and substituting the values of first 
four derivatives of W from equation (3.3.1), we get 


т 


DRE En азар IR с") Их, )+ В, У) =0 for i = 2, 3...., (m-2). (3.3.2) 


[Пы 217) 347) 
ізі 


The satisfaction of equation (3.3.2) at (m-3) grid points хі, i = 2, Зала (m-2) together with the 
regularity condition at the center provides a set of (m-2) equations in terms of unknowns 


` 


WEWE) J = 1.2,....m. The resulting system of equations can be written in the matrix form as 
[а] l-0] (3.3.3) 


where В and W are matrices of order (m-2) x m and m x 1, respectively. 
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The (m-2) internal grid points chosen for collocation are the zeros of shifted Chebyshev 


polynomial of order (m-2) with orthogonality range (0,1) given by 


ЖЕ me 1+cos 1 І-ІІ (72) (3.3.4 
2 т-22)1 ані Е is 


However, for a specified plate, a comparative study has been made considering four different 
sets of grid points, namely (i) zeros of shifted Chebyshev polynomial (ii) zeros of shifted 


Legendre polynomial (iii) grid points taken by Liew et al.[1997] (iv) equally spaced grid points. 


4. BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS 
ә 
By satisfying the relations, 


5 И 
(1) W = eng =0 for clamped edge, 
dx 
6 7 ed 
(11) W = 2А + вай, a. 0 forsimply-supported edge, and 
ake 38 Ob 


Фи vdW Фи 1dW 1 dW 
+—— = S) 


2 дем 2 2 
ах x dx dx x dx х dx 


(111) for free edge, 
a set of two homogeneous equations in terms of W, is obtained. For a clamped plate. these 
equations together with field equations (3.3.3) give a complete set of m equations іп m 
unknowns, which can be written as 

B o 4 
| br ا‎ = (3.4.1) 


where В“ is a matrix of order 2 x т. 


тт Y 
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For а non-trivial solution of equation (3.4.1), the frequency determinant must vanish and hence 


B 
O: (3.4.2) 


Similarly, for simply supported and free edge boundary conditions, the frequency determinants 


can respectively be written as 


5. NUMERICAL RESULTS AND DISCUSSION 


First three natural frequencies of vibration have been computed from equations (3.4.2-3.4.4) for 


all the three boundary conditions. The values of various plate parameters taken are as follows : 


non-homogeneity parameter и = -0.5( 0.1)1.0; 
density parameter 7] — -0.5( 0.1)1.0 and 


taper constants 4= -0.5(0.1)0.5 ; В= -0.5(0.1)0.5 (such that a+ß>-1) 


for р= 0.3. 


The convergence of the method with the number of grid points m has been carried out as in 


chapter II for different sets of plate parameters for all the three boundary conditions. In all the 


computations, the number of grid points has been taken as m = 18, since further increase in m 


does not improve the results even in the fourth place of decimal (Figs. 3.1(a, Б, с)). 


^ 


The numerical results are given in Tables (3.1-3.9) and Figures (3.2-3.6). Tables (3.1-3.9) give 


the value of frequency parameter О for different values of plate parameters i.e. 7 -0.5. 0.0, 


~ 
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1.0, и = -0.5, 0.0, 1.0, œ = 205, -0.1, 0.0, 0.1, 0.5; 8 = -0.5, -0.1, 0.0, 0.1, 0.5 (such that 
а +В >-1) for clamped, simply supported and free plates, respectively. From the results, it is 
found that for a > 0, 8 > 0, the frequency parameter Q for free plate is smaller than that for 
clamped plate and greater than that for simply supported plate irrespective of the value of other 
plate parameters. The frequency parameter Q increases with increasing values of non- 
homogeneity parameter и and taper parameters @ and В, while it decreases with increasing 


value of density parameter 7. 


Figure 3.2(a) shows the effect of non-homogeneity parameter 4 оп the frequency parameter Q 
for 7 = 0.5, а = 0.0, 0.3 and В = 0.0, + 0.3 for all the three plates vibrating in fundamental 
mode. It is observed that frequency parameter increases with increasing value of non- 


homogeneity parameter // for all the three cases. Also, the frequency parameter increases with 


increasing value of а or В or both for all the three plates. The increase is more pronounced in 


case of clamped plate as compared to simply supported and free plates. Figure 3.2(b) shows the 


plots for © versus А for the second mode of vibration. Itis observed that the rate of increase of 


Q in all the three cases is higher than that in the fundamental mode. A similar behaviour can be 


seen from Figure 3.2(c) when the plate is vibrating in third mode. 


Figure 3.3(a) depicts the variation of frequency parameter Q with density parameter 77 for 


u= 0.5, a= 0.0. 0.3 and B= 0.0, = 0.3 for all the three plates vibrating in fundamental mode. It 


is observed that frequency decreases with the increasing value of density parameter y The rate 


of decrease with increasing value of 7] is more pronounced in case of free plate as compared to 


that of clamped or simply supported plate, whatever are the values of other plate parameters. А 
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similar inference is drawn when the plate із vibrating in second and third modes (Figures 3.3(b) 


and 3.3(c)). 


Figures 3.4(a, b, c) show the effect of taper parameter а. on frequency parameter © for “= -0.5. 
1.0, 7 = 0.5 and £ = -0.3, 0.3 for plates vibrating in fundamental, second and third mode. 
respectively. It is observed that frequency parameter increases with increasing value of taper 
parameter а. The rate of increase of О is higher for clamped plate as compared to those for 
simply supported and free plates. Further, the frequency parameter can be increased / decreased 
by increasing / decreasing the value of В as well as of д. The rate of increase becomes more 


pronounced with increase in number of modes. 


Figures 3.5(a, b, c) show the plots of frequency parameter © versus taper parameter В for 


и = -0.5, 1.0, 7 = 0.5 and taper parameter 〆 = -0.3, 0.3 for plates vibrating in fundamental, 


second and third mode, respectively. It is found that frequency parameter increases with 


increasing value of taper parameter Û except in case of free plate for «= -0.3. In this case, there 


appears a local minima in the vicinity of B= -0.3. This may be attributed to the increased mass 


of the plate towards the centre. However, for the second and third modes, the frequency 


parameter Q is found to increase continuously with increasing value of f. The rate of increase 


of Q with increasing value of В is higher for clamped plate as compared to those for simply 


supported and free plates. 


Figures 3.6(a, b, с) show the plots of normalized transverse displacements for z = -0.5. 1.0, 


n = 0.5, & 0.0, 8 = 0.0; а = 0.5, B= 0.0 and а = 0.5, B = 0.5 for the first three modes of 
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vibration for clamped, simply supported and free plates, respectively. The radii of nodal circles 
decrease as the outer edge becomes thicker and thicker for all the three boundary conditions. 


The effect of non-homogeneity ¿also decreases the radii of nodal circles. 


Table 3.10 compares the results for homogeneous (и= 0.0, п = 0.0) circular plate of uniform 
thickness (а = 0.0, 8 = 0.0) with exact solutions given by Leissa[1969] and approximate 
solutions obtained by Ansari[2000] using Ritz method and Azimi[1988] using receptence 
method. Table 3.11 gives a comparison of results for homogeneous circular plate of linearly 
varying thickness with those obtained by Lal[1979] using Frobenius method and with those 


obtained by Singh and Saxena[1995] and Gutierrez et al.[1996] using Rayleigh-Ritz method for 


clamped and simply-supported plate. A comparison of results for homogeneous circular plate of 


parabolically varying thickness with those obtained by Ansari[2000] using Ritz method. 


Lal[1979] using Frobenius method [31] and Gutierrez et al.[1996] using Rayleigh-Ritz method 


is presented in Table 3.12. 


A comparative study for evaluation of frequency parameter Q for a specified plate for the first 


three modes of vibration has been presented in Table 3.13 by taking equally spaced and three 


unequally spaced grid points ie. zeros of shifted Chebyshev polynomials obtained from 


equations (2.3.9) and (2.3.10) and that of shifted Legendre polynomials. It is observed that 


zeros of Chebyshev polynomials provide comparatively faster rate of convergence. 
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Table 3.1 
Values of frequency parameter О for clamped plate vibrating in fundamental mode 
— l 
-0.5 0 І 
-H ЈЕ | 
а B -0.5 0 1 -0.5 0 T 
- 
А -0.1 2 1228 5.9564 8.0666 4.6587 5.4275 7.3794 6.0977 
-0.5| 0 5.7823 6.7376 9.1707 5.2676 6.1504 8.4058 6.9743 
0.1 6.4325 7.5089 10.2584 5.8686 6.8650 9.4184 7.8422 
0.5| 8.9842 | 10.5316 | 14.4740 | 82329 | 9.6732 | 13.3572 11.2424 
ーー 
-0.5| 5.5010 6.3851 8.6287 4.9949 5.8090 7.8805 4.0629 4.7446 6.4891 
-01| 8.1153 | 9.4993 | 13.0608 | 7.4095 | 8.6919 | 12.0029 | 6.0978 | 7.1856 | 10.0144 
-0.1| 0 8.7588 10.2651 14.1380 8.0052 9.4027 13.0084 6.6021 7.1906 10.8804 
0.1 9.3999 11.0270 15.2042 8.5992 10.1104 14.0048 7.1057 8.3942 11.7407 
0.5 | 11.9457 14.0407 19.3714 10.9619 12.9159 17.9094 10.7964 15.1301 
= — 
-0.5| 6.2569 7.2797 9.8979 5.6889 6.6320 9.0529 4.6407 5.4328 -| 7.4779 
-0.1| 8.8576 10.3815 14.3059 8.0924 9.5055 13.1572 6.6688 7.8693 10.9949 
0 0 9.5005 11.1464 15.3791 8.6879 10.2158 14.1597 7.1733 8.4746 11.8597 
01| 10.1415 | 11.9078 | 16.4420 | 92820 | 10.9235 | 15.1537 | 7.6774 | 9.0787 | 12.7191 
0.5 | 12.6893 | 14.9226 | 20.6014 | 11.6473 | 13.7310 | 19.0532 11.4843 | 16.1078 
A pe 
05| 70065 | 8.1698 | 11.1639 | 63713 | 74513 | 102233 | 5.2144 | 6.1184 | 8.4663 
-0.1| 9.6000 11.2643 15.5513 8.7756 10.3199 14.3121 7.2402 8.5540 11.9767 
0.110 10.2429 12.0288 16.6210 9.3712 11.0301 15.3121 7.7453 9.1598 12.8406 
0.1 | 10.8840 12.7901 17.6810 9.9657 11.7380 16.3041 8.2500 9.7646 13.6993 
0.5 | 13.4344 15.8064 | 21.8338 12.3341 14.5479 | 20.1993 10.2675 12.1739 17.0876 
95 99883 | 11.7224 | 162153 | 9.1180 | 10.7241 | 14.8998 | 7.5016 | 8.8627 | 12.4275 
-0.1 | 12.5786 14.8083 20.5411 11.5173 13.5905 18.9433 9.5348 11.3062 15.9195 
051 0 13.2232 15.5730 | 21.6005 12.1153 14.3021 19.9359 10.0431 11.9150 16.7809 
0.1 | 13.8667 16.3351 22.6519 12.7126 15.0119 | 20.9219 10.5514 12.5230 17.6381 
16.4301 19.3602 | 26.7851 15.0951 17.8331 24.8054 12.5840 14.9471 21.0272 


Ф Y 


т Y 


VUO 9 9 O 9 9 @ sd 


О 


v も U @ 0 9 0 


еб 


V 0 6 U UU U 


v Table 3.2 
alues of frequency parameter Q for clamped plate vibrating in second mode 


a 
==; ML е 

-0.5 0 

г 800 F " 

о | В -0.5 OL HE -0.5 0 


— 


-0.1 | 24.8132 | 28.4628 | 37.3364 | 21.8209 | 25.1062 | 33.1358 16.7503 19.3859 | 25.8941 
-0.51 0 | 26.9194 | 30.8689 | 40.4535 | 23.7356 | 27.3002 | 35.9954 18.3158 | 21.1908 | 28.2756 
0.1 | 28.8978 | 33.1272 | 43.3760 | 25.5368 | 29.3624 | 38.6797 19.7932 | 22.8924 | 30.5168 


0.5 | 36.0125 | 41.2360 | 53.8464 | 32.0322 | 36.7861 48.3178 | 25.1528 | 29.0528 | 38.6035 


-0.5| 26.8737 | 30.8487 | 40.5223 | 23.6421 27.2218 | 35.9814 18.1574 | 21.0308 | 28.1385 
-0.1 | 34.8338 | 39.9227 | 52.2236 | 30.8985 | 35.5198 | 46.7471 24.1237 | 27.8968 | 37.1580 
-0.1| 0 | 36.6128 | 41.9476 | 54.8301 | 32.5248 | 37.3763 | 49.1502 | 25.4691 29.4418 | 39.1805 
0.1 | 38.3363 | 43.9084 | 57.3526 | 34.1018 | 39.1755 | 51.4773 | 26.7760 | 30.9417 | 41.1420 
0.5 | 44.8131 512694 | 66.8073 | 40.0385 | 45.9409 | 60.2119 | 31.7153 | 36.6017 | 48.5267 


| 


| ТГ 


0.51 29.5624 | 33.9258 | 44.5205 | 26.0750 | 30.0152 | 39.6350 | 20.1283 23.3085 -| 31.1577 
-0.1| 37.1829 | 42.6048 | 55.6962 | 33.0316 | 37.9627 | 49.9292 25.8648 | 29.9034 | 39.8041 

o | о | 38.9153 | 44.5753 | 58.2294 | 34.6170 | 39.7711 52.2669 | 27.1791 31.4115 | 41.7754 
28.4602 | 32.8806 | 43.6938 


0.1 | 40.5999 | 46.4904 | 60.6902 | 36.1597 | 41.5301 54.5389 
0.5 | 46.9682 | 53.7238 | 69.9704 | 42.0016 | 48.1833 | 63.1 185 


L | Zi 


-0.5| 32.1408 | 36.8742 | 48.3462 | 28.4108 32.6950 | 43.1348 | 22.0253 
-0.1| 39.4936 | 45.2416 | 59.1064 | 35.13 12 | 40.3661 53.0564 | 27.5811 
ол | о | 41.1865 | 47.1658 | 61.5773 36.6819 | 42.1337 | 55.3384 | 28.8692 
0.1 | 42.8374 | 49.0416 63.9846 | 38.1952 | 43.8579 | 57.5628 | 30.1281 
0.5 | 49.1098 | 56.1619 | 73.1101 43.9533 | 50.4120 | 66.0049 | 34.9341 


33.3287 | 38.4559 | 50.9585 


— 


25.4991 34.0563 
31.8804 | 42.4083 
33.3572 | 44.3360 
34.7999 | 46.2173 
40.3003 | 53.3756 


-0.5| 41.7988 | 47.9016 62.6145 | 37.1793 | 42.7391 56.2127 | 29.1787 | 33.7466 | 44.9341 

-0.1 | 48.4622 | 55.4645 72.2966 | 43.2925 | 49.6977 | 65.1688 | 34.2723 | 39.5794 52.5251 

0.5| 0 | 50.0417 | 57.2557 74.5872 | 44.7438 | 51.3480 | 67.2899 | 35.4855 40.9669 | 54.3272 
0.1 | 51.5937 | 59.0152 76.8360 | 46.1705 | 52.9698 | 69.3732 | 36.6795 | 42.33 18 | 56.0988 
57.5710 | 65.7867 | 85.4815 | 5 1.6715 | 59.2181 77.3894 | 41.2949 | 47.6025 | 62.9284 
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У Table 3.3 
alues of frequency parameter Q for clamped plate vibrating in third mode 


ДЕН E 
0.5 
^ 0 dE I 
ен енен. р 
Е 
а = -0.5 0 ы ізет 0.5 0 Г EE] е | 
| Mi 

-0.1| 58.2695 | 66.7093 | 86.9053 | 51.0286 | 58.5897 | 76.7771 | 38.8412 | 44.8512 | 59.4578 
-0.5| 0 | 62.6436 | 71.6301 | 93.0924 | 54.9910 | 63.0611 | 82.4331 | 42.0591 | 48.5050 | 64.1358 

ол | 66.7108 | 76.2016 | 98.8310 | 58.6805 | 67.2207 | 87.6853 | 45.0641 | 51.9135 | 68.4912 

0.5 | 81.0526 | 922944 | 118.9703 | 71.7238 | 81.8995 | 106.1599 | 55.7456 | 64.0058 | 83.8865 

.05| 63.5808 | 72.7732 | 94.7416 | 55.7096 | 63.9543 | 83.7623 | 42.4408 | 49.0079 | 64.9530 

-0.1| 79.7826 | 90.9644 | 117.5228 | 70.4288 | 80.5314 | 104.6456 | 54.4644 | 62.6327 | 82.3244 
011 о | 833342 | 949452 | 1224928 | 73.6637 | 84.1680 | 1092117 | 57.1213 | 65.6374 | 86.1411 

011 867541 | 98.7763 | 127.2715 | 76.7811 | 87.6704 | 113.6050 | 59.6861 | 68.5361 | 89.8188 

05 | 994386 | 112.9704 | 144.9412 | 88.3630 | 100.6677 | 129.8735 | 69.2487 | 79.3295 | 103.4798 

— | | - 

05| 693735 | 793069 | 102.9940 | 60.9308 | 69.8624 | 91.2716 | 46.6401 | 53.7902 | 71.1093 

91 | 847370 | 96.5412 | 124.5395 | 74.9069 | 85.5877 | 111.0460 | 58.0881 | 66.7499 | 87.6003 
o | 0 | 881704 | 1003867 | 1293342 | 78.0372 | 89.1041 | 1154552 | 60.6645 | 69.6613 | 91.2929 

o.1 | 91 4901 | 1041033 | 133.9642 | 81.0662 | 92.5050 | 119.7155 | 63.1613 | 724812 | 94.8657 

0.5 | 103.8901 | 117.9711 | 151.2091 | 92.3972 Ld 135.6044 | 72.5320 | 83.0515 | 108.2282 

Е ү 

05! 74.8842 | 85.5178 | 110.8268 | 65.9032 | 75.4844 | 984062 | 50.6483 | 58.3513 | 76.9708 

11 805833 | 1019935 | 131.3924 | 79.2904 | 90.5345 | 117.3012 | 61.6405 | 70.7839 | 92.7638 
01 | 0 | 929159 | 105.7237 | 136.0377 | 82.3316 | 93.9486 | 121.5765 | 64.1483 | 73.6158 | 96.3506 

0.1 | 96.1491 | 109.3412 | 140.5391 | 852840 | 972615 | 125.7217 | 66.5863 | 76.3675 | 99.8324 

05| 1082966 | 122.9194 | 1574068 | 96.3925 | 109.7134 | 141.2736 | 75.7869 | 86.7399 | 112.9300 
E JL. pure 

os | 952048 | 108.3867 | 139.5838 | 842756 | 96.2259 | 124.6483 | 65.5218 | 752493 | 986172 

41 108.1749 | 122.8868 | 157.5961 | 96.1309 | 109.5183 | 1412521 | 753295 | 863110 | 112.5917 
os o | 112158 | 1262833 | 161.8083 | 98.9144 | 112.6360 | 145.1395 | 77.6391 88.9129 | 115.8719 

0.1 | 1141921 | 129.6065 | 165.9274 | 101.6400 | 115.6878 | 148.9425 | 79.9030 | 91.4623 | 1 19.0837 

os | 1255564 | 142.2857 | 181.6230 | 112.0582 | 127.3436 | 163.4471 | 88.5764 | 1012208 | ІЗІ 3580 


Table 3.4 У 
Values of frequency parameter О for simply supported plate vibrating in 
fundamental mode 
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очвово 
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Б 
Г _ML 
-0.5 0 
| pi | 
о. | В | -05 0 1 05 0 
-0.1| 3.2709 3.7209 4.7788 2.9418 3.3516 
-0.5| 0 3.4712 3.9408 5.0531 3.1222 3.5498 
0.1 | 3.6597 | 4.1509 | 5.3248 | 32917 | 3.7388 
0.5 | 4.3703 4.9682 6.4540 3.9284 4.4716 
¡E > 
-0.5| 3.6635 4.1625 5.3331 3.2928 3.7472 
-0.1| 4.3996 4.9838 6.4014 3.9547 4.4859 
-0.1| 0 4.5717 5.1823 6.6773 4.1088 4.6637 
0.1 4.7431 5.3818 6.9600 4.2621 4.8423 
0.5 5.4356 6.2036 8.1625 4.8804 5.5767 
AA ja- E ー 
-0.5| 3.9578 4.4870 5.7368 3.5575 4.0392 
-0.1 4.6657 5.2871 6.8068 4.1930 4.7576 
0 0 4.8363 5.4854 7.0874 4.3455 4.9351 
0.1 5.0068 5.6856 7.3749 4.4980 5.1142 
0.5 | 5.7008 6.5136 8.5969 5.1172 5.8537 
L—L—4 |= -= 
-0.5| 4.2387 4.7996 6.1344 3.8098 4.3202 
-0.1| 4.9294 5.5891 7.2151 4.4290 5.0281 
0.1 0 5.0992 5.7881 7.5007 4.5807 5.2061 
0.1 | 5.2696 5.9895 7.1933 4.7329 5.3860 
0.5 5.9661 6.8244 9.0342 5.3540 6.1313 
-0.5| 5.3019 6.0043 7.7289 4.7624 5.4002 
-0.1 5.9741 6.7982 8.8824 5.3626 6.1096 
0.5 | 0 6.1453 7.0035 9.1877 5.5152 6.2927 
7.2118 9.4996 5.6694 6.4786 
8.0765 10.8085 6.3033 7.2492 
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ТаЫе 3.5 
Values of frequency parameter О for simply supported plate vibrating in 
second mode 


A > mx 1 
-0.5 0 1 _| 
__| | 
с | В Е @s | o 1 Е E 
0.5 0 1 0.5 0 7 1 
-0.1 | 19.8930 22.7306 29.5751 17.3904 19.9308 26.0923 13.2080 15.2264 20.1746 
-0.5| 0 21.1646 24.1560 31.3380 18.5522 21.2386 27.7240 14.1696 16.3177 21.5609 
0.1 | 22.3520 25.4839 32.9734 19.6401 22.4601 29.2414 15.0751 17.3429 22.8573 
0.5 | 26.5982 30.2135 38.7592 23.5495 26.8323 34.6339 18.3632 21.0515 27.5109 
= ==р | 
-0.5| 21.9093 25.0752 32.7434 19.1638 21.9991 28.9061 14.5639 16.8165 22.3666 
-0.1 | 26.7425 30.4770 39.3748 23.5953 26.9741 35.0714 18.2565 20.9995 27.6512 
-0.1| 0 27.8135 31.6689 40.8279 24.5825 28.0774 36.4285 19.0880 21.9374 28.8264 
0.1 | 28.8502 32.8212 42.2302 25.5394 29.1458 37.7399 19.8968 22.8485 29.9655 
0.5 | 32.7467 37.1428 47.4713 29.1478 | 33.1649 42.6543 22.9674 26.2992 34.2600 
i Jc トー = 
-0.5 | 23.7449 27.1551 35.3799 20.8236 23.8870 31.3192 15.9085 18.3578 24.3697 
-0.1 | 28.3645 32.3083 41.6832 25.0686 28.6437 37.1925 19.4616 22.3759 29.4280 
0 0 29.4088 33.4691 43.0951 26.0326 29.7200 38.5132 20.2762 23.2937 30.5755 
0.1 | 30.4238 34.5961 44.4638 26.9708 30.7664 39.7950 21.0714 24.1887 31.6922 
0.5 | 34.2642 38.8520 49.6169 30.5313 34.7290 44.6324 24.1079 27.5988 35.9295 
(ее | с. абат E 
-0.5 | 25.5104 29.1533 37.9072 22.4222 25.7034 33.6357 17.2075 19.8452 26.2987 
-0.1 | 29.9658 34.1154 43.9589 26.5241 30.2927 39.2853 20.6541 23.7374 31.1841 
0.1 0 30.9879 35.2503 45.3366 271.4689 31.3465 40.5758 21.4547 24.6387 32.3086 
0.1 | 31.9845 36.3560 46.6770 28.3914 32.3743 41.8326 22.2385 25.5201 33.4065 
0.5 | 35.7763 40.5549 51.7534 31.9104 36.2880 46.6031 25.2459 28.8953 37.5942 
Г 

-0.5 | 32.1785 36.6866 47.4039 28.4755 32.5691 42.3620 22.1519 25.4982 33.6053 
-0.1 | 36.2318 41.1810 52.8405 32.2285 36.7500 47.4659 25.3417 29.0862 38.0714 
0.51 0 37.1930 42.2449 54.1239 33.1209 37.7423 48.6734 26.1046 29.9426 39.1333 
0.1 | 38.1381 43.2902 55.3839 33.9993 38.7181 49.8597 26.8570 30.7865 40.1783 
0.5 | 41.7869 47.3208 60.2327 i 42.4881 54.4319 29.7804 34.0603 44.2205 
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ТаЫе 3.6 
Values of frequency parameter © for simply supported plate vibrating in 


third mode 
— === ya 
-0.5 0 
E EI E 
о. | B. йз EO 05 СЕЗЕ E 05 | 


38.1840 | 50.4760 
40.9040 | 53.8779 
43.4470 | 57.0496 
52.5035 | 68.2906 


-0.1| 50.0849 | 57.2675 | 74.3921 43.7300 | 50.1461 65.5250 | 33.1102 
-0.5| 0 | 53.3298 | 60.8744 | 78.8013 | 46.6827 | 53.4404 | 69.5828 | 35.5298 
0.1 |.56.3533 | 64.2308 | 82.8930 | 49.4380 | 56.5106 | 73.3541 37.7949 
0.5 | 67.0534 | 76.0816 | 97.2716 | 59.2161 67.3808 | 86.6427 | 45.8806 


e CHE 


42.1477 | 55.7600 
52.2976 | 68.3937 
54.5460 | 71.1776 
56.7178 | 73.8627 
64.8267 | 83.8563 


-0.5 | 55.1990 | 63.1298 | 82.0332 | 48.2169 | 55.3087 | 72.3047 | 36.5295 
-0.1| 67.2196 | 76.4613 | 98.2501 59.1889 | 67.5232 | 87.2766 | 45.5782 
-0.1| 0 | 69.8657 | 793885 | 101.7923 | 61.6110 | 70.2127 | 90.5561 | 47.5876 
0.1 | 72.4167 | 82.2085 | 105.1999 | 63.9482 | 72.8061 93.7136 | 49.5302 
0.5| 81.9027 | 92.6791 | 117.8154 | 72.6545 | 82.4521 | 105.4230 56.7944 


| トー | al 


-0.5 | 59.7779 | 68.2611 88.4161 52.3468 | 59.9533 
-0.1| 71.1912 | 80.9034 | 103.7545 | 62.7797 71.5534 
0 | 0 | 73.7511 83.7329 | 107.1722 | 65.1256 | 74.1561 
0.1| 76.2292 | 86.4701 | 110.4742 | 67.3983 76.6758 


45.9172 | 60.5504 
55.5859 | 72.5545 
57.1665 | 75.2496 
59.8811 71.8595 


78.1234 | 39.8575 
92.3053 | 48.4875 
95.4730 | 50.4382 
98.5357 | 52.3311 


0.5 | 85.5072 | 96.7042 | 122.7873 | 75.9212 86.1120 | 109.9742 | 59.4550 | 67.8279 | 87.6393 
| | 
| | 
-0.5 | 64.1514 | 73.1585 | 94.4982 56.2954 | 64.3906 | 83.6731 | 43.0461 49.5259 | 65.1290 
-0.1| 75.0832 | 85.2546 | 109. 1409 | 66.3010 | 75.5037 | 97.2293 | 51.3445 58.8134 | 76.6342 
01] 0 | 77.5698 | 88.0008 | | 12.4526 | 68.5820 | 78.0323 | 100.3018 | 53.2451 60.9364 | 79.2537 
0.1 | 79.9848 | 90.6663 | 1 15.6632 | 70.7988 | 80.4883 | 103.2825 | 55.0952 63.0016 | 81.7986 
0.5 | 89.0786 | 100.6908 127.7083 | 79.1593 | 89.7388 | 114.4809 | 62.0949 70.8048 | 91.3888 
| | O i 
-0.5 | 80.3894 | 91.3164 | 1 16.9831 | 70.9833 | 80.8729 | 104.2267 | 54.9546 62.9843 | 82.1519 
-0.1| 90.0686 | 101.9913 129.8181 | 79.8778 | 90.7195 | 116.1565 | 62.3925 71.2816 | 92.3603 
0.5 | 0 | 92.3434 104.4969 | 132.8232 | 81.9714 | 93.0342 | 1 18.9535 | 64.1490 | 73.2383 | 94.7611 
106.9502 | 135.7631 | 84.0234 | 95.3018 121.6913 | 65.8724 | 75.1572 | 97.1135 


132.1453 | 72.4891 | 82.5168 | 106.1166 


0.1 | 94.5717 
0 


.5 | 103.0955 103.9770 


116.3255 | 146.9773 | 91.8815 


こう 


も しり 


Table 3.6 
Values of frequency parameter Q for simply supported plate vibrating in 
third mode 


-0.5 1 
В 0.5 0 5 
a 29.2 І -0.5 0 1 
= 
-0.1| 50.0849 | 57.2675 | 74.3921 | 43.7300 | 50.1461 | 65.5250 | 33.1102 | 38.1840 | 50.4760 
-0.5| 0 | 53.3208 | 60.8744 | 78.8013 | 46.6827 | 53.4404 | 69.5828 | 35.5298 | 40.9040 | 53.8779 
0.1 | 56.3533 | 642308 | 82.8930 | 49.4380 | 56.5106 | 73.3541 | 37.7949 | 43.4470 | 57.0496 
0.5 | 67.0534 | 76.0816 | 972716 | 592161 | 67.3808 | 86.6427 | 45.8806 | 52.5035 | 68.2906 
m 
-0.5| 55.1990 | 63.1298 | 82.0032 | 482169 | 55.3087 | 72.3047 | 36.5295 | 42.1477 | 55.7600 
-0.1| 672196 | 764613 | 982501 | 59.1889 | 67.5232 | 87.2766 | 45.5782 | 52.2976 | 68.3957 
0.11 0 | 69.8657 | 793885 | 101.7923 | 61.6110 | 70.2127 | 90.5561 | 47.5876 | 54.5460 | 71.1776 
01| 724167 | 82.2085 | 105.1999 | 63.9482 | 72.8061 | 93.7136 | 49.5302 | 56.7178 | 73.8627 
os | 81.9027 | 92.6791 | 117.8154 | 72.6545 | 82.4521 | 105.4230 | 56.7944 | 64.8267 | 83.8563 
mi j I3 5 
05| 59.7779 | 682611 | 88.4161 | 52.3468 | 59.9533 | 78.1234 | 39.8575 | 45.9172 60.5504 
01| 71.1912 | 80.9034 | 103.7545 | 62.7797 | 71.5534 | 92.3053 | 48.4875 | 55.5859 72.5545 
o | о | 73.7511 | 83.7329 | 107.1722 | 65.1256 | 74.1561 | 95.4730 | 50.4382 57.1665 | 75.2496 
01 | 762292 | 86.4701 | 110.4742 | 67.3983 | 76.6758 | 98.5357 | 523311 59.8811 | 77.8595 
0.5 | 85.5072 | 96.7042 | 122.7873 | 75.9212 | 86.1120 | 109.9742 | 59.4550 67.8279 | 87.6393 
Г 1 zT T 
.05| 64.1514 | 73.1585 | 94.4982 | 56.2954 | 64.3906 | 83.6731 43.0461 | 49.5259 | 65.1290 
0.1| 75.0832 | 85.2546 | 109.1409 | 66.3010 | 75.5037 | 97.2293 513445 | 58.8134 | 76.6342 
ол | о | 77.5698 | 88.0008 | 112.4526 | 68.5820 78.0323 | 100.3018 | 53.2451 | 60.9364 | 79.2537 
o.1 | 79.9848 | 90.6663 | 115.6632 | 70.7988 | 80.4883 103.2825 | 55.0952 | 63.0016 | 81.7986 
05 | 89.0786 | 100.6908 | 127.7083 | 79.1593 | 89.7388 | | 14.4809 | 62.0949 | 70.8048 | 91.3888 
-0.5 | 80.3894 | 91.3164 | 116.9831 | 70.9833 80.8729 | 104.2267 | 54.9546 | 62.9843 | 82.1519 
-0.11 90.0686 | 101.9913 | 129.8181 | 79.8778 90.7195 | 116.1565 | 62.3925 | 71.2816 | 92.3603 
0.5 | о | 92.3434 | 104.4969 | 132.8232 81.9714 | 93.0342 | 118.9535 | 64.1490 | 73.2383 | 94.7611 
0.1 | 94.5717 | 106.9502 | 135.7631 | 84.0234 95.3018 | 121.6913 | 65.8724 | 75.1572 | 97.1135 
0.5 | 103.0955 | 116.3255 | 146.9773 | 91.8815 103.9770 | 132.1453 | 72.4891 | 82.5168 | 106.1166 
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Table 3.7 
Values of frequency parameter Q for free plate vibrating in 


fundamental mode 


10.3456 
10.9538 
11.1358 
11.3277 
12.1778 


11.5593 
12.3267 
12.5551 
12.7956 
13.8588 


14.5223 
15.7773 
16.1444 
16.5288 
18.2126 


8.9408 
9.4999 
9.6649 
9.8382 
10.6010 


10.0093 
10.7102 
10.9165 
11.1330 
12.0854 


12.6218 
13.7572 
14.0871 
14.4320 
15.9387 


-0.5 0 | 
E ES Iu 
a -0.5 0 1 -0.5 0 І -0.5 0 1 
-0.1| 7.6304 | 8.4971 | 10.4984 | 6.5205 | 7.2797 | 9.0372 | 4.7589 | 5.3397 | 6.6913 
-05| 0 | 7.6512 | 8.5256 | 10.5669 | 6.5544 | 7.3210 | 9.1148 | 4.8080 | 5.3956 | 6.7773 
0.1| 7.7159 | 8.6062 | 10.7077 | 6.6247 | 74059 | 9.2541 | 4.8812 | 5.4812 | 6.9070 
05| 82370 | 9.2473 | 11.7358 | 7.1209 | 8.0104 | 10.2059 | 5.3145 | 6.0017 | 7.7045 
ーー — 
-0.5 | 8.6163 | 9.5738 | 11.7865 | 7.3760 | 82165 | 10.1628 
-0.1| 88145 | 9.8392 | 12.3049 | 7.5980 | 8.4992 | 10.6715 
-0.1] 0 | 89357 | 99909 | 12.5548 | 7.7133 | 8.6418 | 10.9019 
01| 9.0754 | 10.1652 | 12.8378 | 7.8439 | 8.8034 | 11.1606 
os | 9.7741 | 11.0350 | 142256 | 8.4827 | 9.5950 | 12.4151 
Шы | 
-0.5| 88437 | 9.8304 | 12.1336 | 7.5873 | 8.4539 | 10.4807 
01| 9.1510 | 10.2270 | 12.8396 | 7.8992 | 8.8461 | 11.1490 
о | о | 92861 | 10.3962 | 13.1162 | 8.0258 | 9.0031 | 11.4019 
ол | 94373 | 10.5851 | 13.4217 | 8.1657 | 9.1768 | 11.6798 
os | 10.1677 | 11.4956 | 14.8727 | 8.8302 | 10.0019 | 12.9879 
.05| 9.1056 | 10.1284 | 12.5396 | 7.8267 | 8.7257 | 10.8485 8.1052 
91| 94973 | 10.6278 | 13.3955 | 82081 | 9.2034 | 11.6442 8.7782 
ол | о | 9.6442 | 10.8120 | 13.6951 | 83443 | 9.3728 11.9166 8.9996 
011 98055 | 11.0136 | 14.0203 | 84924 | 9.5570 | 122111 9.2370 
05 | 10.5643 | 11.9606 | 15.5277 | 9.1801 | 10.4125 13.5672 10.3170 


9.5095 

10.4239 
10.6863 
10.9598 
12.1479 


Table 3.8 


> er 
=> Values of frequency parameter Q for free plate vibrating in 
Nh second mode 
~ 
> 
- ШЕ 
> -0.5 0 
з — E 
ч” с PERO 0 | 1 0.5 0 O |” 
2 
-0.1 | 27.7992 | 31.6458 | 40.7400 | 24.0956 | 27.5111 35.6358 18.0233 | 20.6983 
за -0.5| 0 | 28.9596 | 32.9017 | 42.1928 | 25.1820 | 28.6948 | 37.0232 18.9596 | 21.7315 
wn 0.1 | 30.0955 34.1363 43.6353 26.2416 29.8532 38.3921 19.8687 22.7369 
— 0.5 | 34.3939 | 38.8314 | 49.1901 30.2381 34.2394 | 43.6260 | 232871 26.5254 
еҷ | 
= -0.5| 31.2974 | 35.6545 | 45.9448 | 27.1303 | 31.0036 | 40.2137 | 20.2879 23.3259 
-0.1 | 35.6572 | 40.3737 51.4106 | 31.2257 35.4651 45.4439 | 23.8428 271.2474 
TD |-0.1| 0 | 36.7089 41.5197 | 52.7591 32.2078 | 36.5407 | 46.7212 | 24.6890 | 28.1839 
ë 0.1 | 37.7440 | 42.6490 | 54.0925 | 33.1735 | 37.5994 47.9816 | 25.5204 | 29.1045 
> 0.5 | 41.7379 | 47.0157 | 59.2769 | 36.8960 | 41.6863 | 52.8669 28.7254 | 32.6549 
| | に | |. 
-0.5 | 33.2688 | 37.8352 | 48.5873 | 28.9275 33.0015 | 42.6582 | 21.7655 | 24.9847 
-0.1 | 37.5521 42.4820 | 53.9981 32.9451 37.3860 | 47.8200 | 25.2476 | 28.8300 
0 0 | 38.5853 | 43.6084 | 55.3258 | 33.9100 38.4432 | 49.0768 | 26.0797 | 29.7511 
0.1 | 39.6035 | 44.7198 | 56.6394: 34.8603 | 39.4853 | 50.3182 | 26.8990 | 30.6581 
0.5 | 43.5453 | 49.0296 | 61.7578 38.5366 | 43.5210 | 55.1424 | 30.0688 | 34.1688 
اک‎ = 1 
-0.5 | 35.2184 | 39.9960 | 51.21 67 | 30.7024 | 34.9779 | 45.0851 23.2220 | 26.6218 
-0.1| 39.4280 | 44.5697 56.5620 | 34.6476 | 39.2885 | 50.1744 | 26.6396 30.3984 
ол | 0 | 40.4450 | 45.6790 57.8711 | 35.5977 | 40.3297 | 51.4131 27.4598 | 31.3063 
0.1 | 41.4486 | 46.7747 59.1671 36.5348 | 41.3573 52.6378 | 28.2686 | 32.2017 
45.3445 | 51.0343 | 64.2266 40.1704 | 45.3480 | 57.4078 | 31.4077 | 35.6776 
42.8138 | 48.4339 | 61.5353 | 37.6092 | 42.6843 | 54.5883 | 28.8839 32.9955 
-0.1| 46.7930 | 52.7693 66.6391 | 41.3369 | 46.7652 | 59.4314 32.1185 | 36.5725 
o | 47.1623 | 53.8273 67.8907 | 42.2438 | 47.7593 | 60.6154 32.9048 | 37.4425 
48.7224 | 54.8757 | 69.1326 43.1419 | 48.7440 | 61.7893 | 33.6835 | 38.3040 


52.4791 | 58.9817 74.0079 | 46.6551 


АВА. 


52.5980 


66.3912 


36.7318 


41.6763 


27.1395 
28.3819 
29.5972 
34.2015 


30.6470 
35.3581 
36.4920 
37.6082 
41.9198 


32.7169 
37.3480 
38.4637 
39.5635 
43.8251 


34.7652 
39.3207 
40.4204 
41.5059 
45.7236 


42.7632 
47.0865 
48.1396 
49.1827 
53.2667 
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Table 3.9 
Values of frequency parameter Q for free plate vibrating in 
third mode 
0.5 0 1 
[E м u 
о | В 20:5) I © J І -0.5 0 1 -0.5 0 
: -0.1| 61.4057 | 70.1083 | 90.7096 | 53.4202 | 61.1637 | 79.5954 | 40.1876 | 46.2700 | 60.9077 
-0.5| 0 64.7300 73.7405 | 94.9876 | 56.4718 64.5148 83.5837 | 42.7252 | 49.0846 64.3257 
0.1 | 67.8744 | 77.1788 | 99.0476 | 59.3571 | 67.6851 87.3635 | 45.1252 | 51.7466 | 67.5604 
0.5 | 79.1947 | 89.5687 | 113.7115 | 69.7470 | 79.1060 | 101.0044 | 53.7854 | 61.3461 79.2270 
-0.5 ЕС 78.1543 | 101.1544 | 59.5351 68.1935 | 88.7900 | 44.7842 | 51.5928 | 67.9743 
-0.1| 80.6464 | 91.4703 | 116.7667 | 70.7893 | 80.5231 | 103.3947 | 54.21 21 62.0237 | 80.5794 
-0.1| 0 | 83.4122 | 94.4898 | 120.3227 | 73.3354 | 83.3153 | 106.7129 56.3458 | 64.3844 | 83.4353 
0.1 | 86.0926 | 97.4166 | 123.7717 | 75.8032 | 86.0217 | 109.9304 58.4149 | 66.6733 | 86.2044 
0.5 | 96.1418 | 108.3867 | 136.6994 | 85.0605 | 96.1719 | 121.9872 66.1887 | 75.2698 | 96.5945 
10 ーー =l я 
-0.5 | 73.4365 | 83.6995 | 107.8806 | 64.0649 73.2322 | 94.9543 | 48.4547 | 55.7099 | 73.0974 
-0.1 | 85.1361 96.4536 | 122.8442 | 74.8469 | 85.0435 | 108.9485 57.4982 | 65.7119 | 85.1788 
o | о | 87.8164 | 99.3786 | 126.2872 | 77.3162 87.7502 | 112.1628 | 59.5709 | 68.0039 | 87.9488 
0.1 | 90.4225 | 102.2231 | 129.6366 | 79.7173 90.3824 | 115.2889 | 61.5874 | 70.2335 | 90.6433 
0.5 | 100.2491 | 112.9441 | 142.2690 | 88.7770 100.3096 | 127.0717 | 69.2081 78.6556 | 100.8088 
mal =a m 
-0.5| 78.2715 89.0574 | 114.3883 | 68.4391 78.0994 | 100.9146 | 51.9999 59.6869 78.0480 
-0.1| 89.5401 | 101.3407 | 128.8027 78.8289 | 89.4787 | 114.3952 | 60.7265 | 69.3342 89.6932 
0.1 0 | 92.1468 | 104.1843 132.1480 | 81.2321 92.1118 | 117.5196 | 62.7468 | 71.5671 92.3892 
0.1 | 94.6882 | 106.9568 135.4108 | 83.5753 94.6791 120.5660 | 64.7178 | 73.7451 95.0185 
0.5 | 104.3165 | 117.4568 147.7847 | 92.4590 | 104.4080 | 132.1079 72.2024 | 82.0119 | 104.9848 
96.4352 | 109.1903 | 138.8661 84.8795 | 96.3929 | 123.3272 | 65.3467 | 74.6542 96.6718 
106.5158 | 120.1680 | 151 7385 | 94.1945 | 106.5817 | 135.3761 | 73.2131 83.3344 | 107.1164 
108.9058 | 122.7713 154.7962 | 96.4036 | 108.9980 | 138.2355 75.0805 | 85.3944 | 109.5942 
111.2525 | 125.3273 157.8007 | 98.5729 | 111.3705 | 141.0440 76.9154 | 87.4180 | 112.0275 
120.2662 | 135.1472 169.3792 | 106.9092 | 120.4855 | 151.8515 83.9767 | 95.2014 | 121.3808 
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Table 3.10 


Comparison of frequency parameter Q for homogeneous (и = 0.0, т = 0.0) circular plate of 


uniform thickness (a = 0.0, В = 0.0) 


Free plate 


Clamped plate 


10.2158 
10.2158° 


10.2158* 
10.216° 


9.0689 9.084* 


7 w sa 
39.7711 39.771* | 29.7200 29.76* 
39.7711° 39.771° 29.7200° 


38.507 38.55* 


87.8127 87.80* 


Ш 89.1041 89.104* 74.1561 74.20* 


89.1041° 89.103° | 74.1961° 74.156° 


=—= 


* Values taken from Lal[1979]. 
° Values taken from Ansari[2000]. 
* Values taken from Gutierrez et al.[1996]. 
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Fig. 3 : Geometry and cross-section of the tapered circular plate for quadratic 
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СНАРТЕВ [У 


AXISYMMETRIC VIBRATIONS ОЕ NON-HOMOGENEOUS 
MINDLIN’S ANNULAR PLATES OF VARIABLE THICKNESS 


1. INTRODUCTION 

Plates of variable thickness are widely preferred in structural engineering particularly in 
aerospace industry and ocean engineering system due to the desirability of reduction in weight 
and size. A number of studies dealing with vibration of isotropic homogeneous plates of 
variable thickness is available in the literature. However, a very little work (Tomar[1982a. 
1982b, 1983, 1984] is available analyzing vibration of isotropic non-homogeneous plates of 
variable thickness. As the plates used in various applications may have appreciable thickness. 


so the effect of shear deformation and rotatory inertia cannot be neglected (Mindlin [1951 |, 


Deresiewicz and Mindlin [1955]). 


This chapter deals with axisymmetric vibrations of non-homogeneous Mindlin's annular plate 


of quadratically varying thickness. The governing differential equation with regard to vibration 


of such plates has been derived by Hamilton's energy principle. The inclusion of transverse 


shear and rotatory inertia along with non-homogeneity leads to a set of coupled differential 


equations with variable coefficients, whose analytical solution is not feasible. Therefore, an 


approximate solution has been obtained by employing differential quadrature method. 


Frequencies have been computed for different values of various plate parameters for three 


different sets of boundary conditions. Mode shapes for the first three modes of vibration have 


been obtained for specified plates. A comparison of results obtained by classical plate theory 


has been presented. 
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2. BASIC PLATE EQUATIONS 


Consider an isotropic homogeneous annular plate of thickness h(r) with inner and outer radii b 


and a, respectively, referred to a system of cylindrical coordinates (ғ, @ 2), where the axis of 


the plate is taken as the line r = 0 and its middle surface as the plane z — 0. 


Strain- Displacement Relations 


Let (u, v, w) be the displacement components at a point (r, 6 z) in r, 0 and z-directions 


ortional to z and w is independent of z. For 


Do 


rations, the displacement will also be axisymmetric and hence Wes 


respectively. We assume that и and v are prop 


axisymmetric vib 


Therefore, the kinematic relations between the displacement components are given by 


v=0, (4.2.1) 
у = w(r,t) , 
where y, is the angle of rotation of the plate element іп 7-2 plane. The strain components in 


terms of displacements (Love [1944], р.56) become 


ди, 
= z—— 
A Or 
©) = о (4.2.2) 
boom 
8. РС ра 
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Stress-Strain Relations 


The stress-strain relations for the isotropic material are as follows 


E 
Fr „le, +05. |, 


の le re 


where, E is the Young's modulus, v the Poisson's ratio and G is the shear modulus. 


Moment and Shear Resultants 


If Q,, M, and M, denote the transverse shear resultant and moment resultants, all per unit 


length, then 


h/2 


О, = fond, 
N (42.4) 

(м,,М.)- |(0,,00)2& . 

-h/2 
where 2 = +h/2 are the lower and upper faces of the plate. 
Energy Variations 
The strain energy density is given by 

(4.2.5) 


| | 
dW = 2168, ar 0,56 %06,96,0 +0,:8,: + 0。:-62: dV > 


where dV denotes elementary volume. 
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or axisymmetric case, the total strain energy of the plate is obtained by integrating the relation 


(4.2.5) over the total volume of the plate and is given by 


а 2л 1/2 
=> | | | (5,5, + сє, +а ге, |r dz d0 dr 2 
0 


Substituting for strains from relation (4.2.2) we get, 


1 а 2л h/2 ди 2 aw 
у = ニー 2 ру +o c +— |irdzdO dr . 

M I да РС zu Or 
Integrating with respect to z and substituting the values from (4.2.4), we get 


a T 0 M, 
=] ІШ оа М — +0 (и: 2), dO dr 
ôr 0 


The expression for kinetic energy is given by 


= GE 4% (2) ау, 
2|\ д д! д! 


where, 2 is the volume density of the plate material. 


The total kineti 


volume of the plate i.e. 
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ic energy of the plate is obtained by integrating the relation ( 


(4.2.6) 


(4.2.7) 


(4.2.8) 


4.2.9) over the total 


(4.2.10) 


y 


ます 


ААА 


Integrating with respect to 2, we get 


тої ^ Oy, awy 
ТЫЫ е] e a 


Now the variations of the expressions (4.2.8) and (4.2.11) are 


д (6 ме 
¿w= | 1292 ( и), ди мон (б 2 dOdr - (4.2.12) 
b 0 or r 
a 27 3 
o = | ВЕ er 00) vagar : (4.2.13) 


Equation of Motion 


According to Hamilton’s energy principle, 


5 [Lat =0 (4.2.14) 


h 


where /, and 5 are the initial and final values of time and the kinetic potential L — T -W. 


Taking the variational operator ó inside the integral (4.2.14) and using the equations (4.2.12) 


and (4.2.13), we get 


9v.) | M, — ó, + Q (зи, = aan) 


dest or r or 
| | Í r dt d0 dr = (4.2.15) 
b 04 he ду, a(oy,) 
12 ді ді 
СР] ( aw обе 
а д 
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e б 
(оу, AA оди, ero. +260) 
а 2r h ду Or 
dt dO dr = 0. (4.2.16) 
b 01 д 
が ду, д(би,) 
-pr 12 ді ді 
040 ow) 
бай ді 


Integrating equation (4.2.16) by parts, the integrated part gives the boundary conditions and the 


remaining triple integrals are 


12 ді? 


3 
M ME ЕЕ a e ly, 
а 27 Із or 
dı dO dr =0. 


(4.2.17) 


Expression (4.2.17) will be satisfied only when the coefficients of ду, and би are zero 


separately and hence, we get 


am, ММ (с _ ph OW, 0, (4.2.18) 
or r 12 ді? 
(4.2.19) 


en я 
г or 


which are the required plate equations of motion. 


| 
d 
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For elastically non-homogeneous plates of variable thickness A(r), the moment and shear 


resultants (Deresiewicz and Mindlin [1955]) are given by 


дү 
М , = er 
r | dr + 2 
M, = pf: | (4.2.20) 
r Or 
ду 


E(r)h (r 
A K= a is an averaging shear coefficient and 


24-05 is the flexural rigidity , | 


where D = 


я E\r ; 
G= ( ) ‚ E(r) and vare the elastic constants. 


r moment and shear resultants from equation (4.2.20) into equ 


Substituting fo ations (4.2.18) and 


(4.2.19), we get the following two equations of motion : 


2 ; 3 д? 
28, до +D 2и, Mv. V кан о (4.2.21) 
f or” дк Jo ащ 


ог, or п POP ро) 

gw 10w Ow, Y oh ,0G le ) Q^w 

aw 10 ду, У Д9" | —+y, |- оп =0: 4222 
ха E un" сащ дг У 4 or | Or Ar ОИЕ ` ) 


Introducing the non-dimensional variables 


Rerla, H=hla, w=wla, T = ЈЕ! ра (1-07), (4.2.23) 


together with quadratic thickness variation, i.e. 


H = hl +a RF В Е?) such that lo] 51. |4| <1 and а + B» -1、 (4.2.24) 


and assuming the exponential variation for the non-homogeneity of plate material as follows : 


0 (4.2.25) 


E = Bel: р = Фе 


| 
I 
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equations (4.2.21) and (4.2.22) reduce to 


7 2 Al 529 m 
(uti ene ーー tory, |+ mme -y, |- 6k(1 в)? = + Wr 
oR OR? Е OR (4.2.26) 


e к? Н?е"" ди, =0. 
ОЛЕ 
д?» ду pov 2 o 
Bl R ++ ER ux ue (1-4) € V 9, 4.2.27 
| 52 OR RR “| R(H' mE y, EN о ӨТ? 0. ( ) 


where, и and 7 are non-homogeneity parameters, の and В are the taper parameters. and Ио. Po 


and Ey are the thickness, density and Young's modulus, respectively, at the centre of the plate. 


For harmonic vibrations, the solution can be assumed as : 


w(R,T) = W(R)e and y,(R,T)= ү(К)е'®! (4.2.28) 
where, О is the frequency parameter. 
Substitution of these solutions in equation (4.2.26) and (4.2.27) leads to 
А T 4, +4, + (A, + 4,02) = (4.2.29) 
y a, „волу +В, + By =0 (4.2.30) 
` ДЕ? d 4 
where 
A, =-6x1-0)R', „=H’R, A, = (uH? +3HH")R° + H° R, 
A, = (ИН? + 3HH')Rv - H° -6K( DR’, A, = RH eT, (4.2.31) 
7 2 g-m) R 
B, = HR, B, = На+ UR) + КН, В = RHe у 
; ° к(1-0) 


p,a (1-07) 
В, = Bı» В; = В,, О-о з. 
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Coupled differential equations (4.2.29) and (4.2.30) together with the edge conditions at R = є 


and К = 1, where є = b/a, constitutes a well defined two point boundary value problem in the 


range (e, 1), which has been solved by differential quadrature method. 


3. METHOD OF SOLUTION : DOM 


According to differential quadrature method (Bert et al.[1988]), equations (4.2.29) and (4.2.30) 
are discretized as follows : 


» Ас W, + Y (4, co + Ас ји, + (A,, +A, )v, = 。 (4.3.1) 
j=l j=1 
У (B, c + B, c)W, +В, Q2 + Y B, c y, Ваш, =0 , (4.3.2) 


jal j=l 


where i = 2, 3,..., m-1. The weighting coefficients c7". for и" order derivatives of W and y 


with respect to R, are determined by using relations (2.3.2)-(2.3.5). 


The satisfaction of equations (4.3.1) and (4.3.2) at (т-2) nodal points x, і = 2, 3, 4...., (m-1) 
provides a set of (2m-4) equations in terms of unknowns W, у, j = 1, 2...., m (where И and y, 


stand for W(x;) and уху), respectively). This can be written in matrix form as 
Ви |- 0), (4.3.3) 


where В and WÎ are matrices of order (2-4) x 2m and 2m x 1, respectively. 


Here, the (m-2) internal grid points chosen for collocation are the zeros of shifted Chebyshev 


polynomial of order (m-2) with orthogonality range (6,1) given by 


(2k- 
ТЕБЕ aj k 12, (m2) (4.3.4) 


m-2 2 
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4. BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS 

The following three sets of boundary conditions have been considered: 

(1) C-C : both the inner and outer edges clamped, 

(i) C-S: clamped at the inner edge and simply supported at the outer, and 


(iii) C-F : clamped at the inner edge and free at the outer. 


The relations which should be satisfied at a clamped, simply supported and free edge are 


W=wy=0; (4.4.1) 
ди о 

у =V D س‎ =0; (442) 
R 

Y SEITEN, 4 

Vt OR OR БОТ (4.4.3) 

respectively. 


Discretization of relations (4.4.1)-(4.4.3) on two edges of the plate leads to 


(СС) M=0 4-0: W, =@5 ци =< (4.4.4) 
(C-S) W, = 0 > Y; = 0 ; W, = 0 3 wen HOY m = 0 с апа (4.4.5) 
j=l 
(C-F) W, = 0 E ұл = 0 > Yin + YC; = 0 > Усы, FOY m = 0 > (4.4.6) 
Jal ізі 


which gives a set of four homogeneous equations (4.4.4). (4.4.5) and (4.4.6). For a C-C plate, 


these equations together with the field equations (4.3.3) yield a complete set of 2m equations in 


2m unknowns, which can be written as 


| Шы (44.7) 


where ВСС is a matrix oforder 4x 2m. 
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For a nontrivial solution of equation (4.4.7), the frequency determinant is given by. 


B 
рес Б): (4.4.8) 


Similarly for C-S and C-F plates, frequency determinants can be written as 


B B 
во =0; рев =0, (4.4.9, 4.4.10) 
respectively. 


5. NUMERICAL RESULTS AND DISCUSSION 

The values of the frequency parameter О have been obtained by solving equations (4.4.8)- 
(4.4.10) for various values of plate parameters. Numerical results have been computed for the 
first three modes of vibration to investigate the effect of non-homogeneity parameter 
и = -0.5(0.1)1.0, density parameter 77 = -0.5(0.1)1.0 and thickness parameter Ло = 0.03, 
0.05(0.025)0.2 and taper parameters @ = -0.5(0.1)0.5, 8 = -0.5(0.1)0.5 such that a +8 > -1, on 
the natural frequencies for two radii ratios є = 0.3, 0.5 by Shear Plate Theory of Mindlin(SPT) 
and Classical Plate Theory(CPT) for v=0.3. For determining the results on the basis of 
classical plate theory, the governing equation of motion is obtained by eliminating O, from 


equations (4.2.18) and (4.2.19) after neglecting the rotatory inertia term in equation (4.2.18) 


Sone ow . я : у : 
and then substituting y, =-— in the resulting equation. The averaging shear constant 15 
Or 


о be ・ 


ооо ООО ООО ео 


T ; : 1 
o choose appropriate value of the number of collocation points m, the computer program 


developed for the evaluation of the frequency parameter Q was run for m = 8(1)20 for 
different sets of plate parameters for the three sets of boundary conditions. Figures 4.1(a.b.c) 
show the convergence of first three frequency parameters with the number of collocation points 


m for ho = 0.1, и = 1.0, ņ = -0.5, a = 0.0, В = 0.5 and e = 0.3 for C-C, C-S and C-F plates 


respectively. It is observed that four digit exactitude in values of frequency parameter Q can be 


attained by fixing m = 14\ Calculations were carried out with double precision arithmetic.) ^e v< 


The results have been given in Tables (4.1-4.18) and Figures (4.2-4.8). Tables (4.1-4.18) 


present the frequency parameter obtained by СРТ(О, ) for ho = 0.1 and SPT(Q,) for ho = 


0.05, 0.1, 0.2 taking various values of non-homogeneity parameter д = -0.5, 0.0, 1.0, density 


parameter 7 = -0.5, 0.0, 1.0 and radii ratio є = 0.3, 0.5 for C-C, C-S and C-F plates. In the case 


of classical theory, ho does not appear explicitly in the governing differential equation except in 


the final expression of О. Therefore, the frequencies are computed for general value of По and 


then transformed to the required value of hg = 0.1. by using a multiplying factor ho/N12. From 


the tables it is found that the frequencies for C-S plate are higher than C-F plate and lower than 


the C-C plate for the same set of values of other plate parameters. The frequency parameter 


increases with the increase in the radii ratio &, thickness parameter ho, non-homogeneity 


parameter и and taper parameters @ as well as £, while it decreases with increase in density 


parameter 1]. 


Figures 4.2(a,b,c) show the effect of non-homogeneity parameter 4 on the frequency parameter 


О for all the three boundary conditions for the first three modes of vibration for radii ratio 


п = -0.5, taper parameters @ = 0.5; В = 0.5 with 
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є = 0.3 and fixed values of density parameter 
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two values of thickness parameter ho = 0.05, 0.1. Itis observed that the frequency parameter (2 
increases with increasing values of non-homogeneity parameter и, whatever be the other plate 
parameters. The rate of increase of frequency parameter © with non-homogeneity parameter и 
is higher in the third mode as compared to those in both the fundamental and second modes. 
The effect of transverse shear and rotatory inertia increases with the increasing values of non- 


homogeneity parameter и. It also increases with the increase in the number of modes. 


Figures 4.3(a,b,c) show the effect of density parameter 7 on the frequency parameter © for all 
the three boundary conditions for the first three modes of vibration for radii ratio є = 0.3 and 
non-homogeneity parameter y = 1.0, taper parameters а = 0.5; В = 0.5 with two values of 
thickness parameter ho = 0.05, 0.1. It is seen that the frequency parameter © decreases with the 
increasing values of the density parameter 7 keeping all other plate parameters fixed. The rate 
of decrease of frequency parameter О with increasing values of density parameter 77 increases 


with the increase in the number of modes. 


Figures 4.4(a,b,c) depict the variation of frequency parameter Q with taper parameter а for the 
first three modes of vibration for radii ratio є = 0.3, non-homogeneity parameter д = 1.0, 
density parameter 7) = -0.5, taper parameter fj = 0.5 and thickness parameter Ло = 0.05, 0.1 for 


all three plates. It is observed that frequency parameter increases with increasing values of 


taper parameter а. The increase is more pronounced in the case of C-C plate as compared to 


C-S and C-F plates. The effect of transverse shear and rotatory inertia becomes significant with 


increasing values of a and also the number of modes. Figures 4.5(a.b,c) show the plots of 


frequency parameter Q versus taper parameter В for radii ratio є = 0.3 and fixed values of non- 


homogeneity parameter й = 1.0, density parameter 7 — -0.5, taper parameter а = 0.5 with 
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thickness parameter ho = 0.05, 0.1. It is observed that frequency parameter increases with the 
increasing values of taper parameter fj. The increase is more pronounced in case of C-C plate as 
compared to C-S and C-F plates. The rate of increase of frequency parameter © with taper 


parameter f increases with increasing order of modes. 


The variation of frequency parameter Q with radii ratio e for all the three modes and boundary 
conditions for non-homogeneity parameter и = 1.0 and density parameter 7 = -0.5. taper 
parameters а = 0.5; В = 0.5, thickness parameter ho = 0.05, 0.1 has been shown in Figures 
4.6(a,b,c). It is found that the frequency parameter can be increased /decreased by 
increasing/decreasing the hole size. The increase of frequency parameter €) is more pronounced 
for є > 0.5 as compared to that for є < 0.5. The effect of transverse shear and rotatory inertia 


increases with increasing hole size for all the three plates. 


Figures 4.7(a,b,c) show the effect of thickness parameter ho on frequency parameters 
О, and Q, for radii ratio є = 0.3, 0.5 for all the three plates for и = 1.0, 7 = -0.5, а = 0.5 and 


В = 0.5. It is observed that the effect of transverse shear and rotatory inertia increases With 
increasing value of thickness parameter ho. It also increases with the increasing value of radii 


ratio e. The effect of transverse shear and rotatory inertia has been found to increase with the 


increase in the number of modes. 


Normalized displacements have been plotted in Figures 4.8(a,b,c) for the first three modes of 


vibration for = 0.3, 7 = -0.5, и = 1.0, ho = 041 and three combinations of taper parameters а 7 


0.0; В = 0.0; a = 0.5; 8 = 0.0; а = 0.5; В = 0.5. These figures show that the nodal circles shift 


towards the inner edge as the plate becomes thicker and thicker towards the outer edge. A 
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comparison of results for homogeneous (и = 0.0, 7 = 0.0) uniform thickness (а = 0.0, 2 = 0.0) 
Mindlin’s annular plates has been presented in Table 4.19 with analytical solutions given by 


Irie et al.[1982]. A close agreement of the results shows the versatility ofthe present technique. 


From the above discussion it can be concluded that the effects of transverse shear and rotatory 
inertia cannot be neglected while dealing with vibration of non-homogeneous moderately thick 
(ho > 0.1) plates. A similar inference was obtained by Deresiewicz and Mindlin [1955] for 


isotropic homogeneous circular disks. 
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с i Table 4.19 
omparison of frequency parameter О for homogeneous (p—0.0, n=0.0) uniform 
thickness(a=0.0, B=0.0) Mindlin annular plates 


h == (0.3 | (£05 
0 
Mode 0.1 0.2 0.3 | 0.1 0.2 
(СЕС 
І 39.3972 30.0407 23.1321 70.2762 4823104 35.3165 
39.40* 30.04* 23.13* 70.28* 48.31* 35.32* 
I1 95.5919 642314 46.6591 159.7852 97.3880 68.2971 
95.59% 64.23% 46.66% 159.78* 68.30* 
НЕ 
C-S 
І 27.3803 22.4405 18.1149 51.2202 38.3632 29.2636 
27.38% 22.44* 18.12* 51.22* 38.36* 29.26* 
П 82.1720 59.3834 45.0414 142.7106 93.7802 68.0777 
82.17* 59.38* 45.04* 142.71* — 93.78* 68.08* 
C-F 
І 6.5160 6.1367 5.6361 12.5678 11.4610 10.1567 
6.52* 6.14* 5.64* 12.57* 11.46* 10.16* 
П 37.8938 29.7618 23.2707 69.5834 49.2699 36.1560 
37.89* 29.76* 23.27* 69.58* 49.27* 36.16* 


* Values taken from Irie et al.[1982]. 
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VIBRATIONS OF NON-HOMOGENEOUS CIRCULAR MINDLIN 
PLATES WITH VARIABLE THICKNESS 


1. INTRODUCTION 


This chapter has been devoted to investigate the natural frequencies of non-linearly tapered 


circular plates of moderate thickness taking into account the non-homogeneity which arises due 


to variation in Young's modulus and density of the plate material, using the first order shear 


deformation plate theory of Mindlin. The consideration of non-homogeneity and variable 


thickness together with the inclusion of transverse shear and rotatory inertia leads to a set of 


coupled differential equations with variable coefficients. An approximate solution has been 


obtained employing Chebyshev collocation technique. First three natural frequencies have been 


computed for various values of plate parameters for three different edge conditions. Mode 


shapes for specified plate parameters have also been presented. 


2. EQUATION OF MOTION 


Consider an isotropic non-homogeneous moderately thick circular plate of radius a, thickness 


h(r), density p(r) referred to a cylindrical polar coordinate system (г, 0, 2). The differential 


equations, which govern the axisymmetric motion of such plates, have been derived according 


to Mindlin’s plate theory[1955], using Hamilton’s principle as in chapter IV by taking limits of 


on in equations (4.2.6- 4.2.17) from 0 to a instead of b to a and are given below: 


integrati 
oM, M,-M, Eo ph ду, 0. (5.2.1) 
Or r 12 ді" 
19 то (522) 
22710; ді? 


130 


o Qo 


Y 


° 02 009005 ó @Ə 9 Ə 9 @ 9 GC © 


U 


— 


ААА 


where í i i : ; M 
e 1 is the time, w the transverse deflection, y, the angle of rotation in the rz-plane and 


M,,M, and O, are the moment and shear resultants all per unit length given by 


Or 
ду 
М = р Иг и, = の 
9 | r Or 2 (5.2.3) 


E (A) 6 BN 
where D(s D(r))- ano is the flexural rigidity, d- z) an averaging shear coefficient 
-- ог L 


and E(r),G(s G(r)),v are the elastic constants. 


Introducing non-dimensional variables 
R=r/a, H=hla, w=w/a, T= t4] E, / pa (1 =w) (5.2.4) 


together with quadratic thickness variation i.e. 


H =h (+a R+ ВВ") such that la] <1, |B| <1 and a + 8 > 1. (5.2.5) 
and assuming the exponential variation for the non-homogeneity of material as follows : 
E=E,e**, P= 0,61% (5.2.6) 
equations (5.2.1) and (5.2.2) reduce to 
a a Er Ar +4,0)y=0, (5.2.7) 
(5.2.8) 


aw dW j dy 
dW в” X BOW +B,— + By =0 
ー B, dR + В, STR sU 


B, 
ак“ 
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where w(R,T) = W(R)e'?" у (R,T) = v(R)e'?" (бог harmonic vibrations), © is the frequency 
parámeter, и and 7 are non-homogeneity parameters, а and / are taper parameters, ho, ро and Eo 


are thickness, density and Young's modulus respectively, at the centre of the plate. The 


coefficients A, and В, i= 1, 2, 3, 4, 5 are the same as given by relations (4.2.31). 


Coupled differential equations (5.2.7) and (5.2.8), together with edge conditions at the edge 
В = 1 and regularity condition at centre of plate R = 0 constitute a boundary value problem, 
which has been solved by Chebyshev collocation technique. The present technique is preferred 
because Chebyshev polynomials have minimax property, i.e. of all the monic polynomials, the 


maximum error is minimum (Fox and Parker[1968], Snyder[1969]). 


3. METHOD OF SOLUTION :CHEBYSHEV COLLOCATION TECHNIQUE 


By taking a new independent variable 


x=2R-1 , (5.3.1) 


the range 0< R <1 gets transformed to -1€ x <1 which is the applicability range of the 


Chebyshev collocation technique and equations (5.2.7) and (5.2.8) now reduce to 


in EI EI (u OO =®. (5.3.2) 
! dx ^ ах” ` dx 
ат yW y y sy, ии = 0, (5.3.3) 
! dx’ ` dx dx 
where 


U, =24,, の -44,, U, 224, U,=4,, U, = As, and 


y - 4B, V, =2B,, V, By, Va =28,, Vs = Ви 
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According to Chebyshev Collocation technique (Lal and Gupta[1982]), we assume 


d’W m-3 
үл = 2,481) апа on 
de = т, (534) 
dw ES 
Ta BE (5.3.5) 
= k=0 


where а; and b; (j = 3, 4,..., m) are the unknown constants and 7; (ў = 0, 1, 2,..., m-3) are the 


Chebyshev polynomials. 


Successive integration of eqs.(5.3.4) and (5.3.5) leads to 


т-3 


W=a +а,Т + Уа, Т2 апа (5.3.6) 
k=0 
m-3 

y =b,+b,T, bal. i (5.3.7) 
k=0 ` 


where ај, a2, bı and b; are the constants of integration and T, represents the j^ integral of 7; 


which are defined as 
1 1 | ó 
im, =; ao) 


1+1 


me ERST рр 
ту = да ыш 


DU Ж 5 © も も も S 5 ооо ооо 


Substitution of W, w and their derivatives in equations (5.3.2) and (5.3.3) gives simultaneous 
equations in terms of the T's, の s and b’s. The satisfaction of this resultant set of equations at 


(m-2) collocation points given by 


: 21-1 
x | 5 PSN әсе „т-2, (5.3.8) 


provides а set of 2(m-2) equations in unknowns 4; and b; (¡=1, 2,.--- m), which can be written 


in matrix form as 


е |-0), 


(5.3.9) 


т О ・ 
where В and С” are matrices of order (2m-4) x 2m and 2m x 1, respectively. 


4. BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS 


By satisfying the relations for, 


а) clamped edge : W=y=0; 


(2) simply supported edge : ER Е 
W 0 

(3) free edge : ya E ÓN 
OR OR R 


at the boundary of the plate, along with 


y =Q, = 0; 


(4) regularity condition : 


at the centre of the plate, a set of four homogeneous equations are obtained. For a clamped 


plate, these equations together with the field equations (5.3.9) can be written as 


(5.4.1) 


where B“ is a matrix of order 4 x 2m. 
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For a non-trivial solution of equation (5.4.1), the frequency determinant must vanish and hence, 


B 
ра (5.42) 


Similarly, for simply supported and free plates, frequency determinants can respectively be 


written as 


B 
- Ome (5.4.3, 5.4.4) 


5. NUMERICAL RESULTS AND DISCUSSION 


The frequency equations (5.4.2-5.4.4) provide the values of the frequency parameter © for 


various values of plate parameters. Numerical computation has been carried out to investigate 


the effect of non-homogeneity parameter и = -0.5(0.1)1.0, density parameter 7 — -0.5(0.1)1.0. 


taper parameters а = -0.5(0.1)0.5 and f = -0.5(0.1)0.5 (such that a + В > -1), thickness 


parameter ho= 0.05(0.05)0.2 on first three natural frequencies by shear plate theory of Mindlin 


(SPT) and classical plate theory (CPT) for v = 0.3. The results on the basis of classical plate 


theory have been obtained by eliminating Q, from equations (5.2.1) and (5.2.2) after neglecting 


3 : Sead ди. 5 
the rotatory inertia term ın equation (5.2.1) and then substituting V, = ої in the resulting 
г 


= z л? 
equation. The averaging shear constant 15 taken to be qe 


Figures 5.1(a,b,c) show the convergence of the frequency parameter Q with the number of 


collocation points for the first three modes of vibration for all the three edge conditions. In all 
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th = 15 : : : В 
пе computations т = 15 was fixed, since further increase in ће value of m does not improve 


the results even in fourth place of decimal. 


The results are given in Tables (5.1-5.9) and Figures (5.2-5.7). Tables (5.1-5.9) present the 
frequency parameter obtained by CPT (Q,) for ho = 0.1 апа SPT (Q,) for йо = 0.05, 0.1. 0.2 
taking various values of и = -0.5, 0.0, 1.0, 7 = -0.5, 0.0, 1.0, а = -0.5, 0.0, 0.5 and f = -0.5, 0.0, 
0.5 for clamped, simply supported and free plates respectively. In the case of classical theory, 
the frequencies for Йо = 0.1 have been obtained by using a multiplying factor A, /412 . From 


the results, it has been found that for a > 0, 8 > 0, the frequency parameter for free plate is 
smaller than that for clamped plate and higher than that for simply supported plate. The 
frequency parameter increases with the increase in non-homogeneity parameter и, taper 
parameter а and р, thickness parameter Ло, while it decreases with the increase in density 
parameter 7. From the results for Linear Thickness Variation (LTV), i.e. В = 0.0 and Parabolic 
Thickness Variation (PTV) i.e. « = 0.0, it is noticed that when the plate becomes thicker 
towards the edge (i.e. а > 0, В > 0), Оту > Opry , while it is just reverse when the plate 


becomes thicker towards the centre (i.e. а < 0, f « 0). 


Figures 5.2(a,b.c) show the effect of non-homogeneity parameter и on frequency parameter О 
for all the three edge conditions for Ше first three modes of vibration for 7 = -0.5, а = 0.5, 
В = 0.5 and № = 0.05, 0.1 by CPT and SPT. It is observed that the frequency parameter О 
increases with increasing values of non-homogeneity parameter ш for all the three plates. The 
rate of increase of О with non-homogeneity parameter и for clamped plate is higher as 
compared to that for simply supported and free plates. Further, it also increases with the 


increase in thickness Ло as well as with increasing number of modes. The effect of transverse 
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ear and rotatory inertia increases with increasing value of д. This effect also increases with 


increase in number of modes. 


Figure 5.3a shows the plot of frequency parameter €) versus density parameter 7 for и = 1.0. 
а = 0.5, В = 0.5 and two values of йо = 0.05, 0.1 for clamped, simply supported and free plates 


vibrating in fundamental mode applying CPT and SPT. It is seen that frequency parameter Q 
decreases with increasing values of density parameter 7 for all the three plates. The rate of 


decrease for simply supported plate is lower than that for clamped and free plates. The effect of 


transverse shear and rotatory inertia decreases with the increasing values of 7. The difference 


between О, and ©, is not appreciable for Ло = 0.05 for simply supported and free edge 
conditions. However, when ho increases, this difference also increases. The discrepancy in Qe 
and О, is larger for clamped plate as compared to those for free and simply supported plates. A 


similar inference is drawn when the plate vibrates in second and third mode (Figures 5.3(b.c)). 


Figures 5.4(a,b,c) depict the variation of О with taper parameter a for u = 1.0, 7 = -0.5. 


ho = 0.05, 0.1 and В = 0.5 for all the three plates vibrating in fundamental, second and third 
mode respectively. It is observed that frequency parameter increases with increasing values of 


taper parameter Q. The increase is more pronounced in the case of clamped plates. The effect of 


transverse shear and rotatory inertia is found to be more pronounced when а and В are both 


positive. Figures 5.5(а,Б.с) show the effect of taper parameter f on first three frequency 


parameters Q for = 1.0, 7 = -0.5. ho = 0.05, 0.1 and а = 0.5 for all the three edge conditions. It 


is clear that frequency parameter increases with increasing value of taper parameter В. The rate 


of increase is higher for clamped plate as compared to that for simply supported and free plates. 


The rate of increase of Q with a and В for second and third modes is much higher as compared 


to that for fundamental mode. 


Figures 5.6(a,b,c) show the behaviour of frequency parameters Q with thickness parameter hy 
for и = 1.0, 7 = -0.5, a = 0.5 and ß = 0.5 for first three modes of vibration for clamped, simply 
supported and free plate respectively. It is seen that the effect of transverse shear and rotatory 
inertia increases with the increase in the value of ho as well as the number of modes. This effect 


increases in the order of edge conditions, namely simply supported, free and clamped. 


Figures 5.7(a,b,c) show the plots for normalized transverse displacements for д = 1.0, 7 = -0.5. 


ho = 0.1, a = 0.0, $ = 0.0; a = 0.5, В = 0.0; a = 0.5, В = 0.5 for the first three modes of vibration 
for clamped, simply supported and free plate respectively. The radii of nodal circles decrease as 
the outer edge becomes thicker and thicker for all three edge conditions except for the 
fundamental mode in the case of free plate. In this case the behaviour is just the reverse. The 
results show that the effect of transverse shear and rotatory inertia plays an important role in 
case of moderately thick non-homogeneous circular plates and hence can not be neglected for 
ho > 0.1 as reported by Deresiewiez and Mindlin[1955] in their significant contribution for 


circular disks. 


A comparison of results for homogeneous (и = 0.0, 7 = 0.0) Mindlin's circular plates of 
uniform thickness (a = 0.0, В = 0.0) with the exact results obtained by Irie et al.[1980] and 
DQM results obtained by Liew et al.[1997] for the first three natural frequencies, has been 
presented in table 5.10. It is seen that there is a close agreement of the results and that the 
Chebyshev collocation technique, used in this investigation is quite versatile. 
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Table 5.10 


thickness(a = 0.0, ß = 0.0) Mindlin circular plates 


Comparison of frequency parameter Q for homogeneous (и = 0.0, т = 0.0) uniform 


Clamped S-S Free 
hola | П Ш І Il Ш І Il HI 
о 
10.2158 39.7708 89.1024 4.9351 29.7198 74.1550 9.0031 38.4429 87.7489 
0.001} 10.216* 39.771* 89.102* 4.9351*  29.720* 74.155* 9.0031*  38.443* 87.749* 
10.216 39.771" 89.104" 4.955 29720" 1741156: 9.0037 38.443" 87.750 
ll — ХЕ 
0.05 | 10.1447 38.8554 84.9950 4.9247 29.3233 71.7563 8.9686 37.7874 84.4430 
10.145* 38.855* 84.995* 4.9247*  29.323*  71.756* 8.9686* 37.787* 84.443* 
— 
- 
0.1 | 9.9408 36.4787 75.6643 4.8038 28.2400 65.9424 8.8679 36.0407 76.6756 
9.9408* 36.479* 75.664* 4.8938*  28.240* 65.942% 8.8679* 36.401* 76.676* 


0.15 


9.6286 
9.6286* 


9.2400 
9.2400* 


65.5507 
65.551* 


L— 


4.8440 
4.8440* 


59.0621 
59.062* 


30.2107 
30.211* 


56.6823 
56.682* 


8.8068 
8.8068* 
8.807" 


49.4204 
49.420% 
49.420" 


4.6963 
4.6963* 
4.696" 


24.994* 


52.5139 
52.514* 


8.7095 


8.5051 


8.7095* 


8.5051* 


67.8274 
67.827* 


っ 
2) 
А 
з) 


6744 
674* 


А 
3. 
っ 

2. 


59.6450 
59.645* 


31.1106 
31.111* 


46.7745 
46.775* 
46.175" 


x values taken from Liew et al.[1997]. 
Exact values taken from Irie et al.[1980]. 


8.2674 


8.267" 


8.2674% 


28.6055 52.5842 
28.605* 52.584% 
28.605" 285 
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Fig. 5.3a : Frequency parameter for the three plates for и = 1.0, a = 0.5, В = 0.5 for fundamental mode. 
, clamped ; ------ , Simply supported ; ----------- , free. 
о, họ = 0.05 ; A, họ = 0.1. о, A, Mindlin plate theory ; m, A, classical plate theory. 
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Fig. 5.4a : Frequency parameter for the three plates for u = 1.0, т = -0.5, В = 0.5 for fundamental mode 
, clamped ; ------— , simply supported ; ----------- Stree: 
о, бо = 0.05 ; A, hp=0.1. о, A, Mindlin plate theory ; m, A, classical plate theory. 
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Fig. 5.5a : Frequency parameter for the three plates for и = 1.0, тү =-0.5, а = 0.5 for fundamental mode. 
,clamped ; ====-=-= , simply supported ; ----------- ‚ free. 
о, ho = 0.05 ; A, ho 0.1. а, A, Mindlin plate theory ; m, A, classical plate theory. 
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CHAPTER VI 


AXISYMMETRIC VIBRATIONS OF NON-HOMOGENEOUS POLAR 
ORTHOTROPIC ANNULAR PLATES OF VARIABLE THICKNESS 


1. INTRODUCTION 

Plates exhibiting anisotropic characteristics, which were sparingly used a few years ago, now 
have considerable uses in a wide range of industrial applications. Missile and aircraft designers, 
solid state physicists and, in general, people engaged in material science, all deal with a variety 
of anisotropic materials. The development of fibre-reinforced materials and its increasing use in 
various technological situations (e.g. diaphragms used in pressure capsules, circular plates 
stiffened with radial and circumferencial ribs, and plates fabricated out of modern composites, 
viz. boron epoxy, glass epoxy, kevalar and graphites etc.) have necessitated the study of 
vibrational behaviour of anisotropic plates. The consideration of thickness variation together 
with orthotropy in structural components, not only ensures reduction in size and weight whilst 
maintaining high strength, but also meets the desirability of economy. The use of such plates as 
structural elements in high temperature environmental conditions, demands that the non- 


homogeneity of the materials should be taken into account for the analysis of plate vibration. 


This chapter analyses free axisymmetric vibrations of non-homogeneous polar orthotropic 
annular plate of quadratically varying thickness. Various numerical techniques, such as finite 
difference method, finite element method, polynomial coordinate functions, quintic spline 
method, Chebyshev collocation method etc. have been employed for the solution of governing 
differential equation of homogeneous plates. The DQ method introduced by Bellman and 


Casti[1971] for the solution of partial differential equation was promoted by Bert et al.[1988] 
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and Striz et al.[1988] to solve structural problems. Since then. DQ method has been applied in 


the area of vibrations by various researchers. 


To solve fourth order differential equations by DQ method, Bert and his co-workers[1988] 
introduced d-method, in which two boundary conditions were applied at the boundary point as 
well as at the point apart from the boundary point by a small distance д. To apply the boundary 
conditions without the usage of the ö-method, Wang et al.[2003] proposed a New-version 
Differential Quadrature Method(NDQM) introducing two degrees of freedom for the boundary 
points for anisotropic rectangular plates and skew plates for a fourth order differential equation. 
Following Wang et al.[2003, 2004]. in this investigation new-version differential quadrature 
method has been used to determine the first three natural frequencies and: mode shapes of 
annular plates for various values of taper parameters, rigidity ratio, radii ratio and non- 
homogeneity parameters for three different combinations of boundary conditions. A 


comparison of results with DOM has also been presented. 


2. BASIC PLATE EQUATION 
Consider an annular plate of thickness h(r) referred to cylindrical polar coordinates (г, 6, 2), 
where the axis of the plate is taken as the line r = 0 and z = 0 is the middle surface, shown in 


Figure 6. Let b and a be the inner and outer radii of the plate, respectively. 
Strain Displacement Relations 


Let (и, у, w) be the displacement components at a point (ғ, д z) in ғ, 0 and = directions. 


respectively. We assume that u and v are proportional to z and w is independent of z. For 


160 


axisymmetric vibrations, » - 0. The displacement and strain components are the same as given 


by relations (2.2.1)-(2.2.2). 


Stress-Strain Relations 


For an orthotropic material, the stress-strain relations are given by 


Е 


о, Ec Foyer]. 
E, 
== 2) 
б, ( E "LE + v.é, |, (6.2.1) 


с, =0, єв =0, 
where E,,E, are the Young's moduli in radial and tangential directions, respectively and v,. 


v, are the Poisson's ratios for the plate material with E b, = D, E,. 


If M,, Мр, Мо denote the moment resultants all per unit length, then 
hi2 


(М,,М,,М.)- [@,,0,,00)2d . (6.2.2) 


-h/2 


Integration after substituting o,, с, and o,, from (6.2.1) into (6.2.2), leads to 


ду U, Ow 
=) tt a | 
M, (6 А З 


1 ду ду 
-- | (6.2.3) 
Мо | Or á >) 


М, = 0 ° 
where D, and Do are the flexural rigidities defined by 


E h° қт 


руу 
забуття) ° 12(1-0,0,) 
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Energy Variations 


The strain energy density is given by 
1 
dW = 2%, ОЕ +O Ед БОЕ. lav, (6.2.4) 


where dV denotes elementary volume. 


The total strain energy of the plate is obtained by integrating relation (6.2.4) over the total 


volume of the plate. This gives 


|| 0,€, +0 £p )r dz dO dr . )6.2.5( 
hi 


~ 


Substituting the values of с, ,с,,,,5, in equation (6.2.5), 


—U, or? r Or ді? я 
z гагада. (6.2.6) 


Д 
2; 0 2 E, о, Ow dw 
+, + 1 — 
(1-0,0,)| r or г の Or? 


~ 
а 
5 
سے‎ 
= 
c 
c 
® 
м 


Integration with respect to 2, leads to 


D Qe : „ог аам 
а 2л 7 Or” ТА Or Or” 
габаг. (6.2.7) 
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The expression for kinetic energy is given by 


2 2 2 
a (=) (2 ЕЗ の 
I A (6.2.8) 


The total kinetic energy, resulting from the vertical displacement of the elements ofthe plate, is 


given by 
1 4 2 ау 2 : 

f=— — | кагадф. 6.2.9 
ШЕГЕ geo 


s ду 2 
Т=— h 一 | када. 6.2.10 
АШ 2) о 


Taking variations of W and Т 


D дур д? (ów) ^ 1 0, | ду» O° (dw) ^ д(ди) ow 
Че? or 2 r Lor ді? Or ді? 


óW = || габан, (62.11) 


+D, | ди’ д( дуу) a Ju. ду Q^ (aw) Р д(ди) ou 
к^ Or の 2r\ Or ог" or ді" 
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Equation of Motion 


To obtain the equations of motion, Hamilton’s energy principle is used which can be written as, 


5 {Lat =0, 


І 
1 


(6.2.13) 


where / and / are the initial and final values of time 7 and the kinetic potential L is given by 


L=T-W. 


Taking the variational operator ó inside the integral and considering の アー の 7 , equation 


(6.2.13) becomes 


er? 


- 
r^ Or 


Using D,v, 20,0, 


> 


[ ди 0’ (би) " 
r а? e 


Dip 


or ді? or or? 


er 0 (Ów) lo, E CONC 2 
9*3 


D, БЕ HOW), cal Ë 2 (90) 10000) e „фава-=0. 
29 


| 
r 


- (6.2.14) 
дк ЯР GR (ар дк 
В ид” O(Ów) 
Ot д 
の AW) Mm 0 (ди) n v l ду (ow) 
а’ oO み а” D. ro a 
rdtdOdr=0 . (6.2.15) 
ССО 
а а 
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Integrating equation (6.2.15) by parts, the integrated part gives boundary conditions while the 


remaining triple integrals are 


д? 2 2 
а 2z t, Т. D,r = ч D, 2 D, g = 
[ | 7 |ör“ дк" дк дк" 0 


+ phr | Swdt dO dr =0. (6.2.16) 
вол o? | з о, ð (D, ди ot 
to i ала = = 
ди" от)“ DOF N ОА 


Expression (6.2.16) will be satisfied only when the coefficient of öw is zero and hence, 


д? Ww Зи 2 ) 
алал Amp +» 230,2) 
Or” ди" Or Or” Or? Or 


Е (6.2.17) ` 
->2[5. hr “= 
DOr Nar (0 01° 
which is the required plate equation of motion. 
For a non-homogeneous plate, simplification of equation (6.2.17) leads to 
ду 2 dE, |03» 
— +— Е, +7—— 
E or^ | RR З 
^ 2 PE, e / 
Е E,+r(2+v,)—* +r? < 23 | == 
А p (6.2.18) 


120-00)о ^w _ 


ー= 0. 
だ ді? 
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Introducing non-dimensional variables x = a „= Es „А ==, together with quadratic thickness 
a a 
variation along radial direction, і.е. л = h, ( +G x+ Bx!) and exponential variation for non- 
homogeneity of the material in radial direction as follows : 

Бу = кеті s E, = Езен ы E ре” š (6.2.19) 
equation (6.2.18) reduces to 


үу y 7 
Ио. (6.2.20) 
dx ах de ` dx ; 


where м (ки) = W (x)e ' (for harmonic vibrations), c is the radian frequency, Ло, po are the 


thickness and density at the centre of the plate, и the non-homogeneity parameter, 7) the density 


parameter, а, f the taper parameters, 


=й jp = AN BR د‎ c + etw) +09) y I. 
x я x 
2 Огей-и) 
р Р вуј а вена). pc ES 
же - : 
- = o? 2120000 (lov), 
NO Eh? 
3 9 7 2022 — Е 
Е. к с_328 a x x -2aßx 


and Ei, Е» are Young's moduli in radial and tangential directions at x = 0 respectively. 


Equation (6.2.20) together with boundary conditions at the edges x = є and x = 1, where є = b/a, 


constitutes a two-point boundary value problem in the range (e, 1) which has been solved by 


new version of DQM. 
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3. METHOD OF SOLUTION : NDQM 


Let xı, x2 , . 


to new version differential quadrature method (Wang et al.[2003]); first, second, third and 


fourth order derivatives of W(x) with respect to x can be expressed discretely at the point x, as 


dW qu _ та? 
O а" デー - 35, 


а(х) 8 ач (х) w= 
“ар a 2 


/=! 


where の =W, = W(x, ) а ст 0) 


m+l 


Су, Ду are weighting coefficients associated with first four derivatives of W(x), respectively. 


at discrete point х; given by 


M"(x,) 


А, = 
Жы = JM (x, | 


т т 1 


where MP (x)-[[(x, -x,) ала Au = Е ; 
X, — X, 


k=l k=l МУ 
kei I 


Аты = Ато =0 > 


т 


By = У An A, 
k=1 


Bim = Bim+2 = 0 5 


Bina = Án > Bim+2 = Ат 5 


С, m+l = Ай Au T Ат Ат , Сіле = Án Aim + Aim Zayn > 


Dı = Ув ik Bu + Вл Vir E ar у Vi By) ` 


k=2 


n ты = Ва An + Bim Ат > Dim+2 = Вл Аш + Вт Á mm б 
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..... Xm be the m grid points in the applicability range (е, 1] of ће plate. According 


=W! = 7 ): 0) =W, =W'(x „) and Ау, Ви; 


for i#j, і-1(1)т, j= 1(1)т, 


i= 10 )т 


=1(1)m 
i=2(1)m-1, ¡=10)m 


i= 2(1)m-1 


i= l,m 

і-1(От, ¡=10)m 
i= (От 
i=2(1)m-1, j = (От 


i= 2(1)m-1. 


Discretizing equation (6.2.20) at node x;, it reduces to 


@ +B, B +B, A,)6,+P, И(х)-0, for i=2,3,..., (т-1) (6.3. 


Satisfaction of equation (6.3.1) at (m-2) nodal points x; , i = 2, 3, ....., (m-1) provides a set of 


(m-2) equations in terms of unknowns の J =1, 2,....(m+2). The system of equations can be 


71100924 


№ 


рала. 


Y 


written in the matrix form as 
la]ls*]=[0] , (632) 
where Band 6' are matrices of order (m-2) x (m+2) and (m+2) x 1, respectively. 
The (m-2) grid points, chosen for collocation, are taken as the zeros of shifted Chebyshev 


polynomial of order (m-2) with orthogonality range (¢,1). The choice of grid points is based 


upon the fact that zeros of shifted Chebyshev polynomial provide a faster rate of convergence 


алада 


as was seen in chapter П. 
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The three sets of boundary conditions i.e. C-C, C-S and C-F have been considered here. By 


satisfying the relations: 


dW 
i W =—=0 
(1) zm 
° dW | 
(%) = “т + = =0 (6.4.1) 
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for clamped, simply supported and free edge conditions, respectively, a set of four 
homogeneous equations in terms of ду are obtained. These equations together with field 
equations (6.3.2) give a complete set of (m+2) equations in (m+2) unknowns. For a C-C plate, 


the above set of homogeneous equations can be written as 
B * 
РА: | = [o] > 642) 


where ВС is a matrix of order 4 x (m+2). 


For a non-trivial solution of equation (6.4.2), the frequency determinant must vanish and hence 


4 
qee =0 < (6.4.3) 


Similarly for C-S and C-F plates, the frequency determinants can respectively be written as 


^ 


B 
да | o. (6.4.4, 6.4.5) 
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5. NUMERICAL RESULTS & DISCUSSION 

The frequency equations (6.4.3-6.4.5) have been solved to obtain the values of the frequency 
parameter Q. In the present work, the first three natural frequencies of vibration have been 
computed for three different combinations of boundary conditions for non-homogeneity 
parameter д = -0.5(0.1)1.0; density parameter 7 = -0.5( 0.1)1.0; radii ratio є = 0.3(0.05)0.7; 


rigidity ratio p = 0.5(0.25)5.0 and taper parameters а = -0.5(0.1)0.5; B=-0.5(0.1)0.5 such that 


a+ß> -1 for ve= 0.3. 
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Figures 6.1(a,b,c) show the convergence of the frequency parameter Q with the increasing 
number of grid points for a specified plate for three sets of boundary conditions, respectively. 
During computation, the value of m has been fixed as 19, since there was no further 


improvement even at fourth place of decimal. 


Numerical results for specified plate parameters are given in Tables (6.1-6.18) and Figures (6.2- 
6.8). Tables (6.1-6.18) present the values of frequency parameter Q for different values of plate 
parameters, namely non-homogeneity parameter и (= -0.5, 0.0, 1.0), density parameter 
7 (= -0.5, 0.0, 1.0), rigidity ratio parameter р (= 0.5, 1.0, 2.0, 5.0), taper parameters а (= -0.5. 
0.0, 0.5); B (= -0.5, 0.0, 0.5) such that a + B > -1 for radii ratio e (= 0.3, 0.5) for C-C, C-S and 
C-F plates, respectively. From the results, it is found that the frequency parameter increases 
with increasing value of radii ratio e and parameters, namely non-homogeneity n rigidity ratio 
p, taper a and В while, it decreases with increasing value of 7. Also, the frequency parameter 
for C-S plate is smaller than that for C-C plate and greater than that for C-F plate irrespective of 


the values of other plate parameters. 


Figures 6.2(a,b,c) show the plots of frequency parameter €) versus non-homogeneity parameter 
u for fixed values of density parameter 77 = 1.0, rigidity parameter р = 5.0, radii ratio є = 0.3 and 
taper parameters a = -0.3, 0, 0.3; В = -0.3, 0, 0.3 for three sets of boundary conditions vibrating 
in fundamental, second and third mode, respectively. It is observed that frequency parameter 
increases with increasing values of non-homogeneity parameter џ for all the three plate 
However, the rate of increase for C-S plate is lower as compared to that for C-C plate 


higher as compared to that for C-F plate, keeping all the plate parameters fixed. The r 
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increase with increasing value of u increases with increase in number of modes. The frequency 


parameter increases with increase in taper parameters a аз well as В. 


Figures 6.3(a,b,c) show the plots of first three frequency parameters Q with varying values of 
density parameter 7 for non-homogeneity parameter и = 1.0, rigidity parameter р = 5.0, radii 
ratio є = 0.3, and taper parameters а = -0.3, 0, 0.3; В = -0.3, 0. 0.3 for C-C, C-S and C-F plates 
respectively. It is observed that frequency parameter decreases with increasing values of density 
parameter 77 for all the three plates. However, the rate of decrease 15 pronounced in order of 
plates C-F, C-S, C-C, keeping all other plate parameters fixed. This rate of decrease in third 
mode is higher than that in second mode and that in second mode is higher than that in the 
fundamental mode. Figures 6.4(a,b,c) depict the effect of rigidity parameter p on frequency 
parameter О for fixed values of non-homogeneity parameter д= 1.0, dens parameter 
п = -0.5, radii ratio == 0.3 and taper parameters а = -0.3, 0, 0.3; B = -0.3, 0, 0.3 for all the three 
plates vibrating in fundamental, second and third mode respectively. The frequency parameter 
is found to increase as the plate becomes more and more stiff in tangential direction (p > 1) as 
compared to radial direction (p « 1). The rate of change of О with increasing values of p in case 
of C-C plate, is greater as compared to that of C-S plate and that of C-S plate is greater than that 


of C-F plate for a fixed set of values of all other plate parameters. 


Figure 6.5 shows the behaviour of frequency parameter Q with radii ratio є for 
circumferentially stiffened plate for д = 1.0, п = -0.5, а = -0.3, 0.3; В = -0.3, 0.3 vibrating in 
fundamental mode. The frequency parameter increases with increase in hole size of plate. The 


rate of increase is pronounced for £ > 0.5. Also, the frequency can be increased/decreased by 
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Increasing/decreasing taper parameters u and f. However, the effect of parameter p is lower 


than that оба. 


Figures 6.6(a,b,c) depict the variation of frequency parameter Q with taper parameter а for 
fixed values of parameters и = 1.0, 7 = -0.5, == 0.3, p = 1.0, 5.0 and р = -0.3, 0.3 for all the 
three plates for fundamental, second and third mode respectively. It is observed that frequency 
parameter О increases with increasing value of a except for isotropic C-F plate for В = -0.3. In 
this case, frequency first decreases and then increases with a local minima in the vicinity of 
а = -0.1. The rate of increase of О with increase in а is pronounced in C-C plate as compared to 
that in C-S and C-F plates. Also, this rate of increase for circumferentially stiffened plate is 
higher than that for isotropic plate. The rate of increase increases with number of modes. 
Figures 6.7(a,b,c) show the plots of frequency parameter €) versus taper parameter В for C-C, 
C-S and C-F plates for fixed values of parameters д = 1.0, 7= -0.5, £= 0.3, p = 1.0, 5.0 and 
a — -03, 0.3 vibrating in fundamental, second and third mode respectively. The frequency 
parameter Q is found to increase with increasing value of a except for C-F plate. In this case, 
for / = -0.3 the frequency first decreases and then increases with a local minima in the vicinity 
of a = 0.1 and this minima shifts towards lower values of f as the plate becomes more and more 
circumferentially stiffened as well as the plate becomes thicker and thicker towards the outer 
edge. The rate of increase of Q with increase in В increases with number of modes and in the 
order C-F, C-S and C-C plate. Figures 6.8(a,b,c) show the normalized displacements for 
u=1.0, 7= -0.5, £= 0.3, p = 5.0, a = 0, B = 0; а = 0.3, В = 0 and а = 0.3, 8 = 0.3. The nodal 


circles shift towards the centre as the plate becomes thicker and thicker towards outer edge. 
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A comparison of minimum number of collocation points used to obtain frequencies with four 


digit exactitude for specified plates employing DQM and new version of DQM has been 
presented in Table 6.19, which shows that NDQM converges faster as compared to DQM for 
C-S and C-F plates, while in case of C-C plate, DQM is little bit faster than NDQM. Table 6.20 
shows a comparison of results for homogeneous (/ = 0.0, 7 = 0.0) isotropic (p = 1) and 
orthotropic (p = 5) plates of uniform thickness (а = 0.0, В = 0.0) for є = 0.3 with those of 
Verma [1987] obtained by quintic spline technique, Gorman [1982 ] by finite element method, 
Avalos and Laura [1979 ] by Galerkin’s method, Larrondo et al. [1994 ] by Rayleigh-Ritz 
method and exact solutions given by Leissa[1969] for isotropic plates. A close agreement 
between the results is found, which shows the versatility of the new version of differential 


quadrature method. 
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Values of frequency parameter О for С-С plate vibrating in fundamental mode 


Table 6.1 


a 3 Гог e = 0.3 
TA VA | 
> | 
a | -0.5 
IN u 
> Eo 208 0.0 
ще? 0.5 | 29.5740 34.7862 48.0989 | 24.9914 29.4462 40.8550 17.7546 20.9906 29.3224 
= 0 1 29.8639 35.1222 48.5495 | 25.2335 29.7276 41.2340 17.9224 21.1864 29.5887 
Г 2 30.4327 35.7819 49.4352 25.7084 30.2797 41.9788 18.2512 21.5705 30.1116 
-0.5 5 32.0586 37.6707 51.9790 | 27.0651 31.8596 44.1166 19.1892 22.6679 31.6104 
Г > 0.5 | 41.6363 49.0802 68.1680 | 35.4073 41.8103 58.2738 | 25.4734 30.1846 42.3654 
u 05 | 1 41.9983 49.5019 68.7403 35.7121 42.1662 58.7592 | 25.6880 30.4364 42.7120 
27 2 | 42.7109 50.3323 69.8683 | 36.3120 42.8669 59.7156 | 26.1101 30.9317 43.3947 
m 5 | 44.7636 52.7273 73.1288 | 38.0390 44.8869 62.4792 | 27.3238 32.3581 45.3654 
W. 0.5 | 32.4792 38.1969 52.7886 | 27.4184 32.2998 44.7902 19.4384 22.9760 32.0760 
-0.5 | 1 32.8105 38.5799 53.2999 | 27.6949 32.6202 45.2198 19.6296 23.1986 32.3772 
М, 2 | 334600 39.3314 54.3044 | 28.2369 33.2487 46.0637 | 20.0043 23.6350 32.9684 
ИГ 5 | 35.3137 41.4795 57.1846 829 41008 35.0 48.4819 | 21.0709 24.8797 4.66 
* 0.5 | 44.8383 52.8299 73.3020 | 38.0865 44.9520 62.5870 | 27.3375 32.3762 45.3895 
2 0 0 | | 452406 53.2976 73.9349 | 38.4248 45.3462 63.1230 | 27.5750 32.6543 45.7712 
ИГ 2 | 460317 542178 75.1817 | 39.0899 46.1218 64.1787 | 28.0417 33.2011 46.5226 
МГ” 5 | 48.3069 56.8680 78.7802 | 41.0017 48.3540 67.2244 | 29.3818 34.7731 48.6882 
22 0.5 | 56.0522 66.1331 92.0273 | 47.7837 56.4759 78.8643 34.5455 40.9720 57.6173 
Т. 0.5 | | | 56.5277 66.6883 92.7847 | 48.1855 56.9460 79.5089 | 34.8303 41.3069 58.0809 
2 | 57.4643 67.7822 942784 | 48.9767 57.8724 80.7800 | 35.3908 41 .9663 58.9945 
60.1678 70.9431 98.6029 | 51.2594 0 84.4587 | 37.0063 43.8690 61.6367 
R 47.9871 56.5187 78.3528 | 40.7206 48.0422 66.8298 | 29.1693 34.5311 48.3640 
0.5 | 1 | 484295 57.0322 79.0459 | 41 0922 48.4746 67.4160 | 29.4297 34.8354 48.7804 
2 | 49.2991 58.0420 80.4102 | 41.8226 49.3247 68.5699 | 29.9411 35.4334 49.5997 
5 51.7965 60.9462 84.3431 | 43.9 188 51.7680 71.8945 31.4072 37.1503 51.9578 
0.5 | 59.3998 70.0503 97.3848 | 50.5863 59.7597 83.3671 36.4973 43.2647 60.7766 
0.5 0 1 59.9148 70.6509 98.2027 51.0210 60.2677 84.0623 36.8046 43.6256 61.2751 
2 60.9288 71.8336 99.8149 | 5 1.8765 61.2680 85.4324 | 37.4092 44.3359 62.2573 
63.8520 75.2472 104.4770 54.3417 64.1538 89.3929 | 39.1495 46.3828 65.0940 
0.5| 70.2257 82.9017 115.4980 59.9550 70.9007 99.1251 | 43.4722 51.5884 72.6345 
0.5 | 1 | 70.8150 83.5909 116.4417 | 60.4540 71.4856 99.9300 | 43.8273 52.0067 73.2157 
2 | 71.9762 84.9495 118.3034 61.4370 72.6385 101.5176 | 44.5266 52.8309 74.3618 
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Table 6.2 
Values of frequency parameter Q for C-C plate vibrating in second mode 
for 2 = 0.3 
ECT са 
-0.5 0.0 1.0 
Se 
pow BY [2 as 0.0 1.0 | -0.5 0.0 1.0 -0.5 0.0 1.0 

0.5 | 82.4282 97.1340 134.5806 69.6988 82.2570 114.3119 | 49.6104 58.7242 82.0998 

0 | | 82.8038 97.5741 135.1833 | 70.0158 82.6289 114.8228 49.8348 58.9884 82.4649 

2 | 83.5482 98.4465 136.3788 | 70.6437 83.3660 115.8359 | 50.2792 59.51 16 83.1886 

5 | 85.7291 101.0045 139.8885 | 72.4822 85.5257 118.8086 | 51.5784 61.0427 85.3096 

0.5 | 114.2804 134.4830 185.8168 | 97.1655 114.5132 158.6964 | 69.9279 82.6587 115.2368 

0.5 | 1 | 114.7703 135.0557 186.5973 | 97.5812 114.9999 159.3617 | 70.2255 83.0083 115.7177 
| 2 | 115.7425 136.1924 188.1470 | 98.4058 115.9656 160.6825 | 70.8158 83.7017 116.6722 
5 | 118.5997 139.5350 192.7088 Lunes 118.8042 164.5690 | 72.5477 85.7378 119.4784 

0.5 | 91.8406 108.2468 150.0357 | 77.5899 91.5889 127.3329 | 55.1282 65.2705 91.2936 

-0.5| 1 | 92.2704 108.7509 150.7274 | 77.9522 92.0144 127.9184 | 55.3841 65.5721 91.7111 
93.1221 109.7499 152.0986 | 78.6698 92.8574 129.0792 | 55.8908 66.1691 92.5384 

|| 95.6153 112.6766 156.1213 | 80.7692 95.3257 132.4827 | 57.3709 67.9149 94.9613 
0.5 | 124.6547 146.7286 202.8367 | 105.8822 124.8192 173.0684 | 76.0488 89.9194 125.4297 

0 1 | 125.2016 147.3683 203.7097 | 106.3456 125.3621 173.8117 | 76.3799 90.3086 125.9659 

2 | 126.2864 148.6376 205.4424 | 107.2648 126.4393 175.2870 | 77.0361 91.0802 127.0296 

19 5 | 129.4722 152.3673 210.5397 | 109.9626 129.6030 179.6250 | 78.9603 93.3441 130.1547 
0.5 | 154.0108 181.1376 250.0011 | 131.2290 154.5741 213.9764 | 94.8494 112.0579 156.0527 

0.5 | 1 | 154.6659 181.9028 251.0422 | 131.7859 155.2258 214.8658 | 95.2498 112.5280 156.6985 
2 | 155.9661 183.4218 253.1097 | 132.8912 156.5192 216.6319 | 96.0443 113.4608 157.9805 
5 | 159.7903 187.8921 259.1996 | 136.1407 160.3240 221.8323 | 98.3779 116.2025 161.7530 
0.5 | 134.8044 158.7098 219.4934 | 1144054 134.8970 187.1255 | 82.0275 97.0117 135.3878 
-0.5| 1 | 135.4076 159.4160 220.4582 | 114.9162 135.4958 187.9462 | 82.3916 97.4400 135.9786 
2 | 136.6041 160.8167 222.3729 | 115.9288 136.6834 189.5748 | 83.1132 98.2889 137.1505 
5 |140.1153 164.9302 228.0017 | 118.8992 140.1690 194.3605 | 85.2272 100.7779 140.5915 

トー トー ーー 

0.5 | 164.8247 193.9009 267.7382 | 140.3215 165.3237 228.9652 | 101.2428 119.6415 166.6980 
0 1 | 165.5379 194.7346 268.8736 | 140.9273 166.0329 229.9343 | 101.6775 120.1522 167.4004 
2 | 166.9534 196.3892 271.1281 | 142.1293 167.4404 231.8583 | 102.5398 121.1652 168.7944 
5 | 171.1140 201.2557 271.7652 | 145.6611 171.5783 237.5206 | 105.0708 124.1407 172.8940 
0.5 | 193.0305 226.9549 313.0252 | 164.6913 193.9257 268.2701 | 119.3442 140.9521 196.1613 
0.5 | 1 | 193.8493 227.9109 314.3244 165.3884 194.7409 269.3815 | 119.8468 141.5418 196.9706 
2 | 195.4747 229.8090 316.9048 | 166.7720 196.3593 271.5888 | 120.8440 142.7121 198.5775 
5 | 200.2573 235.3966 324.5079 | 170.8414 201.1217 278.0906 | 123.7745 — 146.1535 — 203.3078 
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Table 6.3 
Values of frequency parameter Q for C-C plate vibrating in third mode 


for 2 = 0.3 


—— Me 
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-0.5 


0.0 


Je 


В |р | -05 


0.0 1.0 


-0.5 0.0 


162.4630 
162.8812 
163.7133 
166.1751 


191.5898  265.6516 
192.0798  266.3226 
193.0549 267.6582 


223.7253 
224.2744 
225.3677 
228.6084 


137.4146 162.2789 


137.7694 162.6951 


138.4749 163.5230 227.3545 


1.0 

H 

0.0 1.0 
|| 


115.9340 162.1148 


116.2328 162.5270 
116.8269 163.3471 


195.9413 271.6153 | 140.5615 165.9725 230.7215 | 100.1467 118.5829 165.7738 


263.0834 362.7285 
263.7248 363.6012 
265.0021 365.3394 


182.1707 
182.6486 
183.5992 
186.4108 


214.9232 298.2455 
215.4837 299.0142 
216.5987 300.5440 
219.8981 305.0751 
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245.3629 
245.9753 
247.1942 
250.8062 


288.6722 398.3897 
289.3880 399.3650 
290.8132 401.3074 
295.0377 407.0693 | 213.0462 250.970 


190.2089 223.9821 
190.6768 224.5293 
191.6081 225.6186 
194.3676 228.8479 


161.6736 224.7748 
162.0701 225.3184 
162.8592 226.4007 


268.7895 370.4974 


153.9591 181.8988 253.1417 


154.3641 182.3743 
155.1695 183.3201 
157.5502 


208.4147 245.5472 
208.9360 246.1573 
209.9734 247.3718 
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301.6038 
302.3385 
303.8014 
308.1403 


266.5486 
267.2234 
268.5666 
272.5454 


324.1226 
324.9222 
326.5141 
331.2344 


378.0487 


378.9667 
380.7950 
386.2189 


354.261] 487.3299 
355.1183 488.4935 
356.8255 490.8114 
361.8906 497.6927 


256.9406 


186.1176 258.9487 


302.2215 416.9004 
257.5676 302.9540 417.8973 
258.8160 304.4128 419.8829 
262.5173 308.7393 425.7762 


313.7337 433.3371 
314.5232 434.4141 


316.0946 436.5586 
320.7516 442.9187 


380.8817 524.4009 
381.8152 525.6695 
383.6742 528.1965 
389.1880 535.6965 


443.7488 609.5913 
444.8192 611.0422 
446.9513 613.9326 
453.2784 622.5152 


2 
22 
22 
3 


275.9019 324.6730 448.2677 
276.5837 325.4702 449.3538 


26.2302 266.6560 369.3584 
6.8042 267.3284 370.2780 
7.9464 268.6665 372.1090 
231.3285 272.6305 


139.9173 165.1967 229.6094 


129.7389 181.5862 


130.0796 182.0572 
130.7572 182.9943 


132.7589 185.7657 


176.9150 246.2234 
177.3563 246.8294 
178.2344 248.0358 
180.8345 251.6109 


219.0330 303.8355 


186.1510 219.5657 304.5642 

187.0562 220.6262 306.0154 

189.7379 223.7696 310.3201 
ча 


191.8171 267.2071 
192.3026 267.8748 
193.2687 269.2038 
196.1278 273.1410 


234.9237 326.1819 


199.5669 235.5025 326.9747 


277.9412 327.0574 451.5170 | 200.5496 236.6547 328.5534 


322.4 
2 


23 
324. 
29 


+ со 


281.9646 331.7636 457.9355 | 203.4600 240.0684 
594 379.0286 522.1341 
438 379.9443 523.3785 | 234.1865 276.0382 
056 381.7680 525.8572 | 235.3214 277.3670 384.1926 
377 387.1786 533.2158 | 238.6852 281.3070 


335.2347 


275.3708 381.4652 
382.3769 


389.5800 
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г Table 6.4 
ir Values of frequency parameter Q for C-C plate vibrating in fundamental mode 
3 for 2 = 0.5 
ом [>= T 
ト n 
-0.5 | 0.0 1.0 


( 


elBlp| 05 0.0 uns 0.0 1.0 -0.5 0.0 TON 


54.8694 66.1664 96.1841 | 45.3396 54.7228 79.6895 | 30.8760 37.3315 54.5555 
0 | 1 | 55.0406 66.3711 96.4768 | 45.4803 54.8912 79.9310 | 30.9707 37.4451 54.7192 
55.3810 66.7782 97.0593 | 45.7600 55.2262 80.4115 | 31.1589 37.6711 55.0450 
56.3876 _ 67.9824 98.7828 | 46.5873 562171 _ 81.8331 | 31.7155 38.3394 56.0085 


0.5| 82.4455 99.5391] 145.0497 | 68.3869 82.6392 120.6382 | 46.9278 56.8089 83.2275 


о 


aAA 


0.5 | 1 | 82.6856 99.8274 145.4660 | 68.5852 82.8778 120.9834 | 47.0626 56.9715 83.4640 

2 | 83.1634 100.4013 146.2946 | 68.9800 83.3525 121.6706 | 47.3311 57.2951 83.9348 

ЈЕ 5 | 84.5783 102.1010 148.7496 | 70.1488 84.7584 123.7063 | 48.1257 58.2534 85.3293 
Mero د اا‎ Зса 


ووو 


60.6863 73.1623 106.2975 | 50.0943 60.4458 87.9759 | 34.0431 41.1495 60.1008 
1 | 60.8822 73.3962 106.6310 | 50.2552 60.6381 88.2508 | 34.1511 41.2789 60.2866 
2 | 61.2718 73.8615 107.2945 | 50.5750 61.0205 88.7974 | 34.3658 41.5362 60.6562 
5 


62.4231 75.2367 109.2567 | 51.5199 62.1506 — 90.4137 | 34.9999 42.2965 ` 61.7490 
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44 
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0.5 | 88.8951 107.2912 156.2404 | 73.6658 88.9892 129.8186 | 50.4529 61.0555 89.3850 
| | 89.1591 107.6079 156.6965 | 73.8837 89.2508 130.1962 | 50.6006 61.2334 89.6431 
2 | 89.6844 108.2380 157.6041 | 74.3171 89.7713 130.9479 | 50.8946 61.5873 90.1567 
5 | 91.2393 110.1035 160.2920 | 75.5999 91.3123 133.1738 | 51.7645 | 62.6349 91.6774 


0.5 | 115.4937 139.4880 203.4110 | 95.9041 115.9318 169.3619 | 65.9532 79.8685 117.0962 
0.5 | 1 | 115.8277 139.8897 203.9925 | 96.1804 116.2646 169.8450 | 66.1417 | 80.0961 117.4281 
2 |116.4924 140.6892 205.1502 | 96.7304 116.9269 170.8064 | 66.5168 80.5490 118.0889 


5 | 118.4611 143.0575 208.5804 | 98.3593 118.8889 173.6553 | 67.6277 81.8903 120.0466 


0.5 | 95.1861 114.8545 167.1626 | 78.8134 95.1825 138.7762 


33113 


* 
№ 


53.8882 65.1951 95.3902 


Wr 0.5| | | 95.4742 115.1996 167.6585 | 79.0509 95.4673 139.1864 | 54.0490 65.3883 95.6699 
759 2 | 96.0474 115.8863 168.6453 | 79.5233 96.0340 140.0027 | 54.3687 65.7728 96.2264 
“и Js | 977434 117.9186 171.5668 | 80.9210 97.7109 142.4193 | 55.3144 | 66.9102 97.8737 


0.5 | 122.1732 147.5156 214.9960 
os | 0 | 1 | 122.5308 147.9452 215.6169 


2 |123.2424 148.8002 216.8527 
5 |125.3494 151.3323 220.5137 


148.3643 179.2228 261.4619 
148.7924 179.7381 262.2092 
149.6443 180.7636 263.6967 
152.1679 183.8019 268.1045 


101.3733 122.5098 178.8691 | 69.6080 84.2707 123.4771 
101.6689 122.8654 179.3843 | 69.8092 84.5134 123.8304 
102.2571 123.5730 180.4096 | 70.2096 84.9962 124.5336 
103.9986 125.6684 183.4469 | 71.3947 86.4258 126.6162 


ققد 


123.2743  149.0471 217.8285 
123.6288  149.4744 218.4497 
124.3344 150.3248 219.6863 
126.4242 152.8440 


84.8786 — 102.8073 150.7893 
85.1208 — 103.0999 151.2170 | 
85.6029 103.6824 152.0685 
223.3503 | 87.0806 — 105.4078 -5905 
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г 
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169.3254 


151.4958 
151.7182 
152.1618 
153.4837 


168.5680 
168.8209 


170.8282 


246.5283 
246.8832 
247.5914 
249.7024 


319.7568 


320.2102 
321.1148 
323.8119 


Table 6.5 
Values of frequency parameter © for C-C plate vibrating in second mode 
for ғ = 0.5 
== = 
-0.5 
de AE 
2 В 0s 0.0 1.0 -0.5 0.0 1.0 
0.5 | 151.9198 183.3942 266.9443 | 125.5857 151.7207 221.1814 | 85.6232 103.6006 
0 1 | 152.1449 183.6653 267.3373 | 125.7716 151.9449 221.5067 | 85.7497 103.7533 
2 | 152.5940 184.2063 268.1213 | 126.1424 152.3920 222.1558 | 86.0020 | 104.0580 
-0.5 5 | 153.9318 185.8183 270.4580 | 127.2472 153.7242 224.0900 | 86.7534 | 104.9654 
0.5 | 226.5247 273.2211 397.0149 | 187.8800 226.7838 330.0419 | 128.9476 155.8869 
0.5 | 1 | 226.8497 273.6121 397.5796 | 188.1494 227.1080 330.5110 | 129.1321 156.1094 
2 | 227.4983 274.3922 398.7065 | 188.6868 227.7550 331.4471 | 129.5002 156.5533 
5 | 229.4316 276.7178 402.0663 | 190.2889 229.6836 334.2380 | 130.5974 157.8764 
0.5 | 169.3796 204.5168 297.8208 | 139.8935 169.0444 246.5465 | 95.2061 115.2222 
-0.5 | 1 | 169.6359 204.8257 298.2691 | 140.1050 169.2995 246.9172 | 95.3497 115.3957 
170.1472 205.4420 299.1634 | 140.5268 169.8083 247.6568 | 95.6360 115.7417 
171.6701 207.2779 301.8279 | 141.7831 171.3241 249.8602 | 96.4887 116.772] 
0.5 | 245.8553 296.6008 431.1730 | 203.7435 245.9860 358.1435 | 139.6018 168.8048 
0 | 0 1 | 246.2130 297.0313 431.7954 | 204.0397 246.3428 358.6601 | 139.8044 169.0492 
2 | 246.9267 297.8902 433.0373 | 204.6307 247.0545 359.6908 | 140.2084 169.5366 
5 | 249.0541 300.4504 436.7395 | 206.3919 249.1757 362.7634 | 141.4124 170.9891 
0.5 | 317.6318 383.0149 556.2786 | 263.6942 318.2184 462.8786 | 181.3234 219.1520 
0.5 | 1 | 318.0874 383.5626 557.0690 | 264.0721 318.6732 463.5359 | 181.5828 219.4646 
2 | 318.9964 384.6555 558.6463 | 264.8261 319.5805 464.8475 | 182.1003 220.0883 
5 | 321.7063 387.9139 563.3493 | 267.0739 322.2854 468.7582 | 183.6428 221.9477 
0.5 | 264.6915 319.3842 464.4647 | 219.1954 264.6912 385.5215 | 149.9718 181.3787 
-0.5| 1 | 265.0816 319.8538 465.1442 | 219.5181 265.0800 386.0850 | 150.1921 181.644€ 
2 | 265.8598 320.7906 466.4999 | 220.1619 265.8557 387.2093 | 150.6315 182.1749 
5 | 268.1788 323.5827 470.5409 | 222.0803 268.1673 390.5604 | 151.9408 183.7552 
0.5 | 337.6301 407.2003 591.6089 | 280.1120 338.0902 491.9560 | 192.3581 232.5302 
051 0 1 | 338.1189 407.7882 592.4579 | 280.5172 338.5780 492.6616 | 192.6358 232.8650 
2 | 339.0942 408.9612 594.1519 | 281.3256 339.5511 494.0693 | 193.1899 233.5330 
5 | 342.0013 412.4580 599.2028 | 283.7353 342.4518 498.2662 | 194.8410 235.5241 
408.2250 492.1885 714.6398 | 339.0836 409.1400 594.9673 | 233.4100 282.0671 
408.8108 492.8926 715.6553 | 339.5698 409.7249 595.8123 | 233.7441 282.4696 
2 | 409.9796 494.2974 717.6818 | 340.5398 410.8918 597.4983 | 234.4106 283.2728 
413.4642 498.4861 723.7243 | 343.4318 414.3710 602.5257 | 236.3974 285.6670 


264.9929 
265.3795 
266.1508 
268.4495 


339.3977 
339.8836 
340.8532 
343.7437 


411.4408 
412.0243 
413.1886 
416.6599 


Table 6.6 
Values of frequency parameter Q for C-C plate vibrating in third mode 
for ғ 0.5 
س‎ 
-0.5 
Y s 
© Pr EBE EES 0.0 


uuruuu 


0.5 | 298.4179 360.4052 524.8828 | 246.7351 298.2008 434.9154 | 168.3098 203.7088 297.9567 
298.6657 360.7037 525.3153 | 246.9403 298.4481 435.2742 | 168.4502 203.8782 298.2031 
299.1606 361.2999 526.1792 | 247.3500 298.9421 435.9908 | 168.7305 204.2165 298.6952 
| 300.6397 363.0817 528.7614 | 248.5746 300.4182 438.1327 | 169.5681 205.2275 300.1659 
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443.4895  534.6896 776.0420 | 367.8180 443.7733 645.0058 | 252.4654 305.0352 444.6226 
1 | 443.8486 535.1213 776.6651 | 368.1161 444.1320 645.5241 | 252.6705 305.2823 444.9805 
2 | 444.5659 535.9837 777.9097 | 368.7116 444.8484 646.5593 | 253.0801 305.7757 445.6955 


446.7102 538.5618 781.6309 | 370.4917 446.9900 649.6544 | 254.3044 307.2505 447.8322 


А 
| 


333.8734 403.4106 588.0437 | 275.8195  333.5068 486.8520 | 187.8332 227.4462 332.9877 
1 | 334.1550 403.7500 588.5360 | 276.0525 333.7878 487.2601 | 187.9923 227.6383 333.2676 
2 | 334.7172 404.4277 589.5193 | 276.5176 334.3488 488.0751 | 188.3100 228.0220 333.8264 
5 | 336.3974 406.4531 592.4581 | 277.9075 336.0254 490.5109 | 189.2592 — 229.1684 ` 335.4963 


"A 


Y 


Y 


0.5 | 482.6849 582.1954 845.7079 | 400.0157 482.8294 702.3733 | 274.1382 331.3669 483.4254 
1 | 483.0798 582.6704 846.3941 | 400.3433 483.2237 702.9437 | 274.3633 331.6381 483.8187 
2 | 483.8686 583.6192 847.7649 | 400.9977 484.0113 704.0831 | 274.8128 332.1798 484.6044 


5 | 486.2264 586.4556 851.8631 | 402.9537 486.3658 707.4895 | 276.1561 333.7990 486.9530 


M 


| 
х) 
о 
о 


355.0838 428.8112  624.4232 
516.8282 623.2453 904.9586 | 355.3718 429.1580 624.9250 
517.6632 624.2494 906.4079 | 355.9471 429.8506 625.9273 
520.1597 627.2512 910.7411 | 357.6668 431.9211 628.9239 


0.5 | 622.1005 749.6594 1086.9667 | 516.4101 622.7426 904.2330 
0.5 | 1 | 622.6037 750.2640 1087.8383 
623.6087 751.4717 1089.5794 
5 |626.6136 755.0826 1094.7852 


Ë 520.8915 628.5124 913.6587 


| | 521.3217 629.0301 914.4073 
2 | 522.1808 630.0641 915.9025 
5 | 524.7489  633.1549  920.3726 


431.3888 520.8929 758.3063 | 295.2396 357.0094 521.2281 
431.7455 521.3225 758.9282 | 295.4843 357.3045 521.6564 
432.4578 522.1803 760.1703 | 295.9730 357.8938 522.5119 
434.5869 524.7444 763.8834 | 297.4335 359.6549 525.0690 


\ 


ЧИ 


0.5 | 662.6301 798.7724 1158.9604 
0510 | 1 | 663.1699 17994212 1159.8965 
664.2479  800.7171 1161.7662 
667.4706 804.5914 1167.3565 


549.7164 663.1353 963.5402 | 377.5190 456.0639 664.5679 
550.1646 663.6744 964.3190 | 377.8274 456.4354 665.1059 
551.0597 664.7511 965.8746 | 378.4435 457.1773 666.1805 
553.7357 667.9702 970.5253 | 380.2847 459.3952 669.3932 


664.1517 800.6840 1161.9612| 457.1229 551.8858 803.1970 
664.6893 801.3302 1162.8933 | 457.4936 552.3319 803.8421 
665.7631 802.6209 1164.7552 | 458.2340 553.2230 805.1309 
668.9734 806.4797 1170.3221 | 460.4474 555.8870 808.9840 


105 | 799.6828 963.3871 1396.0836 
0.5 | 1 | 800.3295 964.1640 1397.2028 
801.6214 965.7158 1399.4385 
805.4837 970.3556 1406.1235 
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Table 6.7 
Values of frequency parameter Q for C-S plate vibrating in fundamental mode 
for = = 0.3 
-0.5 
H и 
«|В |р) -05 0.0 -0.5 
0.5 | 21.5004 25.0522 33.9253 | 17.9791 20.9796 28.4916 | 12.5029 14.6309 19.9814 
0 I | 21.7966 25.4001 34.4067 | 18.2248 21.2689 28.8937 | 12.6709 14.8296 20.2600 
2 | 22.3751 26.0800 35.3479 | 18.7046 21.8341 29.6797 | 12.9988 15.2176 20.8044 
-0.5 | ч 24.0125 28.0065 38.0189 | 20.0618 23.4346 31.9092 | 13.9249 16.3146 22.3466 
0.5 | 27.1855 31.5546 42.3620 | 22.8132 26.5148 35.6883 | 15.9747 18.6149 25.1827 
0.5 | 1 | 27.5965 32.0478 43.0805 | 23.1568 26.9280 36.2929 | 16.2132 18.9029 25.6078 
2 | 28.3998 33.0112 44.4821 | 23.8283 27.7350 37.4724 | 16.6791 19.4653 26.4369 
5 | 30.6773 35.7406 48.4409 | 25.7311 30.0208 _ 40.8031 | 17.9982 21.0571 28.7774 
0.5 | 24.3079 28.3615 38.5134 | 20.3246 23.7489 32.3437 | 14.1308 16.5591 22.6808 
-0.5 | 1 | 24.6425 28.7521 39.0466 | 20.6020 24.0735 32.7887 | 14.3202 16.7817 22.9887 
2 | 25.2956 29.5150 40.0891 | 21.1434 24.7073 33.6587 | 14.6897 17.2161 23.5903 
SE SOS TE 22.6730 26.5007 36.1261 15.7320 18.4437 25.2943 
0.5| 30.2542 35.1598 47.3170 | 25.3828 29.5386 39.8578 | 17.7661 20.7298 28.1177 
o | o | 1 | 30.650 35.6845 48.0689 | 25.7509 29.9777 40.4898 | 18.0210 21.0352 28.5611 
2 | 31.5566 36.7102 49.5375 | 26.4703 30.8359 41.7242 | 18.5190 21.6319 29.4269 
5 | 34.0009 39.6192 53.6962 | 28.5100 33.2692 45.2188 | 19.9296 23.3222 31.8766 
0.51 353057 40.9189 54.7514 | 29.6774 34.4397 46.1963 | 20.8496 24.2558 32.6948 
05| 1 | 35.8742 41.6072 55.7757 | 30.1541 35.0181 47.0608 | 21.1826 24.6614 33.3061 
2 | 36.9842 42.9500 57.7694 | 31.0849 36.1465 48.7434 | 21.8325 25.4527 34.4958 
5 | 40.1252 46.1435 63.3709 | 33.7181 39.3339 53.4709 | 23.6698 27.6866 37.8381 
E 

0.51 33.2664 38.7028 52.1990 | 27.9037 32.5085 43.9636 | 19.521 6 22.8047 31.0049 
-05| 1 | 33.7394 39.2623 52.9898 | 28.2983 32.9763 44.6278 | 19.7943 23.1294 31.4699 
2 | 34.6640 40.3562 54.5357 | 29.0695 33.8908 45.9258 20.3271 23.7640 32.3786 
37.2871 43.4603 58.9199 | 31.2563 36.4845 49.6061 | 21.8363 25.5 34.9529 
0.5 | 38.4878 44.6531 59.8682 | 32.3440 37.5741 50.5053 | 22.7116 26.4515 35.7327 
0.5 | 0 | 1 | 39.0813 45.3668 60.9152 | 32.8413 38.1733 51.3880 | 23.0582 26.8709 36.3557 
2 | 402410 46.7604 62.9562 | 33.8127 3 53.1089 | 23.7350 27.6896 37.5701 
5 | 43.5271 50.7054 68.7111 | 36.5644 | 42.6543 57.9607 | 25.6509 — 30.0051 40.9931 
0.5 | 43.2479 50.0729 66.8524 | 36.3904 42.1856 56.4582 | 25.6163 29.7681 40.0289 
0.5 | 1 | 43.9772 50.9613 68.1931 | 37.0030 42.9335 57.5915 | 26.0457 30.2945 40.8329 
2 | 45.3998 52.6926 70.7974 | 38.1982 44.3911 59.7931 | 26.8832 31.3202 42.3946 
5 | 49.4179 57.5707 _ 78.0834 | 41.5732 48.4975 65.9532 | 292471 34.2089 46.7648 
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159.5873 


186.8272 


255.2838 


135.6964 


159.0997 


Table 6.8 
Values of frequency parameter Q for C-S plate vibrating in second mode 
for = = 0.3 
N 
| -0.5 0.0 1.0 
Ë Dm А Zan 
ES 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
0.5 | 67.9479 79.8483 109.9679 | 57.2550 67.3823 93.0767 | 40.4809 47.7821 66.3970 
0 | 68.3245 802919 110.5832 | 57.5716 67.7557 93.5959 | 40.7035 48.0453 66.7647 
2 | 69.0700 81.1702 111.8019 | 58.1980 68.4948 94.6238 | 41.1435 48.5658 67.4924 
.05 に = | 71.2466 _ 83.7366 115.3668 | 60.0259 70.6527 97.6293 | 42.4254 50.0834 69.6174 
0.5 | 91.1061 106.7586 146.1515 | 77.2107 90.6122 124.4234 | 55.2267 65.0091 89.8131 
0.5 | 1 | 91.6160 107.3603 146.9902 | 77.6408 91.1204 125.1332 | 55.5314 65.3699 90.3191 
2 | 92.6260 108.5525 148.6522 | 78.4927 92.1272 126.5395 | 56.1345 66.0843 91.3215 
5 | 95.5822 112.0436 153.5225 | 80.9851 95.0739 130.6592 | 57.8970 68.1733 94.2556 
mani 
0.5 | 76.6451 90.1295 124.3051 | 64.5258 75.9911 105.1205 | 45.5360 53.7864 74.8505 
-0.5| 1 | 77.0726 90.6331 125.0034 | 64.8848 76.4146 105.7092 | 45.7879 54.0843 75.2669 
2 | 77.9184 91.6298 126.3861 | 65.5950 77.2526 106.8747 | 46.2859 54.6735 76.0907 
5 | 80.3869 94.5404 130.4289 | 67.6661 79.6979 110.2805 | 47.7359 56.3902 ` 78.4950 | 
0.5 | 100.4407 117.7873 161.5124 | 85.0281 99.8632 137.3503 | 60.6804 71.4833 98.9181 
0 0 | | 101.0028 118.4502 162.4348 | 85.5020 100.4228 138.1307 | 61.0156 71.8801 99.4741 
2 | 102.1160 119.7635 164.2625 | 86.4404 101.5312 139.6769 | 61.6791 72.6658 4 
5 | 105.3727 123.6074 169.6165 | 89.1843 104.7739 144.2043 | 63.6168 | 74.9618 — 103.7973 
0.5 | 121.7900 142.5843 194.8187 | 103.4474 121.2953 166.2406 | 74.3272 87.4199 120.5589 
0.5 | 1 | 122.4808 143.4003 195.9585 | 104.0311 121.9854 167.2063 | 74.7417 879111 121.2491 
2 |123.8496 145.0175 198.2175 | 105.1872 123.3528 169.1199 | 75.5626 88.8843 122.6166 
5 | 127.8584 149.7551 204.8387 | 108.5719 127.3573 174.7278 | 77.9636 — 91.7318 — 126.6216 
0.5 | 109.6256 128.6398 176.6314 | 92.7173 108.9630 150.0685 | 66.0409 77.8471 107.8691 
-0.5| 1 | 110.2397 129.3639 177.6378 | 93.2348 — 109.5739 150.9197 66.4065 78.2798 108.4751 
2 | 111.4559 130.7982 179.6319 | 94.2594 110.7838 152.6059 | 67.1300 79.1363 109.6751 
5 | 115.0123 134.9946 185.4712 | 97.2538 114.3217 157.5418 | 69.2417 81.6381 113.1842 
0.5 | 131.4195 153.9569 210.6459 | 111.5174 130.8413 179.5692 79.9644 94.1092 129.9592 
05| 0 | | 132.1634 154.8352 211.8704 | 112.1456 131.5838 180.6065 | 80.4101 94.6373 130.7003 
2 | 133.6372 156.5753 214.2973 | 113.3898 133.0546 182.6621 | 81 2927 95.6831 132.1686 
5 | 137.9519 161.6718 221.4089 | 117.0309  137.3606 188.6842 | 83.8726 98.7420 136.4671 
151.9354 177.7809 242.6293 | 129.2292 151.4458 207.3300 | 93.1051 109.4519 150.7837 
0.5 152.8064 178.8102 244.0686 | 129.9655 152.3169 208.5503 | 93.6291 110.0732 151.6573 
154.5321 180.8501 246.9214 | 131.4244 154.0432 210.9687 | 94.6668 11 1.3038 153.3882 


218.0567 | 97.7030 114.9061 158.4587 
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Table 6.9 
Values of frequency parameter © for C-S plate vibrating in third mode 
for e = 0.3 
| 
| -0.5 
и 
a ив ЫЕ eos 0.0 1.0 -0.5 
0.5 | 141.3116 166.4334 230.1292 | 119.3169 140.7255 195.1316 | 84.7248 100.2065 139.7321 
0 I |141.7322 166.9279 230.8120 | 119.6727 141.1443 195.7110 | 84.9784 100.5056 140.1478 
2 | 142.5683 167.9113 232.1702 | 120.3799 141.9770 196.8635 | 85.4821 101.1000 140.9743 
-05 ] 5 | 145.0381 170.8174 236.1874 | 122.4677 144.4365 200.2708 | 86.9674 102.8538 143.4152 
0.5 | 191.3759 224.5814 308.2485 | 162.4646 190.9223 262.7903 | 116.6238 137.4396 190.2510 
0.5| 1 | 191.9412 225.2457 309.1649 | 162.9444 191.4866 263.5701 | 116.9681 137.8453 190.8137 
2 | 193.0658 226.5673 310.9885 | 163.8987 192.6093 265.1218 | 117.6526 138.6522 191.9332 
5 | 196.3931 230.4790 316.3888 | 166.7210 195.9306 269.7155 | 119.6752 141.0374 195.2454 
MASSI FEN АРИ 
0.5 | 159.5621 188.0645 260.4136 | 134.6054 158.8747 220.6220 | 95.4034 112.9227 157.7051 
-0.5| 1 | 160.0398 188.6265 261.1899 | 135.0093 159.3503 221.2805 | 95.6908 113.2620 158.1770 
2 | 160.9895 189.7439 262.7340 | 135.8121 160.2959 222.5901 | 96.2618 113.9361 159.1151 
3 | 163.7940 193.0452 267.3003 | 138.1813 163.0881 226.4611 | 97.9447 115.9245 161.8852 
0.5 | 211.0532 247.8681 340.7512 | 178.9859 210.5050 290.2100 | 128.2152 151.2226 209.6718 
0 | 0 1 | 211.6788 248.6033 341.7653 | 179.5167 211.1294 291.0727 | 128.5956 151.6705 210.2940 
2 | 212.9234 230.0661 343.7831 | 180.5723 212.3713 292.7893 | 129.3520 152.5623 211.5317 
5 | 216.6047 254.3943 349.7575 | 183.6933 216.0447 297.8700 | 131.5859 155.1976 215.1924 
0.5 257.0764 301.2878 412.4244 | 218.6952 256.6706 352.3502 | 157.6431 185.5462 256.1756 
0.5 | 1 | 257.8388 302.1835 413.6597 | 219.3431 257.4324 353.4025 | 158.1092 186.0954 256.9369 
259.3559 303.9660 416.1182 | 220.6321 258.9483 355.4967 | 159.0363 187.1879 258.4516 
| 5 | 263.8464 309.2437 423.4010 | 224.4463 263.4353 361.6989 | 161.7775 190.4192 262.9349 
0.5 | 230.4010 270.7727 372.7432 | 195.2219 229.7562 317.1846 | 139.5942 164.7566 228.7570 
-0.5 | 1 | 231.0865 271.5783 373.8542 195.8031 230.4400 318.1296 | 140.0103 165.2473 229.4380 
2 | 232.4498 273.1809 376.0650 | 196.9589 231.8001 320.0097 | 140.8375 166.2230 230.7926 
5 | 236.4814 277.9218 382.6094 | 200.3752 235.8218 325.5733 143.2800 169.1052 234. 
0.5| 277.4320 325.3632 445.9880 | 235.7999 276.9330 380.6885 | 169.6623 199.8296 276.2796 
0510 | 1 | 278.2564 326.3317 447.3232 | 236.5002 277.7565 381.8257 | 170.1657 200.4227 277.1019 
279.8967 328.2589 449.9805 | 237.8933 279.3949 384.0889 | 171. 1667 201.6025 278.7380 
284.7508 333.9640 457.8509 | 242.0145 2842435 390.7903 174.1256 205.0913 283.5795 
0.5 | 321.5853 376.5951 514.6790 | 273.9178 321.2329 440.2749 | 197.9462 232.8071 320.9248 
322.5429 377.7199 516.2297 | 274.7322 322.1903 441.5969 | 198.5331 233.4984 321.8825 
2 | 324.4485 379.9585 519.3165 | 276.3526 324.0955 444.2280 | 199.7005 234.8736 323.7883 
330.0904 386.5880 528.4617 | 281.1486 329.7361 452.0218 | 203.1533 238.9427 329.4309 
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Table 6.10 
Values of frequency parameter О for C-S plate vibrating in fundamental mode 
for ғ 0.5 
= 
Ë -0.5 
= [= 
|| OS 0.0 1.0 -0.5 -0.5 0.0 1.0 
0.5 | 39.5065 47.3089 67.7484 | 32.3930 38.8193 55.6729 | 21.7157 26.0619 37.4855 
0 1 | 39.6941 47.5364 68.0839 | 32.5465 39.0056 55.9483 | 21.8180 26.1864 37.6703 
2 | 40.0667 47.9880 68.7498 | 32.8512 39.3754 56.4948 | 22.0211 26.4334 38.0371 
-0.5 | | 5 | 41.1630 49.3169 70.7085 | 33.7477 40.4635 58.1024 | 22.6185 27.1602 39.1159 
0.5 | 54.6253 65.2706 93.0162 | 44.8926 53.6783 76.6003 | 30.2321 36.1979 51.7942 
0.5 | 1 54.9213 65.6351 93.5726 | 45.1359 53.9781 77.0590 | 30.3957 36.4000 52.1048 
2 | 55.5086 66.3578 94.6752 | 45.6184 54.5726 77.9681 | 30.7203 36.8009 52.7204 
5 | 57.2334 68.4795 97.9069 | 47.0357 56.3180 80.6326 | 31.6737 37.9716 54.5248 
0.5 | 44.9200 53.8326 77.2195 | 36.8150 44.1529 63.4298 | 24.6579 29.6168 42.6734 
-0.5| 1 | 45.1292 54.0850 77.5879 | 36.9859 44.3594 63.7318 | 24.7715 29.7544 42.8756 
2 | 45.5445 54.5861 78.3191 | 37.3252 44.7693 64.3314 | 24.9972 30.0276 43.2771 
5 | 46.7665 56.0608 80.4711 | 38.3234 45.9753 66.0955 | 25.6609 30.8314 ` 44.4583 
та 

0.5 | 60.5342 72.3876 103.3284 | 49.7268 59.5060 85.0591 | 33.4584 40.0940 57.4690 
0 0 | 60.8462 72.7697 103.9049 | 49.9829 59.8199 85.5340 | 33.6303 40.3052 57.7899 
2 | 61.4654 73.5277 105.0483 | 50.4912 60.4429 86.4757 | 33.9715 40.7243 58.4263 
5 | 632857 75.7532 108.4045 | 51.9852 62.2733 89.2399 | 34.9743 41.9557 60.2944 
0.5 | 74.9352 89.4814 127.3385 | 61.6305 73.6438 104.9398 | 41.5658 49.7342 71.0556 
0.5 | 1 | 75.3621 90.0093 128.1524] 61.9818 74.0786 105.6116 | 41.8027 50.0281 71.5116 
2 | 762086 91.0558 129.7643 | 62.6782 74.9406 106.9422 | 42.2725 50.6108 72.4148 
78.6023 94.1239 134.4805 | 64.7219 77.4679 110.8356 | 43.6509 52.3191 75.0580 
66.3130 79.3503 113.4258 | 54.4526 65.2049 93.3385 | 36.6097 43.9009 63.0189 
66.6429 79.7525 114.0269 | 54.7231 65.5351 93.8331 | 36.7910 44.1226 63.3525 
67.2978 80.5506 115.2194 | 55.2601 66.1904 94.8143 | 37.1508 44.5626 64.0144 
| 692238 82.8975 118.7232 | 56.8395 68.1171 97.6975 | 38.2088 45.8564 65.9592 
81.0161 96.8049 137.9446 | 66.6077 79.6433 113.6436 | 44.8905 53.7487 76.9000 
81.4569 97.3475 138.7734 | 66.9700 80.0898 114.3272 | 45.1345 54.0501 77.3633 
82.3310 98.4235 140.4159 | 67.6887 80.9755 115.6821 | 45.6184 54.6478 78.2816 
84.8985 101.5818 145.2291 | 69.7994 83.5749 119.6523 | 47.0397 56.4020 80.9727 
95.1165 113.5362 161.4328 | 78.2619 93.4799 133.0897 | 52.8265 63.1818 90.1866 
95.6754 114.2292 162.5071 | 78.7220 94.0511 133.9771 | 53.1374 63.5684 90.7897 
96.7833 115.6024 164.6341 | 79.6343 95.1830 135.7340 | 53.7535 64.3345 91.9838 
100.0317 119.6249 170.8500 | 82.3091 98.4989 140.8690 | 55.5603 66.5792 95.4745 
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Values of frequency parameter Q for C-S plate vibrating in second mode 


Fr 


-0.5 


JE 


а Е "p 05 


0.0 


150.3508 
150.6337 
151.1979 
152.8766 


180.0744 
180.4168 
181.0996 
183.1313 


218.1887 
218.6153 
219.4658 
221.9973 


320.7196 | 152.6997 


0.5 | 124.8076 
0 | 1 | 125.0411 

2 [ 

T 5 | 126.8921 
0.5 | 181.4197 

0.5 | 1 | 181.7712 

2 | 182.4721 

| 5 | 184.5581 

0.5 | 140.6413 

-0.5| 1 | 140.9040 

2 | 141.4275 


142.9853 


169.5147 
169.8328 
170.4670 
172.3542 


DD м 


0.5 | 198.5647 238.9271 

0 | 0 | 1 | 198.9461 239.3897 
2 | 199.7065 240.3119 

5 | 201.9696 243.0568 

0.5 | 253.1007 304.2736 

0.5 | 1 | 233.5987 304.8783 
254.5918 306.0839 

i 5 | 257.5475 309.6721 

0.5 | 215.3680 259.2552 

-0.5| 1 | 215.7791 259.7536 
2 | 216.5988 260.7473 

| 5 | 219.0380 263.7046 

0.5 | 270.7234 325.5849 

0.51 0 | 1 | 271.2516 326.2259 
2 | 272.3049 327.5040 
275.4395 331.3077 

0.5| 324.3913 389.8899 

1 | 325.0357 4 

2 | 326.3206 392.2327 


330.1447 


396.8761 


261.3351 | 102.5549 123.6264 179.3746 
102.7516 123.8654 179.7277 
262.8887 | 103.1436 124.3419 180.4318 
265.9682 | 104.3102 


261.8540 


286.2149 


364.4984 | 143.4980 172.9149 250.6864 
365.2350 | 143.7771 173.2542 251.1881 
366.7037 | 144.3335 173.9308 252.1885 
145.9894 


371.0747 


310.6015 
311.2060 
312.4114 
315.9985 


390.0632 | 153.1615 184.6289 267.8802 
153.4572 184.9883 268.4112 
392.3980 | 154.0468 185.7049 269.4699 
155.8011 


390.8431 


397.0257 


467.1030 | 184.2216 221.9393 321.6161 
468.0570 | 184.5831 222.3788 322.2663 
469.9592 | 185.3038 223.2552 323.5626 
475.6199 | 187.4483 225.8632 327.4205 


69.8268 
69.9567 84.4669 122.9695 
70.2155 84.7811 123.4324 
70.9855 85.7159 24-8098 


78.4672 94.7921 138.1495 
78.6130 94.9689 138.4099 
78.9035 95.3215 138.9291 
79.7676 


111.9461 
286.7766 | 112.1592 135.2719 196.4776 
287.8968 | 112.5839 135.7879 197.2393 
291.2305 | 113.8479 137.3236 199.5061 


121.1411 212 
121.3705 146.4420 212 
121.8278 146.9973 213. 
123.1883 216 


84.3003 122.7373 


125.7598 


182.5270 


96.5703 


140.4736 


135.0130 196.0955 


175.9441 255.1656 


146.1634 


148.6498 


187.8373 272.6204 


Table 6.12 
Values of frequency parameter Q for C-S plate vibrating in third mode 


for ғ = 0.5 
-0.5 = 
=== о a 
Вр -0.5 0.0 A -0.5 1.0 -0.5 di 1.0 


0.5 | 259.1024 312.6159 454. al 213.9644 258.3402 375.9932 | 145.6110 176.0621 256.9814 
0 | 1 | 259.3575 312.9243 454.7849 | 214.1751 258.5950 376.3659 | 145.7544 176.2358 257.2359 
2 |259.8667 313.5402 455.6847 | 214.5957 259.1039 377.1101 | 146.0408 176.5826 257.7441 
5. 261.3879 315.3797 458.3728 | 215.8519 260.6238  379.3333 | 146.8959 177.6182 259.2620 


0.5 | 380.2459 457.8014 662.4667 | 315.0175 379.5422 550.0139 | 215.7725 260.3448 378.3727 

0.5 | 1 | 380.6252 458.2599 663.1366 | 315.3313 379.9217 550.5688 | 215.9868 260.6043 378.7528 
2 | 381.3826 459.1756 664.4744 | 315.9578 380.6795 551.6768 | 216.4149 261.1225 379.5116 

5 | 383.6452 461.9111 668.4713 | 317.8295 382.9433 554.9869 | 217.6936 262.6704 381.7787 


532.1729 
| | 532.7079 
2 | 533.7762 
536.9677 


640.3494 
640.9961 
642.2875 
646.1457 


925.5469 
926.4917 
928.3783 
934.0147 


441.2838 
441.7266 
442.6108 
445.2522 


531.3697 
531.9052 
532.9745 
536.1689 


450.2218 
450.6690 
451.5621 
454.2299 


568.6078 
о | 1 | 569.1777 
2 | 570.3157 


ШЕШЕ 573.7152 


542.6358 
543.1765 
544.2562 
547.4814 


684.5018 
685.1907 
686.5662 
690.6757 


0.5 | 683.2447 
683.9349 
685.3132 
689.4309 


0.5 


| 
2 
5 


821.8676 
822.7019 
824.3679 
829.3454 


786.9434 
787.7330 


789.3098 
794.0206 


372.4142 
372.7839 
373.5222 
375.7276 


449.1814 
449.6286 
450.5216 
453.1890 


0.5 | 415.6147 500.6746 725.3570 | 344.0340 414.7431 601.7319 | 235.2544 284.0162 413.2618 

0 1 | 416.0283 501.1745 726.0872 | 344.3759 415.1567 602.3365 | 235.4879 284.2988 413.6757 
416.8540 502.1727 727.5452 | 345.0588 415.9825 603.5438 | 235.9540 284.8632 414.5022 

ESI 5 |419.3206 505.1547 731.9012 | 347.0985 418.4496 607.1505 | 237.3465 286.5489 416.9710 


769.1444 | 302.8091 
769.9272 | 303.1119 
771.4903 | 303.7167 
776.1604 | 305.5231 


652.3572 
653.0109 
654.3163 
658.2159 


254.2941 
254.5464 
255.0501 
256.5545 


990.2750 


991.2811 
993.2901 


999.2924 


1187.137 


1188.3558 
1190.7895 
1198.0604 


471.1869 
471.6584 
472.6000 
475.4129 


1 


566.8430 
567.4145 
568.5555 
571.9644 


567.6355 
568.2058 
569.3444 
572.7461 


682.3449 
683.0359 
684.4157 
688.5379 


822.3956 | 3 
823.2291 | 3 
824.8934 | 3 

829.8657 325. 


987.0391 
988.0491 
990.0661 


389.3641 


389.7552 469.8596 681.6648 
390.5360 470.8046 683.0481 
996.0918 | 392.8686 473.6277 687.1809 


0.5 | 291.5590 351.9992 512.2235 | 240.5531 290.6287 423.5289 | 163.4123 197.7131 288.9568 
-0.5| 1 | 291.8464 352.3468 512.7314 | 240.7904 290.9158 423.9489 | 163.5737 197.9086 289.2433 
2 | 292.4203 353.0408 513.7456 |241.2642 291.4890 424.7874 | 163.8959 198.2989 289.8154 
5 | 294.1343 355.1137 516.7752 | 242.6789 293.2009 427.2919 | 164.8579 199.4642 ` 291.5239 


365.1564 530.0958 
365.5229 530.6324 
366.2548 531.7040 
368.4412 534.9053 


307.1566 447.3867 
307.4620 447.8340 
308.0718 448.7271 
309.8932 451.3949 


389.5631 566.0480 
389.9532 566.6192 
390.7322 567.7597 
393.0593 571.1669 


469.3863 680.9720 


Table 6.13 
Values of frequency parameter Q for C-F plate vibrating in fundamental mode 
for ¿=0.3 


| 


1.0 


0.5 


7.8148 
8.7765 
10.3979 


14.0186 


8.7891 
9.9820 
11.9538 
16.2433 


11.1780 
13.0146 
15.9139 
21.8608 


6.2869 
7.0628 
8.3725 
11.3033 


7.0731 
8.0361 
9.6301 
13.1066 


9.0011 

10.4856 
12.8337 
17.6664 


4.0520 
4.5546 
5.4046 
7.3136 


и H Mi on 
p | -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
0.5| 6.0443 6.7885 8.5369 | 4.8677 5.4702 6.8864 | 3.1433 3.5361 4.4604 
| | 63679 7.1862 91576 | 5.1283 5.7908 73717 | 33114 3.7434 47755 
2 | 69700 79215 102310 | 5.6150 63836 82552 | 3.6243 4.1268 5.3493 
5 8.5232 9.7992 12.9543 6.8637 7.8976 10.4572 4.4311 5.1061 6.7808 
0.5| 5.8131 6.5269 8.2354 4.6749 5.2510 6.6307 3.0110 3.3846 4.2799 
1 6.3069 7.1384 9.1759 5.0729 5.7443 7.3904 3.2683 3.7040 4.7730 
2 | 7.1857 82122 10.7744 | 5.7816 6.6111 8.6832 | 3.7270 | 42659 5.6138 
ЈЕ 5 9.2999 10.7455 14.3775 7.4887 8.6591 11.6035 4.8340 5.5968 7.5204 
0.5| 7.1484 8.0169 10.0517 5.7653 6.4695 8.1205 3.7330 4.1937 5.2746 
-0.5 | 1 7.5284 8.4824 10.7501 6.0715 6.8452 8.6853 3.9310 4.4370 5.6419 
2) 8.2356 9.3439 12.0239 6.6414 7.5403 9.7156 4.2992 4.8873 6.3123 
5 10.0608 11.5468 15.2087 8.1119 9.3178 12.2927 5.2490 6.0384 ` 7.9899 
0.5 | 6.7803 7.6019 9.5574 5.4579 6.1218 7.7027 3.5214 3.9528 4.9809 
0 1 7.3211 8.2692 10.5766 5.8939 6.6604 8.5265 3.8036 4.3019 5.5162 
2 8.2926 9.4542 12.3355 6.6776 7.6173 9.9495 4.3111 4.9226 6.4424 
|8 10.6646 12.2978 16.3877 8.5930 9.9163 13.2341 5.5532 6.4169 8.5872 
0.5| 6.7932 7.6315 9.6653 5.4642 6.1407 7.7825 3.5208 3.9592 5.0239 
0.5 | 1 7.5190 8.5315 11.0520 6.0497 6.8671 8.9031 3.8998 4.430 5.7518 
2 | 87709 10.0574 13.3086 | 7.0603 8.1000 10.7296 | 4.5550 52306 6 
s | 11.6526 134873 18.1144 | 9.3907 10.8772 14.6309 | 6.0704 7.0405 9.4960 
0.5 | 7.7690 8.7010 10.9106 6.2590 7.0130 8.8012 4.0447 4.5356 5.7007 
-0.5 | 1 8.3602 9.4285 12.0150 6.7360 7.6004 9.6943 4.3536 4.9167 6.2817 
2 9.4288 10.7300 13.9409 7.5984 8.6518 11.2531 4.9124 5.5991 7.2971 
5 12.0637 13.8890 18.4459 9.7262 11.2061 14.9053 6.2926 7.2598 9.6826 
0.5 | 7.6997 8.6369 10.8961 6.1973 6.9542 8.7793 3.9978 4.4891 5.6743 
0 8.4693 9.5890 12.3565 | 6.8183 7.7229 9.9600 | 4.4001 4.9876 64418 
98131 112257 14.7761 | 79033 9.0456 11.9188 | 5.1037 5.8468 7.7183 
129612 149780 20.0543 | 10.4488 12.0835 16.2031 | 6.7587 | 7.8263 | 10.5229 


4.5613 
5.1858 
6.2219 
8.4915 


5.8112 
6.7760 
8.3070 
11.4771 


м Table 6.14 
J Values of frequency parameter © for C-F plate vibrating in second mode 
for g=0.3 
n 
-0.5 0.0 1.0 
г. A x 
AS -0.5 0.0 1.0 -0.5 0.0 0.0 1.0 
0.5 | 31.7562 36.8899 49.5800 | 26.4272 30.7404 41.4256 | 18.2270 21.2579 28.7993 
0 1 | 32.1621 37.3807 50.3031 | 26.7633 31.1470 42.0253 | 18.4563 21.5357 292102 
: 2 | 32.9580 38.3428 51.7188 | 27.4221 31.9440 43.1994 | 18.9056 22.0801 30.0146 
-0.5 5 | 35.2315 41.0888 55.7478 | 29.3032 34.2180 46.5413 | 20.1870 23.6324 32.3039 
m 0.5 | 38.2893 44.2558 58.8992 | 32.0071 37.0413 49.4195 | 22.2698 25.8369 34.6409 
| ° 0.5 | 1 | 38.9445 45.0632 60.1385 | 32.5501 37.7109 50.4485 | 22.6414 26.2958 35.3481 
z9 2 | 40.2228 46.6361 62.5425 | 33.6098 39.0157 52.4457 | 23.3667 27.1905 36.7220 
Г 2 5 | 43.8331 51.0618 69.2392 | 36.6043 42.6902 58.0172 | 25.4179 29.7129 40.5636 
2 
ИГ 0.5 | 36.8705 42.8698 57.7042 | 30.6634 35.7021 48.1899 | 21.1216 24.6596 33.4687 
2) -0.5 | 1 | 37.3159 43.4068 58.4901 | 31.0322 36.1468 48.8414 | 21.3731 24.9634 33.9147 
МГ 2 | 38.1899 44.4601 60.0305 | 31.7555 37.0191 50.1182 | 21.8662 25.5588 34.7885 
‚ D) 5 | 40.6900 47.4718 64.4269 | 33.8234 39.5119 53.7618 | 23.2740 27.2588 ` 37.2807 
ье в 
Wr. 0.5 | 43.3180 50.1132 66.7983 | 36.187] 41.9180 56.0176 | 25.1462 29.2037 39.2256 
=> 0 0 1 | 44.0029 50.9530 68.0742 | 36.7545 42.6142 57.0765 | 25.5343 29.6805 39.9526 
МГ” 2 | 45.3416 52.5926 70.5571 37.8638 43.9738 59.1379 | 26.2930 30.6118 41.3689 
Ме 5 | 49.1380 57.2296 77.5248 | 41.0107 47.8208 64.9290 | 28.4459 33.2487 45.3541 
EL) 0.5 | 49.3461 56.9246 75.4684 | 41.3234 47.7287 63.4292 | 28.8524 33.4064 44.6085 
МГ. ; 05 | 1 | 50.3005 58.1096 77.3164 | 42.1148 48.7119 64.9642 | 29.3946 34.0810 45.6647 
; 22 2 | 52.1573 60.4100 80.8826 | 43.6549 50.6214 67.9290 | 30.4504 35.3923 47.7074 
NT. | 5 | 57.3648 66.8283 90.6983 | 47.9786 55.9560 76.1058 | 33.4191 39.0631 | 53.3607 
¡A 0.5 | 48.3769 56.0099 74.7612 | 40.3890 46.8240 62.6647 | 28.0333 32.5856 43.8383 
НТ, -0.5 | 1 | 49.0950 56.8871 76.0831 | 40.9839 47.5510 63.7613 28.4399 33.0832 44.5905 
~ Б” 2 | 50.5005 58.6022 78.6611 | 42.1481 48.9726 65.9006 | 29.2357 34.0563 46.0587 
ИТ. 5 | 544974 63.4696 85.9332 | 45.4594 53.0082 71.9395 | 31.4986 36.8190 50.2076 
Wr. д 0.5 | 54.4127 62.8162 83.3860 | 45.5407 52.6408 70.0518 | 31.7624 36.3069 49.2228 
2 | 0.5 0 | | 55.3906 64.0252 85.2546 | 46.3514 53.6435 71.6033 | 32.3175 37.4944 50.2894 
| 2 | 57.2969 66.3776 88.8732 | 47.9320 55.5953 74.6098 | 33.4002 38.8335 52.3585 
5 | 62.6685 72.9784 98.9130 | 52.3889 61.0775 82.9652 | 36.4563 42.6003 58.1244 
0.5| 60.1843 69.3442 91.7193 | 50.4534 58.2031 77. 1648 | 35.3008 40.8215 54.3748 
os | 1 | 61.4449 | 70.9166 94.1948 | 51.4989 59.5080 79.2217 | 36.0177 41.7175 55.7912 
2 | 63.8918 73.9608 98.9540 | 53.5294 62.0359 83.1800 | 37.4110 43.4551 58.5214 
5 | 70.7193 82.4023 111.9405 | 59.2018 69.0571 94.0077 | 41.3112 48.2938 66.0206 
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Table 6.15 
Values of frequency parameter Q for C-F plate vibrating in third mode 
for 2 = 0.3 
-0.5 
pa 


1.0 -0.5 


1.0 


85.2318 100.0268 137.2933 | 71.6576 84.2164 
85.6673 100.5458 138.0319 | 72.0221 84.6509 
86.5305 101.5745 139.4961 | 72.7443 85.5119 


50.4675 59.4823 82.3553 
50.7219 59.7858 82.7881 
51.2256 60.3870 83.6456 
52.6991 62.1465 86.1580 


0.5 


89.0604 104.5904 143.7911 | 74.8597 88.0349 


111.4454 130.2455 177.2663 | 94.2673 110.3314 
112.0779 131.0039 178.3612 | 94.7960 110.9652 
113.3316 132.5072 180.5313 | 95.8439 112.2217 
117.0074 136.9146 186.8914 | 98.9156 115.9049 


o, 


97.4814 114.5185 157.4947 | 81.8626 96.3083 
97.9669 115.0964 158.3151 | 82.2689 3 
98.9290 116.2419 159.9417 | 83.0742 97.7514 
101.7491 119.6007 164.7141 | 85.4326 100.5620 


124.0546 145.1226 197.8946 | 104.8023 122.7814 
124.7385 145.9411 199.0712 | 105.3744 123.4661 
126.0941 147.5637 201.4038 | 106.5082 124.8234 
130.0691 152.3220 208.2430 | 109.8318 128.8027 


67.2077 78.8939 108.3376 
67.5763 79.3358 108.9749 
68.3066 802117 110.2382 
70.4460 82.7780 113.9407 


57.5200 67.8650 94.1545 
57.8036 68.2032 94.6359 
58.3654 68.8731 95.5900 
60.0084 70.8338 98.3851 


74.5291 87.5740 120.4934 
74.9283 88.0520 121.1806 
75.7193 88.9994 122.5428 
78.0362 _ 91.7752 126.5356 


148.3658 173.1580 235.0123 | 125.7832 147.0217 
149.2423 174.2114 236.5406 | 126.5156 147.9017 


150.9797 176.2992 239.5691 | 127.9673 149.6459 


156.0735 182.4195 248.4411 | 132.2234 154.7590 


90.0867 105.6172 144.6544 
90.5972 106.2304 145.5421 
91.6088 107.4457 147.3018 


137.3316 160.8072 219.7063 | 115.8894 135.8991 
138.7890 162.5494 222.2028 | 117.1089 137.3572 
143.0627 167.6589 229.5249 | 120.6836 141.6323 


161.2408 188.3342 256.0150 
162.1695 189.4484 257.6256 
164.0104 191.6572 260.8178 
169.4084 198.1335 270.1729 


137.3273 160.6663 


143.3792 167.9271 


184.6504 215.3327 291.7699 
185.7700 216.6799 293.7301 
187.9893 219.3502 297.6144 


194.4951 227.1764 308.9893 | 164.9859 


192.9791 


136.5965 159.9285 218.4471 | 115.2742 135.1636 


136.5508 159.7347 


138.8665 162.5129 


156.7611 183.0865 


157.6964 184.2116 
159.5505 186.4418 


94.5735 111.0079 152.4597 


81.7972 96.1956 132.5801 
82.2269 96.7095 133.3173 
83.0782 97.7281 134.7784 
85.5713 100.7124 139.0616 


97.5836 114.4974 157.0681 
98.1254 115.1474 158.0066 
99.1990 116.4357 159.8668 
102.3450 120.2116 165.3197 


112.5837 131.8943 180.3657 
113.2355 132.6782 181.5030 
114.5274 134.2318 183.7574 
118.3140 138.7858 190.3649 
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Table 6.16 
Values of frequency parameter © for C-F plate vibrating in fundamental mode 
for ғ = 0.5 
T 
-0.5 0.0 
ГА | H ТВ 
LC |B |p -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 

0.5 | 10.6031 12.3537 16.7354 8.4573 9.8565 13.3596 5.3685 6.2601 8.4936 

0 1 10.8494 12.6628 17.2232 8.6541 10.1035 13.7499 5.4937 6.4174 8.7426 

2 11.3253 13.2581 18.1560 9.0342 10.5793 14.4961 SOS 6.7205 9,2189 

-0.5 5 12.6408 14.8932 20.6799 10.0854 11.8866 16.5163 6.4050 7.5539 10.5094 
0.5 | 11.5067 13.3786 18.0711 9.1727 10.6671 14.4142 5.8163 6.7666 9.1502 

0.5| 1 11.9438 13.9321 18.9623 9.5219 11.1095 15.1269 6.0387 7.0483 9.6047 

2 12.7663 14.9671 20.6048 10.1793 11.9370 16.4410 6.4574 7.5758 10.4433 

5 | 14.9220 17.6478 24,453 11.9033 14.0819 19.7570 7.5570 8.9450 12.5638 

0.5 | 12.8708 14.9955 20.3095 10.2726 11.9721 16.2242 6.5287 7.6133 10.3285 

-0.5| 1 13.1438 15.3372 20.8457 10.4907 12.2453 16.6532 6.6676 7.1873 10.6025 

2 13.6731 15.9979 21.8763 10.9136 12.7735 17.4780 6.9368 8.1240 11.1292 

5 15.1476 17.8288 24.6961 12.0920 14.2376 19.7355 7.6873 9.0575 12.5718 

0.5 | 13.5494 15.7532 21.2700 10.8051 12.5653 16.9728 6.8562 7.9764 10.7828 

0 | 0 14.0042 16.3273 22.1885 11.1686 13.0243 17.7076 7.0876 8.2689 11.2516 
2 14.8672 17.4110 23.9012 11.8583 13.8908 19.0781 7.5271 8.8214 12.1267 

- 5 | 17.1669 20.2696 28.3143 13.6975 16.1781 22.6126 8.7001 10.2815 14.3870 

+ 6975 16.1781 226120 01 IA A 

0.5 | 14.6982 17.0784 23.0521 11.7178 13.6179 18.3877 7.4313 8.6393 11.6730 

0.5 | 1 15.3582 17.9162 24.4078 12.2452 14.2875 19.4718 7.7671 9.0659 12.3643 

2 16.5855 19.4624 26.8665 13.2262 15.5239 21.4391 8.3922 9.8542 13.6202 

5 19.7315 23.3714 32.8915 | 15.7432 18.6528 26.2659 9.9987 11.8529 16.7086 

0.5 | 15.6482 18.1941 24.5616 12.4831 14.5175 19.6071 7.9261 9.2220 12.4656 

-0.5| 1 16.1238 18.7929 25.5145 12.8632 14.9963 20.3695 8.1683 9.5272 12.9522 

2 17.0316 19.9308 27.3062 13.5889 15.9063 21.8035 8.6307 10.1076 13.8681 
Ена 9.4798 22.9724 31 デー | 15.5469 18.3401 25.561 1 9.8795 11.6613 16.2714 
0.5 | 16.6745 19.3728 9 13.2966 15.4514 20.8525 8.4364 9.8072 13.2446 

05| 0 1 17.3482 20.2259 27.5087 13.8350 16.1333 21.9513 8.7793 10.2418 13.9457 
; 2) 18.6113 21.8150 30.0289 14.8448 17.4041 23.9681 9.4229 11.0523 15.2335 
21.9008 25.9023 36.3314 17.4765 20.6756 29.0173 11.1024 13.1419 18.4641 
0.5 | 17.9168 20.8131 28.0892 14.2845 16.5965 22.4060 9.0598 10.5297 14.2243 
05| 1 18.8032 21.9396 29.9169 14.9927 17.4969 23.8675 9.5109 11.1034 15.1564 
2 | 20.4387 24.0012 33.1976 16.3002 19.1455 26.4926 10.3442 12.1547 16.8324 
24.5733 29.1355 41.0983 19.6088 23.2559 32.8233 12.4567 14.7812 20.8844 
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Table 6.17 
Values of frequency parameter Q for C-F plate vibrating in second mode 
for 2 0.5 
жаны AN 
ML_ 
-0.5 0.0 1.0 | 
= u u 
% B p | -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 

0.5 | 57.7642 69.0074 98.2796 | 47.2061 56.4330 80.4819 | 31.4597 37.6601 53.8561 

0 | 38.0524 69.3651 98.8334 | 474405 56.7240 80.9326 | 31.6144 37.8524 54.1542 

2 | 58.6245 70.0752 99.9318 | 47.9058 57.3016 81.8265 | 31.9216 382340 54.7454 

05 | 5 | 60.3079 72.1631 103.1559 | 49.2751 59.0004 84.4512 | 32.8258 39.3565 56.4819 
0.5 | 77.1022 91.8220 129.9560 | 63.1850 75.2977 106.7093 | 42.3399 50.5232 71.7874 

0.5| 1 | 77.6192 92.4712 130.9857 | 63.6057 75.8262 107.5479 | 42.6180 50.8728 72.3428 

2 | 78.6426 93.7558 133.0200 | 64.4386 76.8720 109.2049 | 43.1689 51.5649 73.4408 

5 | 81.6338 97.5042 138.9329 | 66.8739 79.9249 114.0241 | 44.7805 53.5868 76.6375 

0.5 | 67.0013 80.1142 114.2958 | 54.7144 65.4684 93.5326 | 36.4101 43.6271 62.5032 

-0.5 | 1 67.3097 80.4959 114.8827 | 54.9651 65.7787 94.0101 | 36.5756 43.8320 62.8188 
67.9223 81.2538 116.0477 | 55.4632 66.3952 94.9580 | 36.9043 44.2390 63.4453 

5 | 69.7274 83.4861 119.4744 | 56.9310 68.2108 97.7464 | 37.8730 45.4380 65.2887 

0.5 | 86.5034 103.1015 146.1505 | 70.8433 84.4936 119.9339 | 474111 56.6225 80.5877 

0 | 0 | 1 | 87.0329 103.7642 147.1940 | 71.2740 85.0328 120.7835 | 47.6958 56.9791 81.1501 
2 | 88.0822 105.0768 149.2585 | 72.1278 86.1011 122.4646 | 48.2601 57.6857 82.2633 

5 | 91.1565 108.9177 155.2807 | 74.6299 89.2282 127.3707 | 49.9147 59.1551 85.5147 

0.5 | 105.2082 125.1809 176.8458 | 86.2876 102.7360 145.3261 | 57.9132 69.0431 97.9187 

0.5| 1 | 105.9773 126.1499 178.3925 | 86.9135 103.5248 146.5860 | 58.3272 69.5652 98.7536 
2 | 107.4984 128.0650 181.4443 | 88.1517 105.0842 149.0724 | 59.1465 70.5977 100.4020 

5 | 111.9332 133.6379 190.2842 | 91.7634 109.6244 156.2796 | 61.5382 73.6067 105.1863 

0.5 | 95.8725 114.3488 162.3171 | 78.4709 93.6579 133.1284 | 52.4562 62.6939 89.3580 

-0.5 1 | 96.4173 115.0288 163.3814 | 78.9140 942111 133.9947 | 52.7490 63.0596 89.9312 

2 | 97.4977 116.3766 165.4892 | 79.7930 95.3078 135.7106 | 53.3296 63.7846 91.0668 

5 | 100.6690 120.3287 171.6538 | 82.3733 98.5244 140.7309 | 55.0350 65.9119 94.3914 
0.5 | 114.7359 136.6050 193.2266 | 94.0539 112.0558 158.7118 | 63.0624 75.2326 106.8378 
0510 115.5140 137.5828 194.7787 | 94.6871 112.8516 159.9757 | 63.4811 75.7591 107.6749 
117.0545 139.5171 197.8447 | 95.9408 114.4263 162.4730 | 64.3102 76.8012 109.3297 
121.5559 145.1604 206.7545 | 99.6056 119.0224 169.7345 | 66.7357 79.8452 114.1464 
133.1576 158.3546 223.4782 | 109.2601 130.0201 183.7280 | 73.3969 87.4567 123.9008 
134.1809 159.6462 225.5475 | 110.0930 131.0717 185.4137 | 73.9480 — 88.1529 125.0182 
136.2038 162.1974 229.6270 | 111.7399 133.1493 188.7378 | 75.0380 89.5289 127.2227 
142.0926 169.6086 241.4188 | 116.5365 139.1882 198.3536 | 78.2156 93.5327 133.6086 
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Table 6.18 
Values of frequency parameter Q for C-F plate vibrating in third mode 
for = = 0.5 


-0.5 
ЖЕ vcn oim 
a | pip -0.5 0.0 1.0 -0.5 1.0 -0.5 

0.5 | 155.7863 187.4681 270.9892 | 128.2589 154.4556 223.5985 | 86.7765 104.6540 

0 | 1 | 156.0734 187.8198 271.5179 | 128.4936 154.7432 224.0309 | 86.9333 104.8462 

2 | 156.6458 188.5211 272.5724 | 128.9618 155.3168 224.8932 | 87.2461 105.2294 

ns | 5 158.3503 190.6094 275.7114 | 130.3557 157.0245 227.4602 | 88.1772 106.3703 

0.5 | 222.4003 266.9759 384.0164 | 183.7618 220.7592 318.0187 | 125.2293 150.6701 

0.5| 1 | 222.8635 267.5458 384.8813 | 184.1402 221.2246 318.7246 | 125.4815 150.9803 

2 | 223.7871 268.6822 386.6054 | 184.8945 222.1526 320.1319 | 125.9844 151.5988 

ШЕ 226.5357 272.0635 391.7341 | 187.1397 224.9141 324.3187 | 127.4813 153.4397 

0.5 | 177.3266 213.5605 309.2022 | 145.8419 175.7710 254.8650 | 98.4670 118.8479 

-0.5| 1 | 177.6417 213.9461 309.7804 | 146.0998 176.0865 255.3381 | 98.6393 119.0589 

2 | 178.2702 214.7151 310.9333 | 146.6140 176.7157 256.2815 | 98.9830 119.4796 

5 | 180.1418 217.0052 314.3665 | 148.1451 178.5894 259.0907 | 100.0064 | 120.7323 


175.6647 


151.9524 
152.2413 
152.8175 
154.5328 


217.7125 
218.1826 
219.1199 
221.9090 


172.8383 
173.1547 
173.7858 


239.7052 
240.2033 
241.1965 
244.1523 


303.3085 
303.9868 
305.3392 
309.3628 


261.4227 
261.9487 
262.9976 
266.1198 


325.7787 
326.4852 
327.8938 
332.0854 


0.5 | 245.0761 294.3972 424.0394 | 202.3045 243.2002 350.8257 | 137.6001 165.6655 

о | о | 1 | 245.5679 295.0015 424.9537 | 202.7064 243.6940 351.5726 | 137.8683 165.9950 
2 |246.5487 296.2066 426.7767 | 203.5080 244.6787 353.0617 | 138.4032 166.6520 

| | 5 | 249.4681 299.7932 432.2006 | 205.8938 247.6097 357.4928 | 139.9954 168.6078 

0.5 | 309.4643 371.2633 533.3586 | 255.9543 307.3014 442.1454 | 174.7744 210.1580 

05| 1 | 310.1313 372.0848 534.6079 | 256.4989 307.9721 443.1647 | 175.1374 210.6048 

2 | 311.4611 373.7227 537.0982 | 257.5848 309.3092 445.1966 | 175.8610 211.4956 

ES | 5 |315.4181 378.5953 544.5042 | 260.8162 313.2875 451.2402 | 178.0148 214.1465 
0.5 | 267.4707 321.4903 463.6180 | 220.6086 265.3622 383.2528 | 149.8006 180.4606 

-0.5 1 | 267.9911 322.1291 464.5820 | 221.0341 265.8844 384.0406 | 150.0848 180.8094 

2 | 269.0290 323.4028 466.5041 | 221.8826 266.9257 385.6117 | 150.6514 181.5048 

bei 5 | 272.1187 327.1945 472.2244 | 2 270.0255 390.2875 | 152.3382 183.5749 
0.5 | 332.6314 399.2656 574.1909 | 274.9079 330.2291 475.6325 | 187.4311 225.4929 

051 0 | 1 | 333.3273 400.1218 575.4899 | 275.4763 330.9284 476.6929 | 187.8102 225.9592 
2 | 334.7148 401.8288 578.0793 | 276.6098 332.3226 478.8070 188.5661 226.8888 

5 | 338.8439 406.9081 585.7818 | 279.9832 336.4717 485.0962 190.8162 229.6558 

0.5 | 396.0711 475.0049 681.9246 | 327.7686 393.3916 565.6279 | 224.0619 269.3372 

0.5| 1 | 396.9417 476.0778 683.5581 | 328.4794 394.2673 566.9603 | 224.5355 269.9204 
398.6775 478.2168 686.8142 | 329.8966 396.0133 569.6164 | 225.4797 271.0833 

403.8418 484.5795 696.4959 | 334.1134 401.2075 577.5155 | 228.2898 274.5435 


388.4625 
389.3489 
391.1161 
396.3732 
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Minimum number of collocation points for convergence of 


Table 6.19 


frequency parameter Q 


Method 
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Table 6.20 


Comparison of frequency parameter Q for homogeneous (p = 0.0, y = 0.0) uniform 
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333333 


thickness (a — 0.0, В = 0.0) annular plates for є = 0.3, у) = 0.3 


Boundary | Mode р= 1.0 р=5.0 
| 45.3462 45.3462% 48.3540 48.3540% 
45.3371° 45.3481 48.332 1° 48.358" 
45.27 45.34623“ 
45.37“ 
С-С || 125.3621 125.3621* 129.6030 129.6030* 
125.6191 125.404* 129.8250* 129.646* 
125* 
I 246.1573 246.1563* 250.9706 250.9695* 
246.6994* 251.4816° 
|| 
І 29.9777 29.9777* 33.2692 33.2692* 
29.9689° 29.979* 33.2528° 33.271' 
29.9* 30.03679* 
es || 100.4228 100.4228* 104.7739 104.7739* . 
100.6065* 100.445 104.9319° 104.799 
100* 
I 211.1294 211.1291* 216.0447 216.0444* 
211.5629* 216.4574* 
l 6.6604 6.6604* 9.9163 9,9115% 
6.6542: 6.662* 9.9073" 9.917 
6.66* 6.70117* 
С-Е || 42.6142 42.6141* 47.8208 47.8284* 
42.6156° 42.619! 47.8100* 47.826 
42.6 
Il 123.4661 123.4662* 128.8027 128.7846* 
123.5739* 128.8986* 
| а) 


ж Values taken from Sharma[2006]. 


* Values taken from Verma[1987]. 


t Values taken from Gorman[1982]. 


+ Values taken from Leissa[1969]. 


* Values taken from Lorrando et al.[1994]. 
* Values taken from Avalos and laura[1979]. 
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Fig. 6 : Geometry of polar orthotropic annular plate 
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CHAPTER VII 


AXISYMMETRIC VIBRATIONS OF NON-HOMOGENEOUS 
POLAR ORTHOTROPIC ANNULAR PLATES OF VARIABLE 
THICKNESS RESTING ON AN ELASTIC FOUNDATION 


1. INTRODUCTION 

The desirability of high strength materials for structural components used in mechanical, 
aerospace and ocean engineering has led to the development of fibre-reinforced materials. The 
increasing use of high technology composite materials, which are lighter and stronger than the 
conventional materials, has necessitated the study of vibrational behaviour of polar orthotropic 
(a special case of anisotropy) plates. Further, the use of plate type structural components under 
high-temperature environments, particularly in space shuttle and high-speed aircraft, demands 
that non-homogeneity of the material be taken into account to predict their natural frequencies. 
Furthermore, the problem of plates resting on an elastic foundation has achieved great 


importance in modern technology and foundation engineering. 


In this chapter, an analysis of axisymmetric vibrations of non-homogeneous polar orthotropic 
annular plates of exponentially varying thickness and resting on a Winkler type elastic 
foundation has been presented employing classical plate theory. The non-homogeneity of the 
plate material is assumed to arise due to variation of Young’s moduli and density which are 
taken to vary exponentially with the radial coordinate. This type of orthotropy and non- 
homogeneity arises during the fabrication of fibre-reinforced plastic structures, which use 


fibres with different moduli and strength properties. The differential equation governing the ' 


motion of such plates has been solved numerically by using the Chebyshev polynomials for 
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three different combinations of boundary conditions at the two edges. The effect of various 


plate parameters, namely radii ratio, thickness variation and orthotropy together with elastic 
foundation has been analysed on the vibrational behaviour of the plate for the first three modes 
of vibration. Mode shapes for a specified plate have been presented. The accuracy of the 
method employed has been verified by comparing the results with those available in literature 


for isotropic and polar orthotropic plates of uniform thickness. 


2. BASIC PLATE EQUATION 

Consider an annular plate of thickness A(r), inner and outer radii b and a, respectively. referred 
to cylindrical polar coordinates (r, 0 2) with its axis as the line r = 0 and middle surface as the 
plane z = 0. Let the plate rest on a Winkler type elastic foundation with modulus of foundation 


Кл 


Energy Variations 


The work done by the foundation is given by 


ІШЕ К wr dO dr . (72.1) 


len = 7 
OO 


Taking the variation of Wpundation » We get 


OW foundation = | [к f wöwr ав dr G (7.2.2) 
b 0 


Equation of Motion 

To obtain the governing equation of motion by Hamilton’s energy principle, the contribution of 
work done by the foundation given by equation (7.2.2) is incorporated together with the strain 
energy (6.2.11) and kinetic energy (6.2.12) in 


óL = OT – óW – óW 


Joundation 
where 
D д? д? (ду) al Год | ду 0? (ду) = alw) 0^w || ` 
pre "lo? ar? 2 r\ör or? д" ді? 
ви = | | > EE. (7.2.3) 
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Integrating equation (7.2.6) by parts, the integrated part gives the boundary conditions while 


the remaining triple integrals are 
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which is the required plate equation of motion. 
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on-homogeneous plate, the simplification of the above equation (7.2.8) leads to 


Wr. Foran 
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Introducing non-dimensional variables x= , together with exponential 


variation in thickness along radial direction i.e. h=h,e** and exponential variation in rigidities 
and density for non-homogeneity of the plate material as follows : 

E, = Ee Ep = Ве”, Joys) O o (7.2.10) 
equation (7.2.9) now reduces to 


d^W dw ° 
E оо (72.11) 
ах abe ` dx 


where w(x,t)= W (x)e'^' (for harmonic vibrations), @ is the radian frequency, ho, py are the 
thickness and density of the plate at x = 0, ші the non-homogeneity parameter, 7) is the density 


parameter and «is the taper parameter, 


pus P = 21 + (и+3а)х}, 
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and Е, E> are moduli in radial and tangential directions at x = 0, respectively. 


Equation (7.2.11) together with the boundary conditions at the edges x = g and x = 1, where £= 


bla , constitutes a two point boundary value problem in the range (& 1), which has been solved 


by Chebyshev collocation technique. 
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3. METHOD OF SOLUTION : CHEBYSHEV COLLOCATION TECHNIQUE 
By taking a new independent variable 


1 
(l-e 


ув yex- (не) (7.3.1) 


the range £ < x < 1 is transformed to —1 < y < 1, which is the applicability range of the 


technique. Equation (7.2.11) now reduces to 


М/А dw - 
а i 4 ; s FA d И + А, МИ A,W = 0, Ë (7.3.2) 
dy dy ау" ау 


4 


where A; = pA P; , i= 0, 1, 2, 3, 4 and £ = (1-8). According to Chebyshev collocation 


method, we assume 


d'W m-5 > 
ду" 52 cus T, » (7.3.3) 


and its successive integrations lead to 


т-5 
W = c, *e;T, + eT, +e 1 + Chs 1, , (7.3.4) 
k=0 


where c; (J = 1, 2,..., т) are unknown constants, Tę ( k = 0, 1, 2,..., m-5) are Chebyshev 


polynomials and 7; represents the j integral of Ту. 


Substitution of W and its derivatives in equation (7.3.2) gives 


де +(A.T, Je, + (AT) + AT, + A, је, +(4,T? + AT АТ + A, је, 
+ (4,7; + AT + А,Т + AT, + А, Ie. (7.3.5) 
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Satisfaction of this resultant equation at (m-4) collocation points given by 


y = cosi k=1,2 4 73.6 
k 42) па на MECA (7.3.6) 


provides a set of (m-4) equations in terms of the unknowns c; (j = 1, 2,..., m), which сап be 


written in matrix form as 
[8] [с`]=0 / (7.3.7) 


where В and С" are matrices of order (m-4) x т and тх 1, respectively. 


4. BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS 

By satisfying the relations W = dWidy=0, W= ¢ (Иа) + (vo /x)(dWidy) = 0 and 
дау) + (vo Ix)(dWidy) = Рау) + (ба?) - („Ха ду) = 0 for clamped, 
simply supported and free edge respectively, a set of four homogeneous equations are obtained 
for (і) С-С (ii) C-S and (iii) C-F. These equations together with the field equations (7.3.7) give 
e set of m equations in m unknowns, whose non-trivial solution for C-C, C-S and C-F 


a complet 


plates respectively leads to 


B 
| 2 ч. | ДЕ апа ME ; (7.4.1, 7.4.2, 7.4.3) 


where Bee ВС and Bl F are matrices of order 4 x m. 


5. NUMERICAL RESULTS AND DISCUSSIONS 

The frequency equations (7.4.1-7.4.3) provide the values of the frequency parameter Q for 
various values of plate parameters. First three natural frequencies of vibration have been 
-homogeneity parameter 4 = -0.5(0.1)1.0, density parameter 7 = -0.5(0.1)1 .0, 


computed for non 


(0.05)0.5, rigidity parameter р = 0.5, 1.0, 2.0, 3.0, 4.0, 5.0, taper constant а = 
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-0.5(0.1)0.5 and foundation parameter X = 0.0(0.01)0.1 for all the three boundary conditions 
for vg = 0.3. The numerical values show a consistent improvement with the increase of the 
number of collocation points. In all the computations, the number of collocation points has 
been taken as m = 19, since further increase in m does not improve the results except at the 
fourth place of decimal (Figures 7.1(a,b,c)). The value of the thickness Йо at the origin has been 


taken as 0.1. 


The numerical results are presented in Figures (7.2-7.8) and Tables (7.1-7.12). Tables (7.1- 
7.12) present the values of first three frequency parameters for и = -0.5, 0.0, 1.0, 7 = -0.5, 0.0, 
1.0, p = 0.5, 1.0, 2.0, а = -0.5, 0.0, 0.5, є = 0.3, 0.5 and К = 0.0, 0.02 for C-C, C-S and C-F 
plates. From the results, it is found that the frequency parameter for C-S plate is higher than 
that for C-F plate but it is less than that for C-C plate irrespective of value of other plate 
parameters. The frequency parameter is found to increase with increasing values of non- 
homogeneity parameter д, taper parameter а, rigidity parameter p, foundation parameter K as 


well as radii ratio e, while it decreases with increasing values of density parameter 7. 


Figure 7.2a shows the plots for frequency parameter €2 versus non-homogeneity parameter 4 
for fixed radii ratio e = 0.3, density parameter 7 = -0.5, rigidity parameter p = 2.0, for two 


values of taper parameter а = -0.5, 0.5 and foundation parameter X = 0.0, 0.02 for all the three 


plates vibrating in the fundamental mode. It is observed that frequency parameter increases 


with increasing value of non-homogeneity parameter д. The effect of elastic foundation 


increases the frequencies for all the three plates. The effect decreases with increasing values of 


non-homogeneity parameter и for all the three cases. It can also be seen that the effect is more ` 


nounced in case of C-F plate in comparison to those of C-S and C-C plates. From Figt 
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7.2b, showing the plots for Q versus и in the second mode of vibration, it is observed that the 
foundation parameter increases the frequencies with increasing value of except that the rate 
of increase of Q for all the plates is higher than that in the fundamental mode. A similar 
behaviour can be seen from Figure 7.2c, when the plate is vibrating in third mode of vibration. 
Figures 7.2(a,b,c) depict that the effect of foundation parameter decreases with the increase in 


the number of modes for all the three plates whatever are the values of plate parameters. 


Figures 7.3(a,b,c) show the effect of density parameter 7 on the frequency parameter О for д 


=1.0, є = 0.3, p = 2.0, a= -0.5, 0.5 and К = 0.0, 0.02 for C-C, C-S and C-F plates vibrating in 
fundamental, second and third mode respectively. The frequency parameter is found to 
decrease with increasing value of 7. This rate of decrease increases in the order of boundary 
conditions C-F, C-S, C-C for same set of other plate parameters and also with increasing 
number of modes. The effect of foundation is more pronounced for negative value of а as 
compared to that for its positive value. The effect of foundation decreases with increasing 


value of 7 for all the three cases. 


Figures 7.4(a,b,c) depict the effect of taper parameter а on first three frequency parameters €2 
for e = 0.3, и = 1.0, ņ = -0.5, р = 0.5, 5.0 and К = 0.0, 0.02 for all the three plates. The 
frequency parameter О is found to increase with increasing value of the taper parameter a 
except in case of C-F plates for p = 0.5 and X = 0.02. In this case, the frequency parameter is 
found to decrease with increasing value of а. The rate of increase of О for а > 0 is higher as 
compared to that for a < 0 for all the three boundary conditions. This rate of increase reduces 
in the НИ of boundary conditions C-C, C-S, C-F for same set of atthe: plate parameters. The 


effect of foundation decreases with increasing value of а. 
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Figures 7.5(a,b,c) show the behaviour of frequency parameter Q with rigidity parameter р for 
H= 1.0, ņ = -0.5, == 0.3, а = -0.5, 0.5 and two values of X = 0.0, 0.02 for C-C, С-5 and C-F 
plates for first three modes of vibration. The frequencies are found to increase as the plate 
becomes more and more stiff in the tangential direction (p > 1) as compared to radial direction 
(p < 1). Thus, the increase in orthotropy increases the frequencies keeping all other plate 
parameters fixed. Figures 7.6(a,b,c) depict the effect of radii ratio є on first three frequency 
parameter Q for all the three plates for fixed values of w= 1.0, 7 = -0.5, р = 2.0, а = -0.5, 0.5 
and K = 0.0, 0.02. It is seen that by increasing the hole size of the plate, frequency increases. 
This effect is more pronounced in the case of C-C plate as compared to that of C-S and C-F 
plates. The effect of foundation decreases with increasing value of є and becomes almost 
negligible for e > 0.35 in the case of C-C plate, for є > 0.5 in the case of C-S sibus and for e > 


0.65 in the case of C-F plate. 


Figures 7.7(a,b,c) show the effect of foundation parameter K on frequency parameter (2 for 
p = 2.0, а= 0.5, £ = 0.3, = -0.5, 1.0 and 7 = -0.5, 1.0 for plates vibrating in first three modes 
of vibration. The foundation parameter K increases the frequencies for all the three plates. The 
rate of increase of Q with K reduces with the increase in number of modes. The effect of non- 
homogeneity decreases with increasing value of K, while the effect of density inereases with 


increasing value of K. 


Figures 7.8(a,b,c) show the plots for normalised transverse displacements for & = 0.3, u= 1.0. 
n= -0.5, р=2.0, e= + 0.5 and К = 0.02 for the first three modes of vibration for C-C, C-S and 


C-F plates, respectively. The radii of the nodal circles decrease as the outer edge becomes 
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thicker and thicker for all the three boundary conditions. Table 7.13 shows a comparison of 
results for homogeneous (и = 0.0, 7 = 0.0) isotropic (р = 1) and orthotropic (р = 5) plates of 
uniform thickness (z 0) for є = 0.3 and K= 0.0, 0.01 with those of Verma[1987], obtained by 


quintic spline technique. 


Table 7.1 


Values of frequency parameter for C-C annular plate for K = 0.0 and e = 0.3 


П. 
L -0.5 0.0 1.0 
rem 
ap. _ 8/9: и. 
Mode} -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
Г | 32.3461 38.0678 52.6955 | 27.3816 32.2805 44.8383 | 19.5205 23.0916 322954 
0.5 | H | 89.8514 105.8415 146.5349 | 76.0917 89.7676 124.6547 | 54.3266 642823 89.8015 
Ш | 176.8262 208.3620 288.4554 | 149.7781 176.7379 245.3620 | 107.0093 126.6262 176.7825 
32.6519 38.4225 53.1727 | 27.6375 32.5781 45.2406 | 19.6986 23.2997 32.5792 
90.2536 106.3125 147.1791 | 76.4316 90.1662 125.2016 | 54.5681 64.5663 90.1936 
177.2752 208.8876 289.1738 | 150.1594 177.1848 245.9744 | 107.2830 126.9478 177.2256 
33.2523 39.1196 54.1113 | 28.1400 33.1628 46.0317 | 20.0480 23.7082 33.1370 
91.0511 107.2465 148.4572 | 77.1053 90.9565 126.2864 | 55.0463 65.1291 909710 
178.1686 209.9337 290.6039 | 150.9179 178.0742 247.1933 | 107.8273 127.5877 178.1073 
44.8383 52.8299 73.3020 | 38.0865 44.9520 62.5870 | 273375 32.3762 45.3895 
124.6547 146.7286 202.8366 | 105.8822 124.8192 173.0684 | 76.0488 89.9194 1254297 
245.3620 288.6718 398.3930 | 208.4143 245.5462 339.8285 | 149.7414 176.9155 246.2222 
45.2406 53.2976 73.9350 | 38.4248 45.3462 63.1230 | 27.5750 32.6543 45.7712 
125.2016 147.3683 203.7096 | 106.3456 125.3621 173.8117 | 76.3799 90.3086 125.9659 
245.9744 289.3876 399.3684 | 208.9356 246.1563 340.6619 | 150.1175 177.3568 246.8282 
46.0317 54.2178 75.1817 | 39.0899 46.1218 64.1787 | 28.0417 33.2011 46.5226 
126.2864 148.6375 205.4424 | 107.2648 126.4393 175.2869 | 77.0361 91.0802 127.0296 
247.1933 290.8127 401.3108 | 209.9731 247.3707 342.3214 | 150.8656 178.2350 248.0345 
62.5870 73.8338 102.7175 | 53.3455 63.0408 88.0081 | 38.5528 45.7177 642711 
173.0684 203.5608 280.9713 | 147.4470 173.6860 240.4551 | 106.5395 125.8768 175.3175 
339.8285 399.1892 549.1918 | 289.4662 340.5077 469.7783 | 209.1454 246.7144 342.2941 
| | 63.1230 74.4594 103.5711 | 53.7984 63.5706 88.7344 | 38.8737 46.0949 64.7932 
10] п | 173.8117 204.4293 282.1533 | 148.0788 174.4254 241.4647 | 106.9937 126.4100 176.0504 
Ш pe 400.1619 550.5126 | 290.1774 341.3387 470.9097 | 209.6610 247.3186 343.1209 
I | 64.1787 75.6920 105.2542 | 54.6901 64.6143 90.1665 | 39.5053 46.8376 65.8221 
175.2869 206.1532 284.5004 | 149.3326 175.8930 243.4693 | 107.8945 127.4680 177.5051 
342.3214 402.0989 553.1437 | 291.5933 342.9935 473.1632 | 210.6874 248.5213 344.7673 


Table 7.2 


Values of frequency parameter for C-C annular plate for K = 0.02 and є - 0.3 


7 
-0.5 0.0 
je (Шак, 
Ба -0.5 0.0 1.0 -0.5 0.0 1.0 

І 37.8156 42.7824 56.1504 | 32.0185 36.2840 47.7819 | 22.8262 25.9555 34.4156 

II 91.9773 107.6413 147.8245 | 77.8824 91.2859 125.7460 | 55.6051 65.3696 90.5877 

| Ш | 177.9185 209.2846 289.1151 | 150.6960 177.5143 245.9187 | 107.6651 127.1824 177.1836 

I 38.6284 43.5827 56.9630 | 32.7041 36.9597 48.4698 | 23.3098 26.4334 34.9046 

П 92.5998 108.2994 148.6034 | 78.4078 91.8424 126.4069 | 55.9790 65.7666 91.0618 

Ш | 178.4839 209.9087 289.9040 | 151.1751 178.0440 246.5905 | 108.0087 127.5634 177.6696 

І 39.4099 44.4382 58.0207 | 33.3592 37.6783 49.3619 | 23.7663 26.9363 35.5344 

П 93.4910 109.3132 149.9389 | 79.1605 92.6999 127.5403 | 56.5135 66.3774 91.8742 

Ш | 179.4305 210.9997 291.3664 | 151.9784 178.9712 247.8367 | 108.5849 128.2304 178.5709 

I 47.7819 55.3417 75.1201 | 40.5880 47.0902 64.1399 | 29.1298 33.9136 46.5139 

0.5| Il 125.7460  147.6540 203.5031 | 106.8075 125.6050 173.6360 | 76.7180 90.4895 125.8440 
L Ш |245.9187 289.1438 398.7332 | 208.8860 245.9466 340.1179 | 150.0839 177.2071 246.4341 
I 48.4608 56.0553 75.9333 | 41.1687 47.6936 64.8299 | 29.5406 34.3417 47.0068 

||| 126.4069 148.3905 204.4459 | 107.3676 126.2302 174.4388 | 77.1190 90.9383 126.4235 

Ш |246.5905 289.9100 399.7450 | 209.4576 246.5995 340.9823 | 150.4965 177.6796 247.0628 

I 49.3619 57.0627 77.2442 | 41.9192 48.5430 65.9401 | 30.0677 34.9409 47.7972 

ll 127.5403 149.7011 206.2085 | 108.3279 127.3424 175.9395 | 77.8050 91.7353 127.5058 

Ш | 247.8367 291.3582 401.7041 | 210.5181 247.8336 342.6560 | 151.2614 178.5721 248.2795 

І 64.1399 75.1547 103.6711 | 54.6686 64.1681 88.8247 | 39.5058 46.5325 64.8655 

II 173.6360 204.0437 281.3213 | 147.9314 174.0987 240.7551 | 106.8944 126.1801 175.5393 

Ш | 340.1179 399.4356 549.3709 | 289.7134 340.7185 469.9320 209.3278 246.8704 342.4085 

І 64.8299 75.9118 104.6202 | 55.2525 64.8101 89.6328 | 39.9209 46.9906 65.4470 

1.0) I 174.4388 204.9628 282.5400 | 148.6141 174.8814 241.7962 | 107.3858 126.7451 176.2955 
Ш | 340.9823 400.4347 550.7 109 | 290.4510 341.5720 471.0798 | 209.8630 247.4912 343.2475 

І 65.9401 77.1912 106.3375 | 56.1905 65.8935 91.0940 40.5853 47.7617 66.4969 

2.01 II 175.9395 206.7084 284.9029 | 149.8896 176.3675 243.8143 | 108.3025 127.8166 177.7602 
III | 342.6560 402.3838 553.3508 | 291.8790 343.2372 473.3409 | 210.8983 248.7016 344.8995 


Table 7.3 
Values of frequency parameter for C-C annular plate for К = 0.0 and z = 0.5 


T 
-0.5 0.0 


0.0 1.0 -0.5 0.0 1.0 


61.0806 73.6805 | 107.1775 | 50.5270 61.0039 88.8951 34.4836 41.7074 
168.8308 203.7590 296.4430 | 139.6976 168.7282 245.8553 | 954255 1 15.4327 
Ш | 331.3912 400.0293 582.0197 | 274.2416 331.2798 482.6829 | 187.4063 226.7089 


I 61.2668 73.9034 107.4971 | 50.6803 61.1876 89.1591 34.5870 41.8316 
169.0784 204.0572 296.8747 | 139.9023 168.9749 246.2130 | 95.5651 115.6011 
| 331.6643 400.3580 582.4953 |274.4678 331.5524 483.0778 | 187.5613 226.8959 


u A ШИЕ они 
-0.5 0.0 1.0 


60.9914 
168.7152 
331.2676 


61.1709 
168.9603 
331.5393 


61.6371 74.3467 108.1329 | 50.9850 61.5529 89.6844 | 34.7928 42.0788 
2.0 II | 169.5724 204.6521 297.7361 | 140.3107 169.4670 246.9268 | 95.8434 115.9371 
Ш | 332.2095 401.0145 583.4454 | 274.9197 332.0967 483.8665 | 187.8708 227.2693 


I 88.8951 107.2912 156.2404 | 73.6658 88.9892 129.8186 | 50.4529 61.0555 
0.5) H |245.8553 296.6008 431.1730 | 203.7435 245.9860 358.1435 | 139.6019 168.8048 
Ш | 482.6829 582.1937 845.7118 | 400.0145 482.8273 702.3736 | 274.1394 331.3668 


ーーー ト ー 


89.1591 107.6079 156.6965 
246.2130 297.0313 431.7954 
483.0778 582.6687 846.3980 


73.8837 89.2508 130.1962 | 50.6006 61.2334 
204.0397 246.3428 358.6601 | 139.8044 169.0492 
400.3421 485.2216 702.9440 | 274.3645 331.6381 


89.6844 108.2380 157.6041 
246.9268 297.8902 433.0373 
483.8665 583.6175 847.7688 


74.3171 89.7713 130.9479 
204.6307 247.0545 359.6908 
400.9965 484.0093 704.0834 


50.8946 61.5873 
140.2084 169.5366 
274.8140 332.1798 


129.8186 156.7721 228.5640 
358.1435 431.8937 627.3487 
702.3736 846.5019 1227.6890 


107.7691 130.2603 190.2499 
297.2548 358.7421 521.8922 
582.9121 703.0297 1021.0736 


SSS LVS San eee VYY 


74.0711 89.6889 
204.3010 246.9401 
400.6280 483.8747 


130.1962 157.2261 229.2210 
358.6601 432.5148 628.2453 
702.9440 847.1874 1228.6776 


108.0815 130.6363 190.7955 
297.6832 359.2576 522.6377 
583.3859 703.5995 1021.8963 


74.2840 89.9458 


0.5 |1.0| I 


400.9543 


108.7032 131.3848 191.8813 
298.5380 360.2863 524.1251 
584.3323 704.7377 1023.5397 


130.9479 158.1299 230.5288 
359.6908 433.7542 630.0345 
704.0834 848.5567 1230.6523 


74.7078 90.4572 
205.1812 248.0012 
401.6061 485.0524 


2.0 


204.5949 247.2944 
484.2676 


61.5281 
169.4491 
332.0818 


89.3850 
246.5283 
483.4231 


89.6431 
246.8832 
483.8164 


90.1567 
247.5915 
484.6021 


131.4620 
360.3505 
704.7898 


131.8366 
360.8644 
705.3586 


132.5823 
361.8898 
706.4946 


м 
= y 


Р 


Table 7.4 
Values of frequency parameter for C-C annular plate for К = 0.02 and 2 = 0.5 


-0.5 0.0 1.0 


u |  . S 


0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 


76.4722 109.1020 | 53.3013 63.3168 90.4923 | 36.3769 43.2886 62.0872 
И | 170.0759 204.7888 297.1474 | 140.7251 169.5786 246.4379 | 96.1274 116.0145 169.1151 
Ш |332.0281 400.5556 582.3794 | 274.7665 331 -7139 — 482.9800 | 187.7650 227.0059 331.4716 


I 64.9650 76.9864 109.6246 | 53.7415 63.7418 90.9248 | 36.6762 43.5779 62.3823 
IL | 170.4577 205.1980 297.6552 | 141.0405 169.9170 246.8586 96.3425 116.2457 169.4033 
IH | 332.3704 400.9415 582.8942 | 275.0498 332.0336 483.4073 | 187.9590 227.2252 331.7654 


I 65.4913 77.5609 110.3519 | 54.1753 64.2158 — 91.5260 | 36.9698 43.8992 62.7915 
і H | 171.0154 205.8457 298.5527 | 141.5015 170.4528 247.6022 | 96.6568 116.6115 169.9126 
T Ш | 332.9493 401.6258 583.8634 | 275.5294 332.6009 48421 17 | 188.2875 227.6144 332.3187 


І 90.4923 108.6159 157.1499 | 74.9897 90.0881 130.5743 | 51.3588 61.8089 89.9050 
H | 246.4379 297.0832 431.5040 | 204.2259 246.3857 358.4182 | 139.9335 169.0801 246.7180 
Ш | 482.9800 582.4397 845.8807 | 400.2604 483.0310 — 702.5137 | 274.3089 331.5074 483.5200 


І 90.9248 109.0727 157.7025 | 75.3472 90.4660 131.0323 | 51.6021 62.0664 90.2183 
H | 246.8586 297.5658 432.1621 | 204.5742 246.7857 358.9644 | 140.1719 169.3542 247.0935 
Ш | 483.4073 582.9415 846.5853 | 400.6148 483.4475 703.0993 | 274.5524 331.7940 483.9239 


1 91.5260 109.7660 158.6536 | 75.8434 91.0389 131.8201 | 51.9390 62.4562 90.7567 
II | 247.6022 298.4495 433.4210 | 205.1899 247.5179 360.0093 | 140.5930 169.8557 247.8115 
Ш | 484.2117 583.9033 847.9650 | 401.2822 484.2460 704.2461 | 275.0109 332.3431 484.7147 


І 130.5743  157.3985 228.9941 | 108.3963 130.7807 190.6079 | 74.5015 90.0466 131.7089 
H | 358.4182 432.1214 627.5055 | 297.4830 358.9314 522.0228 | 204.4589 247.0714 360.4413 
702.5137 846.6181 1227.7692 | 583.0285 703.1264 1021.1403 | 400.7089 483.9419 704.8364 


131.0323 157.9191 229.6969 | 108.7754 131.2120 191.1915 | 74.7601 90.3415 132.1098 
Il | 358.9644 432.7672 628.4191 | 297.9360 359.4675 522.7824 | 204.7699 247.4399 360.9651 
703.0993 847.3163 1228.7665 | 583.5150 703.7067 1021.9703 | 401.0440 484.3422 705.4102 


131.8201 158.8529 231.0254 
360.0093 434.0183 630.2164 
704.2461 848.6917 1230.7454 


109.4271 131.9854 192.2945 
298.8025 360.5059 524.2765 
584.4676 704.8500 


75.2045 90.8701 132.8673 
205.3643 248.1534 361.9951 
1023.6172 | 401.7001 485.1305 706.5488 


Table 7.5 
Values of frequency parameter for C-S annular plate for К = 0.0 and = = 0.3 
= 
— N 
-0.5 0.0 Шин” | 
~ H Ш 
LC | p |Моде -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 =l 
I 22.8811 26.6362 35.9913 | 19.1529 22.3279 30.2542 | 13.3457 15.6012 212555 
П 73.3806 86.1669 118.4813 | 61.9295 72.8286 100.4407 | 43.9243 51.8083 71.8800 
Ш | 153.0759 180.1092 248.5350 | 129.4428 152.5164 211.0530 | 92.1903 108.9288 151.5895 
I 23.2000 27.0125 36.5179 | 19.4181 22.6414 30.6950 | 13.5277 15.8174 21.5622 
||| 73.7874 86.6464 119.1468 | 62.2718 73.2326 101.0028 | 44.1655 52.0936 72.2789 
| HII ‚a 180.6430 249.2716 | 129.8273 152.9689 211.6787 | 92.4648 109.2525 152.0392 
I 23.8232 27.7480 37.5476 | 19.9361 23.2542 31.5566 | 13.8831 16.2397 22.1614 
||| 74.5929 87.5957 120.4652 | 62.9495 74.0322 102.1160 | 44.6426 52.6580 73.0687 
Ш | 154.4329 181.7046 250.7371 | 130.5917 153.8686 212.9233 | 93.0103 109.8961 152.9334 
І 30.2542 35.1598 47.3170 | 25.3828  29.5386  39.8578 | 17.7662 20.7298 28.1177 
П |100.4407 117.7873 161.5124 | 85.0281 99.8632 137.3503 | 60.6804 71.4833 98.9181 
Ш | 211.0530 247.8676 340.7516 | 178.9860 210.5047 290.2096 | 128.2155 151.2224 209.6714 
I 30.6950 35.6845 48.0689 | 25.7509 29.9777 40.4898 | 18.0210 21.0352 28.5611 
II | 101.0028 118.4502 162.4348 | 85.5020 100.4228 138.1307 | 61.0156 71.8801 99.4741 
Ш | 211.6787 248.6028 341.7656 | 179.5168 211.1291 291.0723 | 128.5959 151.6708 210.2936 
I 31.5566 36.7102 49.5375 | 26.4703 30.8359 41.7242 | 18.5190 21.6319 29.4269 
š П | 102.1160 119.7635 164.2626 | 86.4404 101.5312 139.6769 | 61.6791 72.6658 100.5754 
Ш | 212.9233 250.0656 343.7834 | 180.5724 212.3710 292.7888 | 129.3523 152.5626 211.5312 
I БЕ 46.2108 61.8689 | 33.5092 38.9002 52.2115 | 23.5489 27.4063 36.9654 
| | 137.3503 160.8394 219.8719 | 116.6415 136.7984 187.5838 | 83.7716 98.5517 135.9808 
ШГ | 290.2096 340.1811 465.8317 | 246.8385 289.7545 397.9150 | 177.8644 209.3870 289.2038 
І 40.4898 46.9741 62.9993 | 34.0392 39.5416 53.1655 | 23.9190 27.8561 37.6398 
II | 138.1307 161.7610 221.1582 | 117.3008 137.5778 188.6737 | 84.2399 99.1065 136.7600 
Ш | 291.0723 341.1945 467.2288 | 247.5715 290.6165 399.1053 | 178.3918 210.0084 290.0650 
41.7242 48.4637 65.2006 | 35.0742 40.7934 55.0231 | 24.6415 28.7336 38.9532 
139.6769 163.5873 223.7076 | 118.6067 139.1221 190.8338 | 85.1670 100.2055 138.3039 
292.7888 343.2111 470.0095 | 249.0300 292.3315 401.4742 | 179.4407 211.2444 291.7786 


-0.5 


Table 7.6 


-0.5 E 0.0 
| u 
Mode| -0.5 0.0 1.0 -0.5 0.0 1.0 


І 30.4134 33.2983 41.1144 | 25.4675 27.9200 34.5657 
П 76.0096 88.4034 120.0983 | 64.1326 74.7055 101.8017 
Ш | 154.3466 181.1845 249.3067 | 130.5076 153.4186 211.7022 


І | 31.3663 34.2476 42.0954 | 26.2640 28.7144 35.3888 
П 76.6844 89.1117 120.9303 | 64.6994 75.3015 102.5039 
Ш | 154.9354 181.8323 250.1254 | 131.0049 153.9669 212.3969 


I 32.1792 35.1478 43.2454 | 26.9401 29.4647 4 
.3163 | 65.4686 76.1794 103.6740 


0.5 


2.0| II 77.5992 90.1544 122.3 
ш | 155.8989 182.9453 251.6278 | 131.8201 154.9097 213.6726 
І 34.5657 38.9222 50.1613 | 29.0015 32.7006 42.2545 
051 H 101.8017 118.9466 162.3547 | 86.1776 100.8438 138.0649 


2.0 


0.5 


HI |211.7022 248.4191 341.1507 | 179.5350 210.9717 290.5485 


I 35.3888 39.7836 51.1696 
П 102.5039 119.7290 163.3640 
212.3969 249.2130 342.2071 


29.6902 33.4225 43.1025 
86.7697 101.5044 138.9190 
180.1241 211.6457 291.4472 


36.3514 40.8944 52.6965 
103.6740 121.0907 165.2269 
213.6726 250.7021 3442441 


30.4939 34.3519 44.3859 


181.2060: 212.9100 


35.5236 40.6527 53.5365 
117.2498 137.3190 187.9661 
247.1276 290.0016 


42.2545 48.2933 63.4394 
H | 138.0649 161.4500 220.3190 
290.5485 340.4702 466.0429 


36.2349 


41.4517 


I 43.1025 49.2439 64.7094 54.6082 


II 138.9190 162.4347 221.6514 
Ш | 291.4472 341.5144 467.4625 


247.8914 290.8898 


2.0 


I 44.3859 50.7733 66.9352 | 37.3109 42.7368 56.4865 


H | 140.4950 164.2864 224.2193 
Ш |293.1799 343.5448 470.2533 


249.3637 292.6167 


87.7561 102.6537 140.4950 
293.1799 


398.0960 


117.9718 138.1521 189.0955 
399.3055 


119.3030 139.7180 191.2713 
401.6831 


Values of frequency parameter for C-S annular plate for К = 0.02 and e = 0.3 


17.7458 
45.4868 
92.9485 


19.5087 
53.1433 
109.5731 


24.2847 
72.8540 
152.0558 


18.2971 20.0601 ` 24.8594 
45.8870 53.5652 73.3530 
93.3034 109.9653 152.5551 
18.7607 20.5769 25.5286 
46.4289 54.1852 74.1834 
93.8852 110.6396 153.4716 
20.2953 22.9458 29.8064 
61.5079 72.1914 99.4374 
128.6134 151.5618 209.9192 


20.7737 
61.9282 
129.0361 


21.3296 
62.6262 


24.9610 
84.2161 


25.4580 
84.7302 


26.2088 
85.6757 


129.8115 


178.0776 


178.6277 


179.6868 


23.4490 
72.6611 
152.0463 


24.0948 
73.4763 


28.6380 
98.9333 


29.1984 
99.5276 


30.0990 


100.6423 
211.4553 


152.9544 


209.5698 


210.2106 


30.4017 
100.0470 
210.5677 


31.3016 
101.1698 
211.8172 


37.9013 
136.2629 
289.3384 


38.6589 
137.0713 
290.2140 


39.9866 
138.6267 
291.9340 


Table 7.7 
Values of frequency parameter for C-S annular plate for К = 0.0 and £ = 0.5 


І 43.0059 51.4716 73.6181 
H | 137.6838 165.7855 240.0190 
Ш | 286.6693 345.6656 501.7479 


35.2859 42.2627 60.5342 | 23.6864 28.4105 40.8091 
113.6435 136.9427 198.5647 | 77.2562 93.2373 135.6074 
236.9466 285.9151 415.6144 | 161.5485 195.2151 284.5888 


AS 


I 43.2157 51.7268 73.9977 
H | 137.9435 166.1002 240.4813 
Ш | 286.9522 346.0077 502.2477 


35.4577 42.4720 60.8462 | 23.8012 28.5507 41.0191 
113.8573 137.2020 198.9461 | 77.4008 93.4129 135.8663 
237.1804 286.1979 416.0279 | 161.7079 195.4080 284.8714 


I 43.6321 52.2334 74.7511 
П | 138.4612 166.7277 241.4032 
Ш |287.5171 346.6907 503.2456 


35.7987 42.8874 61.4654 | 24.0291 28.8289 41.4357 
114.2836 137.7190 199.7065 | 77.6892 93.7631 136.3825 
237.6472 286.7626 416.8536 — 195.7933 285.4358 


I 60.5342 72.3876 103.3284 
П | 198.5647 238.9272 345.4159 
415.6144 500.6737 725.3563 


49.7268 59.5060 85.0592 | 33.4584 40.0940 57.4690 
164.1527 197.6720 286.2149 | 111.9461 135.0130 196.0955 
344.0341 414.7427 601.7307 | 235.2550 284.0166 413.2612 


|2 


I 60.8462 72.7697 103.9049 
II | 198.9461 239.3897 346.0964 
Ш | 416.0279 501.1736 726.0865 


49.9829 59.8200 85.5340 | 33.6303 40.3052 57.7899 
164.4670 198.0535 286.7766 | 112.1592 135.2719 196.4776 
344.3761 415.1563 602.3353 | 235.4885 284.2993 413.6751 


І 61.4654 73.5277 105.0483 
П | 199.7065 240.3120 347.4533 
Ш | 416.8536 502.1718 727.5445 


50.4912 60.4429 86.4757 
165.0937 198.8140 287.8968 
345.0589 415.9821 


33.9715 40.7243 58.4263 
112.5839 135.7879  197.2393 
603.5426 | 235.9547 284.8636 414.5016 


I 85.0592 101.5994 144.6662 
П |286.2149 344.1404 496.7599 
601.7307 724.1783 1047.0980 


69.9506 83.6097 119.2106 | 47.1686 56.4549 80.7064 
236.9922 285.1771 412.2893 | 162.1412 195.4120 283.3997 
498.8387 600.7834 869.9408 | 342.1331 412.6519 599.2658 


85.5340 102.1854 145.5661 
286.7766 344.8223 497.7649 
602.3353 724.9091 1048.1654 


70.3412 84.0924 119.9532 | 47.4319 56.7809 81.2102 
237.4556 285.7399 413.1195 | 162.4559 195.7946 283.9652 
499.3391 601.3885 870.8252 | 342.4753 413.0660 599.8721 


86.4757 103.3474 147.3490 
287.8968 346.1818 499.7686 
603.5426 726.3684 1050.2969 


71.1158 85.0492 121.4246 | 47.9540 
238.3797 286.8620 414.7748 
500.3382 602.5967 


57.4273 82.2084 
163.0833 196.5574 285.0926 
872.5913 | 343.1585 413.8930 601.0827 


SELES jpam. ого! ы: 


Да w Р er — + 


Table 7.8 


Values of frequency parameter for C-S annular plate for К = 0.02 and = = 0.5 


gp 
-0.5 0.0 1.0 
H p p 
-0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
47.7936 55.5230 76.4895 | 39.2165 45.5912 62.8966 | 26.3249 30.6480 42.4017 
139.2244 167.0633 240.8980 | 114.9107 137.9945 199.2893 | 78.1176 93.9534 136.1023 
287.4093 346.2778 502.1675 | 237.5555 286.4192 415.9603 | 161.9636 195.5592 284.8256 
48.4772 56.1848 ^ 77.1621 39.7773 46.1345 63.4496 | 26.7008 31.0127 42.7741 
139.6490 167.5151 241.4548 | 115.2601 138.3666 199.7486 | 78.3545 94.2058 136.4143 
287.7725 346.6864 502.7128 | 237.8553 286.7567 416.4114 | 162.1680 195.7895 285.1340 
49.0926 56.8613 78.0367 | 40.2817 46.6894 64.1685 | 27.0382 31.3846 43.2580 
140.2440 168.2067 242.4209 | 115.7499 138.9364 200.5454 | 78.6860 94.5919 136.9554 
288.3763 347.4016 503.7328 | 238.3541 287.3478 417.2553 | 162.5079 196.1928 285.7108 
62.8966 74.3717 1047241 | 51.6677 61.1373 86.2082 | 34.7634 41.1924 582449 
199.2893 239.5288 345.8311 | 164.7510 198.1692 286.5585 | 112.3560 135.3541 196.3320 
415.9603 500.9605 725.5537 | 344.3200 414.9799 601.8942 | 235.4517 284.1801 413.3742 
63.4496 74.9571 105.4442 | 52.1219 61.6184 86.8013 | 35.0685 41.5162 58.6456 
199.7486 240.0560 346.5562 | 165.1296 198.6041 287.1572 | 112.6131 135.6496 :196.7395 
416.4114 501.4915 726.3053 | 344.6930 415.4192 602.5166 | 235.7065 284.4804 413.8004 
64.1685 75.7987 106.6457 | 52.7120 62.3100 87.7909 | 35.4647 41.9815 59.3143 
200.5454 241.0085 347.9340 | 165.7864 199.3896 288.2946 | 113.0584 136.1828 197.5131 
417.2553 502.5048 727.7737 | 345.3909 416.2575 603.7324 | 236.1831 285.0534 414.6328 
86.2082 102.5633 145.3448 | 70.8954 84.4029 119.7697 | 47.8049 56.9897 81.0844 
286.5585 344.4262 496.9580 | 237.2770 285.4143 412.4539 | 162.3378 195.5760 283.5139 
601.8942 724.3141 1047.1919 | 498.9745 600.8963 870.0190 | 342.2273 412.7304 599.3203 
86.8013 103.2485 146.3144 | 71.3832 84.9671 120.5697 | 48.1336 57.3708 81.6271 
287.1572 345.1388 497.9842 | 237.7711 286.0025 413.3017 | 162.6736 195.9762 284.0916 
602.5166 725.0597  1048.2696 | 499.4896 601.5136 870.9119 | 342.5798 413.1530 599.9325 
87.7909 104.4504 148.1247 | 72.1972 85.9568 122.0637 | 48.6823 58.0393 82.6406 
288.2946 346.5127 499.9978 | 238.7094 287.1365 414.9653 | 163.3109 196.7472 285.2247 
603.7324 726.5262 1050.4060 | 500.4959 602.7278 872.6821 | 343.2680 413.9841 601.1460 


Table 7.9 
Values of frequency parameter for C-F annular plate for К = 0.0 and = = 0.3 


-0.5 0.0 =] 1.0 


- ый Weis E 
< Mode| -0.5 0.0 1.0 05 0.0 1.0 -0.5 0.0 1.0 
І 5.9584 6.6888 8.4103 | 4.7964 5.2872 6.7804 | 3.0948 3.4793 4.3870 
0.5| H | 33.3063 38.6357 51.7816 | 27.7528 32.2360 433180 | 54.3784 64.0191 30.1872 


Ш | 91.3767 107.1125 146.6703 | 76.9521 90.3337 124.0547 | 107.0435 126.3471 88.4322 


6.3168 7.1300 9.0797 5.0851 5.7429 7.3211 3.2812 3.7095 4.7380 
33.7629 39.1905 52.6072 | 28.1310 32.6957 44.0028 | 54.6583 64.3534 30.6568 
91.8560 107.6845 147.4872 | 77.3532 90.8125 124.7385 | 107.3448 126.7047 38.9103 


I 6.9779 7.9376 10.2817 | 5.6177 6.3943 8.2926 3.6253 4.1311 5.3692 | 
2.0} II 34.6575 40.2766 54.2206 | 28.8717 33.5957 45.3415 | 55.2127 65.0158 31.5748 
Ш | 92.8061 108.8184 149.1068 | 78.1480 91.7613 126.0942 | 107.9440 127.4160 89.8578 


I 6.7804 7.6019 9.5575 
0.5| H 43.3180 50.1131 66.7981 
Ш | 124.0547 145.1228 197.8953 


5.4579 6.1218 7.7028 
36.1870 41.9179 56.0175 
104.8024 122.7815 167.9274 


3.5214 3.9528 4,9809 
25.1462 29.2036 39.2255 
74.5291 87.5740 120.4936 


І 7.3211 8.2693 10.5767 | 5.8939 6.6604 8.5266 3.8036 4.3019 5.5163 
0 |1.0| H | 44.0028 50.9529 68.0739 | 36.7545 42.6142 57.0763 | 25.5343 29.6804 39.9525 
Ш | 124.7385 145.9413 199.0721 | 105.3744 123.4662 168.9116 | 74.9283 88.0521 121.1809 


UCU UU UU UU UU UY 


`x 


І 8.2926 9.4543 12.3358 | 6.6777 7.6174 9.9497 
2.0| I 45.3415 52.5925 70.5566 | 37.8638 43.9737 59.1376 
Ш | 126.0942 147.5640 201.4050 | 106.5082 124.8235 170.8626 


4.3111 4.9227 6.4426 
26.2930 30.6117 41.3687 
75.7193 88.9995 122.5431 


> 


S555 


| 7.1028 8.6468 10.9345 | 6.1985 6.9607 8.8081 
051 Il | 56.0175 64.6267 85.6848 | 46.9005 54.1867 72.0184 
Ш | 167.9274 196.0370 266.1923 | 142.3311 166.4062 226.6407 


3.9971 4.4914 5.6904 
32.7521 37.9271 50.6530 
101.8844 119.4802  163.7272 


І 8.5266 9.6671 12.5024 | 6.8632 7.1844 10.0756 
0.5 |1.0| Il 57.0763 65.9396 87.7265 | 47.7874 55.2758 73.7140 
168.9116 197.2191 267.9051 | 143.1538 167.3941 228.0711 


4.4276 5.0256 6.5142 
33.3535 38.6742 51.8194 
102.4581 120.1692 164.7238 


8.0124 9.1850 12.1476 
49.4970 57.3927 76.9927 
144.7846 169.3525 230.9061 


9.9497 11.4000 15.0616 
59.1376 68.4901 91.6712 
170.8626 199.5624 271.2998 


5.1730 5.9355 7.8646 
34.5252 40.1275 54.0776 
103.5952 121.5347 166.6991 


Table 7.10 
Values of frequency parameter for C-F annular plate for К = 0.02 and 2 = 0.3 


-0.5 | 1.01 H 40.0099 44.6538 56.7489 | 33.2839 37.2103 47.4359 | 23.0080 25.7895 33.0475 
Ш | 94.2297 109.7049 148.9522 | 79.3304 92.4977 125.9637 | 56.0550 65.5473 89.7833 


aM [ 
06 

i A -0.5 0.0 1.0 
lr پر‎ = 

>. La | р [Mode] -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
RM 1 | 22.4321 22.6284 23.1731 | 18.0900 18.2495 18.6961 | 11.6733 11.7872 12.0970 
Т” 051 И | 39.0422 43.6486 55.5803 | 32.4857 36.3796 46.4675 | 22.4602 252187 32.3810 
| ) Ш | 93.5288 108.9439 147.9980 | 78.7450 91.8614 125.1651 | 55.6450 65.1015 89.2236 
= Г | 23.6353 23.8561 24.4840 | 19.0641 19.2433 19.7581 | 12.3026 12.4306 12.7873 


| 24.3491 24.6291 25.4496 | 19.6415 19.8697 20.5432 | 12.6764 12.8378 13.3016 
2.01 I 41.0500 45.8616 58.4440 | 34.1438 38.2099 48.8410 | 23.5947 26.4727 34.0107 
Ш | 95.2715 110.9168 150.6280 | 80.2015 93.5114 127.3662 | 56.6631 66.2555 90.7640 


| 18.6961 19.0035 19.8558 | 15.0529 15.3061 16.0041 | 9.7051 9.8778 10,3457 
0.5| I 46.4675 52.8522 68.8664 | 38.8111 44.2031 57.7473 | 26.9844 30.8086 40.4468 
Ш | 125.1651 146.0704 198.5872 | 105.7371 123.5803 168.5123 | 75.2024 88.1512 120.9189 


I 19.7581 20.1218 21.1618 
0 |1.0| Il | 47.4359 53.9379 70.3249 
Ш | 125.9637 146.9868 199.8354 


15.9103 16.2099 17.0617 | 10.2596 10.4637 11.0343 
39.6143 45.1039 58.9585 | 27.5373 31.4288 41.2810 
106.4057 124.3475 169.5568 | 75.6711 88.6888 121.6500 


I | 20.5432 21.0308 22.4582 
20| п | 48.8410 55.6303 72.8383 
= 127.3662 148.6493 202.1970 


16.5466 16.9477 18.1162 
40.7783 46.5068 61.0447 
107.5788 125.7383 


10.6742 10.9458 11.7265 
28.3335 32.3898 42.7142 
171.5320 | 76.4903 89.6602 123.0297 


I 16.0041 16.4793 17.7866 
051 I 57.7473 66.1318 86.8256 
Ш | 168.5123 196.5383 266.5617 


12.8777 13.2650 14.3272 
48.3614 55.4515 72.9794 
142.8286 166.8332 226.9564 


8.2994 8.5556 9.2535 
33.7807 38.8255 51.3393 
102.2496 119.7947 163.9612 


I 17.0617 17.6593 19.3574 | 13.7320 14.2191 15.5993 
0.5/1.0} I 58.9585 67.5753 88.9626 | 49.3669 56.6502 74.7551 
Ш | 169.5568 197.7721 268.3124 | 143.7026 167.8651 228.4191 


18.1162 18.9515 21.3554 | 14.5874 15.2681 17.2230 
61.0447 70.1434 92.9129 | 51.0969 58.7814 78.0381 
171.5320 200.1358 271.7219 | 145.3538 169.8408 231.2667 


8.8533 9.1755 10.0827 
34.4723 39.6504 52.5628 
102.8609 120.5160 164.9817 


j 


353333133313 


9.4122 9.8618 11.1473 
35.6582 41.1135 54.8238 
104.0129 121.8942 166.9663 


A 


Table 7.11 
Values of frequency parameter for C-F annular plate for K = 0.0 and = = 0.5 


11 d. 
-0.5 0.0 1.0 
In H [EN шин»: | 
p |Mode -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
I 10.7766 12.5468 16.9775 8.5941 10.0085 13.5494 5.4535 6.3541 8.6102 
10,5 II 62.2031 74.2442 105.5493 | 50.8748 60.7645 86.5034 | 33.9588 40.6152 57.9760 
Ш 170.9384 205.5561 296.7110 | 140.8774 169.5323 245.0760 | 95.5095 1 15.1068 166.8958 
I 11.0616 12.9052 17.5461 8.8218 10.2949 14.0043 5.5984 6.5366 8.9003 
-0.5|1.0| II 62.5383 74.6617 106.1998 | 51.1475 61.1041 87.0329 | 34.1389 40.8396 58.3263 
Ш 171.2639 205.9553 297.3127 | 141.1435 169.8587 245.5679 | 95.6872 115.3247 167.2242 
І 11.6091 13.5912 18.6247 9.2592 10.8432 14.8672 5.8769 6.8860 9.4512 
2.0| II 63.2033 75.4896 107.4888 | 51.6885 61.7778 88.0822 | 34.4962 41.2848 590205 
| | 171.9129 206.7514 298.5126 | 141.6742 170.5096 246.5486 | 96.0415 115.7593 167.8790 
І 13.5494 15.7532 21.2700 10.8051 12.5653 16.9729 6.8562 7.9764 10,7828 
0.5| U 86.5034 103.1015 146.1505 | 70.8433 84.4936 119.9339 | 47.4111 56.6225 80.5877 
Ш | 245.0760 294.3972 424.0398 | 202.3044 243.2002 350.8259 | 137.6001 165.6654 239.7052 
I 14.0043 16.3273 22.1885 11.1686 13.0243 17.7076 7.0876 8.2689 11.2516 
0 |1.0| H 87.0329 103.7642 147.1940 | 71.2740 85.0328 120.7835 | 47.6958 56.9791 81.1501 
Ш |245.5679 295.0015 424.9541 | 202.7064 243.6940 351.5728 | 137.8683 165.9949 240.2033 
I 14.8672 17.4110 23.9012 | 11.8583 13.8908 19.0781 7.5271 8.8214 12.1267 
2.0| II 88.0822 105.0768 149.2585 | 72.1278 86.1011 122.4646 | 48.2601 57.6857 82.2633 
Ш | 246.5486 296.2066 426.7771 | 203.5079 244.6787 353.0619 | 138.4032 166.6520 241.1965 
I 16.9729 19.7181 26.6027 | 13.5333 15.7253 21.2235 8.5852 9.9793 13.4775 
0.5| I 119.9339 142.7363 201.7382 | 98.3481 117.1241 165.7561 | 65.9854 78.6868 111.6502 
350.8259 420.9758 605.0369 | 290.0789 348.3470 501.4188 | 197.9583 238.0867 343.7650 
17.7076 20.6497 28.1072 | 14.1205 16.4700 22.4267 8.9592 10.4538 14.2450 
0.5 120.7835 143.8055 203.4410 | 99.0395 117.9945 167.1430 | 66.4427 79.2628 112.5690 
351.5728 421.8952 606.4336 | 290.6888 349.0977 502.5586 | 198.3650 238.5871 344.5240 
19.0781 22.3752 30.8475 15.2161 17.8498 24.6195 9.6575 11.3338 15.6451 
122.4646 145.9197 206.8025 | 100.4078 119.7158 169.8814 | 67.3479 80.4022 114.3841 
353.0619 423.7283 609.2179 | 291.9051 350.5946 504.8311 | 199.1758 239.5848 346.0374 


y» 


133212223; 


Table 7.12 
Values of frequency parameter for C-F annular plate for К = 0.02 and = = 0.5 


patente 


n 
05 0.0 1.0 
| | m 
ee -0.5 0.0 1.0 -0.5 0.0 1.0 -0.5 0.0 1.0 
I | 24.5563 25.3753 27.8191 | 19.5884 20.2454 22.2041 | 124302 12.8534 14.1099 
0.5! 1 | 65.6659 77.1606 107.6095 | 53.6958 63.1420 88.1852 | 35.8415 422041 591030 
| Ш | 172.1921 206.5968 297.4288 | 141.9051 170.3860 245.6656 | 96.2061 115.6863 1672972 
Г | 25.7398 26.5759 29.0976 | 20.5340 21.2049 23.2264 | 13.0313 13.4638 14.7615 
lO H | 66.3515 77.8748 108.4705 | 54.2536 63.7233 88.8864 | 362118 42.5899 59,5682 
| Ш | 172.6521 207.1078 298.1076 | 142.2814 170.8040 246.2208 | 96.4585 115.9665 167.6687 
Г | 26.4848 27.4025 30.1995 | 21.1304 21.8669 24.1094 | 13.4118 13.8867 15.3265 
201 И | 67.1610 78.8238 109.8434 | 54.9119 64.4953 90.0040 | 36.6472 43.1007 60.3081 
Mu 173.3643 207.9563 299.3436 | 142.8638 171.4978 2472312 | 96.8479 116.4302 1683437 
| | 222041 23.6107 27.5945 | 17.7074 18.8331 22.0199 | 11.2347 119544 13.9887 
0.5| H | 88.1852 104.5146 147.1482 | 72.2189 85.6502 120.7516 | 48.3355 57.4009 | 81.1394 
Ш | 245.6656 294.8874 424.3793 | 202.7902 243.6044 351.1063 | 137.9327 165.9427 239.8981 
| | 23.2264 24.6936 28.9003 | 18.5239 19.6985 23.0642 | 11.7541 12.5053 146547 
о |10| п | 88.8864 105.3215 148.2931 | 72.7900 86.3075 121.6843 | 48.7144 578368 81.7579 
246.2208 295.5444 425.3301 | 203.2444 244.1417 351.8833 | 138.2367 166.3019 240.4169 
24.1094 25.7527 30.5120 | 19.2307 20.5464 243552 | 122053 13.0470 15.4803 
90.0040 106.6908 150.3962 | 73.6995 87.4220 123.3969 | 493161 58.5743 828922 
247.2312 296.7741 427.1700 | 204.0702 245.1466 353.3863 | 138.7882 166.9728 241.4197 
22.0199 24.1992 30.0750 | 17.5575 19.2989 23.9935 | 11.1373 12.2465 152362 
120.7516 143.4240 202.2253 | 99.0194 117.6891 166.1569 | 66.4393 79.0694 1119223 
351.1063 421.2094 605.1995 | 290.3111 348.5407 501.5538 | 198.1189 2382209 343.8588 
23.0642 25.3931 31.7555 | 18.3918 20.2531 25.3376 | 11.6684 12.8544 16.0935 
121.6843 144.5628 203.9770 | 99.7789 118.6166 167.5839 | 66.9426 79.6840 112.8684 
351.8833 422.1539 606.6136 | 290.9460 349.3122 502.7081 | 198.5428 238.7356 344.6279 
243552 27.0157 34.3624 | 19.4248 21.5516 27.4246 | 12.3276 13.6835 17.4272 
123.3969 146.7029 207.3559 | 101.1730 120.3592 170.3365 | 67.8652 80.8378 114.6931 
353.3863 423.9987 609.4060 | 292.1738 350.8187 504.9872 | 199.3616 239.7400 346.1459 
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CHAPTER VIII 


EFFECT OF PASTERNAK FOUNDATION ON AXISYMMETRIC 
VIBRATION OF NON-HOMOGENEOUS NON-UNIFORM POLAR 
ORTHOTROPIC ANNULAR PLATE 


1. INTRODUCTION 

Due to the desirability of lightweight and high performance characteristics, circular/annular 
plates of composite material are being widely used in various engineering applications. Plates 
on elastic foundation are of great practical interest in connection with reinforced concrete 
pavements of highways, airport runways, building footings, design of storage tanks, deep sea 
pressure vessels and machine bases etc. To fill up the important deficiency regarding 
discontinuity of displacement in Winkler model, various other models such as Hetenyi. 
Reissner, Vlasov and Pasternak etc. have been proposed in the literature. An excellent 
discussion on foundation models is given by Kerr[1964]. Of these, Pasternak model provides a 
better approximation as it takes into account, not only its transverse reaction but also the shear 


interaction between spring elements. 


In the recent past, vibration problems with regard to plates having uniform / variable thickness 


АМА АЛИ у У у 


resting on Pasternak foundation have attracted research workers due to their important role in 


"の 


foundation engineering and also due to the availability of various numerical techniques and 
computational facilities. Wang et al.[1997] obtained natural frequencies of isotropic Reddy 
plates on a Pasternak foundation. Omurtag and Kadioglu[1998] carried out free vibration 
analysis of orthotropic Kirchhoff rectangular plates resting on Pasternak foundation by finite 


element method. Shen et al.[2001] presented free and forced vibration analysis of moderately 
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thick isotropic rectangular plates with free edges resting on Pasternak type elastic foundation 
employing Rayleigh-Ritz method. Malekzadeh and Karami[2004] obtained a differential 
quadrature method(DQM) solution for free vibration analysis of isotropic non-uniform thick 
plates resting on Pasternak foundation. Zhou et al.[2006] in their recent paper, presented three 
dimensional free vibration analysis of thick isotropic circular plates on Pasternak foundation. It 
shows that no work has been done to study the effect of Pasternak foundation on the natural 


frequencies of polar orthotropic annular plates of variable thickness. 


In this chapter, axisymmetric vibrations of non-homogeneous polar orthotropic annular plates 
of variable thickness resting on a Pasternak type elastic foundation have been studied on the 
basis of classical plate theory. Hamilton's energy principle has been used to derive the 
governing differential equation of motion. Frequency equations for an annular plate for two 
different combinations of edge conditions have been obtained employing Chebyshev 
collocation technique. Numerical results, thus obtained, have been presented in the form of 
tables and graphs. The effect of foundation parameters and thickness variation together with 
various plate parameters such as rigidity ratio, radii ratio, taper parameter on natural 
frequencies has been investigated for the first three modes of vibration. Mode shapes for 


specified plates have also been presented. 


2. EQUATION OF MOTION 

Consider a non-homogeneous polar orthotropic annular plate of inner and outer peripheral radii 
b and a, respectively, thickness h(r) and density p(r) resting on Pasternak foundation with 
spring and shear stiffness Ky and Су, respectively, referred to cylindrical polar coordinate 
system (г, 6 2). 
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Energy Variations 


The work done by the foundation is given by 


(кои +G, [2 ye | (8.2.1) 
Е дк 


1 а 
Mi untan = 2 | 


Applying Hamilton’s energy principle as in chapter УП and substituting W foundation (as given by 


relation (8.2.1)) in equations (7.2.2)-(7.2.9), small deflection axisymmetric motion of such a 
plate is governed by the equation 


DW = + ر‎ + + に D, ar 0 + о), snp Ю 2 = r G, J. г 
r Г. | (8.2.2 
2 ー7 の 。, +r VoD, -r6,) | 


3 
r 


у, +K,w+phw, =0, 
where a comma followed by a suffix represents the partial differentiation with respect to that 


variable and (0.0) = eE are the flexural rigidities of the plate, w the transverse 
- 0,00 


deflection, / the time, Ej, Eo, v, vo are respectively the Young's moduli and Poisson's ratios of 


the plate material in the proper directions with v, Ey = E, vo. 


For a non-homogeneous plate, equation (8.2.2) reduces to 


dE, з ФЕ, 120-04) з 6, gy 


: | 
+—|-E, +r(2+05) p 
f 5 : (8.2.3) 
ТЕ, A ФЕ 12 is | i ⁄ 
= E, do, ФЕ, Ar Ow 
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Introducing the non-dimensional variables х=^ ‚w= й h= 5 together with general 
a a a 

thickness variation along radial direction, i.e. 

h=h(l+ax"), (8.2.4) 


and exponential variation along radial direction in Young’s moduli and density to account for 


non-homogeneity of plate material, i.e. 


Е, = Бе“, Ер = Ее”, p= руе", (8.2 


їл 
~ 


equation (8.2.3) reduces to 


4 3 2 г 
ара прай раи (8.2.6) 
3 4 


P 
° A сале dx 


where, w(x,t) = W (x)e'" (for harmonic vibrations), @ is the radian frequency, Е, Е» аге 


Young's moduli and Ao is thickness of plate at the centre, z is the taper parameter, 


р, p= amu], 
x 


Р, = рН? +(2+v,)AH?x + (BH - Ge" |, 


HAC [pr = AH? )+ (v, BH – бе“ ју | { 
E: 


Р, = Ке – Q? Hex А 


[7 12 2 E, 
A= uH 43H', B=3(HH"-H'?)+ 4? , p= 
1 
G 3 
и как ' = f = E b; г И = А 
D, aD, 12(1-0,о, ) 


О? = 1214010,0) 5 
Е 


and oy is density at х- 0. 


Equation (8.2.6) together with boundary conditions at the edges x = £ and x = 1, where є = b/a, 


constitutes a two point boundary value problem in the range (51), which has been solved by 


Chebyshev collocation technique. 


3. METHOD OF SOLUTION : CHEBYSHEV COLLOCATION TECHNIQUE 
The range of the plate, namely є < x <1 is transformed to —1 < y € 1, which is the applicability 


range of the Chebyshev collocation technique by choosing a new independent variable 


ув {2x - 04 6)} (8.3.1) 


= E) 
and equation (8.2.6) reduces to 


Aw y 2 
E ьа Pe AAA (8.3.2) 
dy* š dy 3 + 


А 3 
dy ау" 


where, A,=£*"P,i=0,1,2,3,4 and &=2/(1-=). According to Chebyshev Collocation 


technique, assuming the highest order derivative of W. as the linear sum of Chebyshev 
polynomials (equation (7.3.3))、 
m-5 


W=c,+c,T, +суТ, +047) + У ca T, (8.3. 


k=0 


し っ 
м2 


where, сі, C2, сз and са are the constants of integration and 7,’ represents ће j” integral of Th. 


Substitution of W and its derivatives in equation (8.3.2) gives an equation in terms of the 778 


ыыы 


and c's. Satisfaction of this resultant equation at (71-4) collocation points given by 


ye zi zi 4), i=1,2,....m—4 (8.3.4) 
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provides a set of (m-4) equations in unknowns a; (j = 1, 2,..., m), which сап be written in 
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matrix form as 
ІСІН. (8.3.5) 
where, В and С" are matrices of order (m-4) x m and mx 1, respectively. 


4. BOUNDARY CONDITIONS AND FREQUENCY EQUATIONS 


By satisfying the relations 


11171777227 


dW 
W==—=0, for clamped edge and 
) dy 
азу iW 
W = E— + E. EL mi А for simply supported edge 
dy x dy 


a set of four homogeneous equations is obtained for (i) C-C (both the inner and outer edges 
clamped), (ii) C-S (clamped at the inner edge and simply supported at the outer). These 
equations together with the field equations (8.3.5) give a complete set of m equations in m 


unknowns, which for a C-C plate can be written as 


| E |990 | (8.4.1) 


B cc 


қалқы 


where В" is a matrix of order 4 x m. 


For a non-trivial solution of equation (8.4.1), the frequency determinant must vanish and hence 


0. (8.4.2) 


Similarly for C-S plate, frequency determinant can be written as 


| a en (8.4.3) 
P 


Хоа 
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5. NUMERICAL RESULTS AND DISCUSSION 

The frequency equations (8.4.2) and (8.4.3) have been solved to obtain the values of the 
frequency parameter Q for various values of plate parameters. In order to investigate the effect 
of non-homogeneity parameter и = -0.5(0.1)1.0, density parameter 7 = -0.5(0.1)1.0, taper 
parameter а = -0.5(0.1)0.5, rigidity parameter р = 0.5, 1.0, 2.0, 5.0, radii ratio e = 0.3(0.05)0.5 
on natural frequencies of C-C and C-S plates resting on Pasternak foundation with stiffness 
parameters К = 0(100)500 and С = 0(5)25 for vy = 0.3, numerical results have been computed 


for the first three modes of vibration for Linearly Varying Thickness (LVT) and Parabolically 


Varying Thickness (PVT) plates. 


To choose appropriate value of the number of collocation points m, convergence study was 
carried out for annular plates for different sets of plate parameters. Convergence graphs for C-C 
and C-S plates for ГУТ are shown in Figures 8.1(a,b) respectively for и = 1.0, 7] = -0.5, p = 0.5, 
€ = 0.5, а = 0.5, К = 200, С = 25. It is observed that m = 18 gives first three frequency 


parameters with at least four decimal accuracy. 


The results are presented in Tables (8.1-8.12) and Figures (8.2-8.9). Tables (8.1-8.12) present 


the first three frequency parameters Q of axisymmetric vibration for various values of plate 


parameters i.e. p = 0.5, 1.0, 2.0, а = -0.5, 0.0, 0.5, KÎ = 0, 200, G = 0, 10, 25 for three sets of 


non-homogeneity and density parameters д = -0.5, y = 1.0; = 1.0, у = -0.5; и = 0.0, n = 0.0 
and e = 0.3 and 0.5 for LVT as well as PVT plates for C-C and C-S boundary conditions. From 
these results, it is found that the values of frequency parameters €? are higher for LVT plate 
than those for PVT Plate for positive values of taper constant « keeping all other plate 


parameters constant, while the behaviour of О is just the reverse for negative value of a. 
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Figures 8.2(a,b,c) show the behaviour of frequency parameter О with non-homogeneity 


parameter u for 7 = -0.5, а = 0.5, є = 0.3, p = 5.0 for both LVT and РУТ plates vibrating in 
fundamental, second and third mode, respectively. Three groups of different foundation 
stiffness parameters, namely K = 0, G = ОЖК 500, С = 0 and K = 500, С = 25 have been 
considered for C-C and C-S plates. It is found that frequency parameter (2 increases with 
increasing value of д. The frequency parameter Q is found to increase with increasing value of 
foundation parameter К” (Winkler foundation stiffness) and also with that of parameter G 
(shear stiffness), for both C-C and C-S plates. The effect of foundation decreases with 
increasing value of non-homogeneity parameter и. The effect of К” on О decreases, while that 
of G increases with increasing order of modes. However, overall effect of Pasternak foundation 


is found to increase with increase in the number of modes. 


Figures 8.3(a,b,c) show the plots of first three frequency parameters (2 versus density parameter 
п for w= 1.0, a = 0.5, = 0.3, p = 5.0 and K` = 0, G = 0; K` = 500, G = 0; K = 500, G = 25 for 
both LVT and PVT plates. The frequency is found to decrease with increasing value of density 
parameter 7 for both the plates. The rate of decrease of Q increases with increase in the 


number of modes. 


Figures 8.4(a,b,c) show the effect of taper parameter a on frequency parameter О for д = 1.0, 
п = -0.5, є = 0.3, р = 5.0 for both ГУТ and PVT plates vibrating in fundamental, second and 
third mode respectively. The frequency parameter О is found to increase with increasing value 
of the taper parameter a except for C-S plate with К = 500, С = 25. In this case, О first 
decreases and then increases with a local minima in vicinity of a = -0.4. It is observed that Ој vr 


< Орут Юга € 0 while Ој yr > Qpyr for a > 0. The rate of increase of Q with а, becomes more 
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pronounced with increase in the number of modes. The effect of foundation parameter on © is 


found to decrease with increasing value of taper parameter а. 


Figure 8.5a depicts the variation of frequency parameter Q with rigidity parameter p for 
и= 1.0, ņ = -0.5, є = 0.3, a = 0.5, K' = 0, G = 0; KÎ = 500, G = 0; KÎ = 500, G = 25 for both 
LVT and РУТ plates vibrating in fundamental mode. The frequency is found to increase as the 
plate becomes more and more stiff in the tangential direction as compared to that in radial 
direction. The rate of increase of frequency parameter with increase in the value of p for LVT 
plate, is slightly higher than that for PVT plate. A similar inference is drawn in the case of the 


plate vibrating in second and third mode (Figures 8.5(b,c)). 


Figure 8.6 shows the behaviour of frequency parameter Q with radii ratio в for u= 1.0, 
п = -0.5, a = 0.5, р = 1.0, 5.0, К = 500 and G = 25 for fundamental mode of vibration for C-C 
and C-S plate. It is found that frequency parameter increases with increasing value of radii 
ratio. The rate of increase is more pronounced for large value of radii ratio (є > 0.5). The effect 


of rigidity decreases with increasing value of radii ratio. 


Figures 8.7(a,b,c) depict the effect of foundation parameter К’ on frequency parameter © for 
u= 1.0, 7 = -0.5, = 0.3, p = 5.0, a = 0.5 and G = 0. 25 for LVT and PVT plates vibrating in 
fundamental, second and third mode respectively. It is observed that frequency parameter 
increases linearly with increasing value of К’. The rate of increase in the value of Q with 
increase in К” for PVT plate is slightly more than that for LVT plate. The rate of increase 


decreases with the increase in the number of modes for both LVT and PVT plates. 


243 


Као ғ. 
FO A 


Figures 8.8(a,b,c) show the effect of shear stiffness foundation parameter G on frequency 


YYYY 


parameter Q for /= 1.0, 7 = -0.5, є = 0.3, p = 5.0, a = 0.5 and К” = 0, 500 for LVT and РУТ 


plates vibrating in fundamental, second and third mode, respectively. The frequency parameter 


A 


is found to increase linearly with increasing value of С. The rate of increase in the value of О 
with increase in G for PVT plate is slightly more than that for LVT plate. The rate of increase 
increases with the increase in the number of modes for both LVT and PVT plates. The natural 


frequencies obtained by Pasternak foundation model are higher than that for Winkler model. 


Figures 8.9(a,b) show the plots for normalised transverse displacements for д = 1.0, и = -0.5, 


& = 0.3, p= 5.0, а = -0.5, 0.5, K = 200 and С = 25 both for LVT and РУТ plates for the first 


А 


| 
) 


three modes of vibration for C-C and C-S plates respectively. The radii of the nodal circles 


decrease as the outer edge becomes thicker and thicker for both LVT and PVT plates. 


Table 8.13 shows the comparison of results for isotropic (p = 1.0)/polar orthotropic (p = 5.0) 


annular plates of uniform thickness(a = 0.0) resting on Winkler foundation(K = 0.01, К = 0.02; 


G = 0.0), where K= Ка nfi ,اغ‎ with solutions obtained by Verma[1987] using quintic 
p 


spline method. 
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Fig. 8.6 : Frequency parameter for plates vibrating in fundamental mode for u = 1.0, n = -0.5. 
1305 К =500, @=25. ECON Бк ‚ C-S plate. 
о, р=1.0; A,p=5.0. в, А, п= 1; ш, А,п=2. 
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CHAPTER IX 


EFFECT OF THERMAL GRADIENT ON AXISYMMETRIG 
VIBRATIONS OF NON-UNIFORM POLAR ORTHOTROPIG 
CIRCULAR PLATES WITH ELASTICALLY RESTRAINED EDGE 


1. INTRODUCTION 

The analysis of vibration of plates with elastically restrained edge is an important problem in 
aeronautical and naval structural engineering. In aircraft structures, individual plates are 
connected to other plates or stiffeners at their boundaries and thus they have elastic restraint at 
their edges. Thermally induced vibrations of non-uniform polar orthotropic circular plates are 
of great interest in air-craft, machine design and also in nuclear, astronautical and chemical 
engineering. In the presence of thermal gradient, elastic coefficients become functions of space 
variable, causing non-homogeneity in the material. Most of the engineering materials are found 
to have a linear relationship between modulus of elasticity and temperature (Nowacki[1962]. 
Fauconneau and Marangoni[1970]). Due to the increasing use of modern materials in structural 
components, various researchers have carried out a number of studies dealing with the effect of 
thermal gradient on vibration of isotropic/orthotropic plates of various geometries with 
uniform/non-uniform thickness. Irie and Yamada[1978] studied thermally induced vibration of 
elastically supported circular and annular plates. Ganesan and Dhotarad[1979] analysed the 
influence of thermal gradient on natural frequencies of tapered orthotropic plates. Gupta[1984] 
and Tomar and Gupta[1984a,1984b] investigated the effect of thermal gradient on non-uniform 
polar orthotropic circular and elliptic plates respectively. Gorman[1985a, 1985b] analysed 
thermal gradient effects upon the vibrations of composite circular plates. Rao et al.[1996] 


presented vibration analysis of a thermally stressed spinning plate using finite element method. 
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Li and Zhou[2001] used shooting method for non-linear vibration and thermal buckling of 
heated orthotropic circular plates. Arafat et al.[2004] analysed the vibration of circular and 


annular plates with clamped edges subjected to in-plane thermal loads. 


In this chapter, axisymmetric vibrations of polar orthotropic circular plates of quadratically 


varying thickness with restrained elastic edge subjected to constant thermal gradient have been 
discussed on the basis of classical plate theory. Ritz method has been employed to obtain 
approximate solution of the problem, where basis functions based upon the static deflection for 


isotropic plates have been used. The choice of this method has the advantage of high accuracy 


and computational efficiency, which greatly depends upon the nature of admissible functions. 


> 


The consideration of thermal gradient causes non-homogeneity i.e. variation in mechanical 


E 


properties of plate material. This variation has been taken into account by assum that 
Young's moduli of the plate vary linearly with radius vector. The first three natural frequencies 
have been obtained for different values of flexibility conditions and for classical edge 
conditions: clamped, simply supported and free. The effect of edge conditions and that of 
orthotropy, thermal gradient and thickness variation on the natural frequencies has been 
investigated for the first three modes of vibration. Normalised displacements for specified plate 
parameters have been drawn for all the plates. Results for linear as well as parabolic thickness 
variation have been obtained as special cases. Comparison studies have been carried out which 


establish the accuracy of present method. 


2. BASIC PLATE EQUATION 
Consider a thin circular plate of radius a, thickness h(r), density р, elastically restrained against 


translation and rotation by springs of stiffness k and ky, referred to cylindrical polar coordinates 
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(r, 6, z), where the axis of the plate is taken as the line r = 0 and its middle surface as the plane 


z = 0. Let the plate be subjected to a steady one-dimensional temperature distribution 7. 


Energy expressions 


The strain-displacement relations, stress-strain relations and moment resultants per unit length 


are obtained following equations (6.2.1)-(6.2.3). 


The total kinetic energy which results from vertical displacement of the elements of the plate, is 


given by 


(2) rdzdrdO . (9.2.1) 
„2 


に た た た た た た な た た た ん た ん / 


i". 


IES rdrdó . (9.2.2) 
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The bending strain energy of the plate is defined by 


zahl? 


u, =L | 10 0,€, +0,€, Jr dz dr dO . 


AA 


Substituting the values of £, єр and or, og from equations (4.2.2) and (6.2.1), we get 


|224 2} 90°» (1 д» 1 a 
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where, D. = ニーーー ジ ーーーー- 
12(1- oo ) 


> are flexural rigidities of the plate, Ej, Ep, Ur, 09 
12(1—v,v,) 


are respectively the Young’s moduli and Poisson’s ratios of the plate material in the proper 


directions with о, Eg = E, ug. 


In the case of elastic restraint against rotation at the boundary, the strain energy Шер stored in 


the plate during vibration is given by(Szilard[1974], pp 219) 


where, 1/k, is the rotational flexibility of the springs and n represents the outward normal to the 


boundary. The above expression can be written as 


2л 2 , 
Ui = ak, (2) 40. (9.2.4) 


The strain energy due to elastic restraint against translation at the boundary 15 


U => w kas 5 


where, k is the translational flexibility of the springs, which becomes 


A 


27 
л = al [w*(a,0) 40. (9.2.5) 
0 


The total potential energy of the plate is U = Ug+ Оек+ Оет. Thus, 


ду 4 ду 1 ôw 1 aw) 
2v, ——| == |- D, == | |rardd 
al > i & Or? 5 J ( J | 


1 ów(a, 0) 5 ПЕР: 2 
© || = | өза (а,0) d0. 


(9.2.6) 
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For harmonic vibrations, the transverse deflection can be written as 
w(r.r) - W(r)sinot , (92.7) 
where, W(r) is the shape function and.@ is the circular frequency in radians per second. 


Substituting for w from equation (9.2.7) in (9.2.2), the kinetic energy will be 


27 a 


1 2 2 2 
= 30% cos a | ША) dO . 
0 0 


Hence, the maximum kinetic energy of the plate is given by 


27 a 


йы ТЕ Yo | ре rdrdó . (9.2.8) 
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x 


Similarly, the maximum potential energy of the plate is given by 


| zu z E 24] š 
с == 20 за + D,| -— rdrd@ 
2 тр E D. ° ar? Vr or | Ar ar (9.2.9) 


І a. 0) TER 
+> ak, ја ler (а,0) ад. 


いい 


3. METHOD OF SOLUTION : RITZ METHOD 


Ritz method requires that the functional 


: а +d, 2) r dr dà (9.3.1) 
в Xr Or r Or 


AAA 


J(W) =0, - T, 


max max 


Jet) 


2 | „та nee aee T ад +— тас |н («.8)d8——7 po’ ША „4-40, 


Pt 
mi be minimized. 
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Now, we approximate transverse deflection W in terms of a set of linearly independent 
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coordinate functions, which satisfy boundary conditions of the problem. Тһе choice of basis 


7 


functions to approximate the deflection using Ritz method has its own significance. The 


1 


ず / 


deflection function assumed here is based upon the static deflection for isotropic circular plates. 


5 я 5 я == MY r е Р 
Introducing non-dimensional variables W = —, В = — , and considering the thickness 
а а 


variation as h = h, ( + aR + BR? ), the temperature distribution is given by 


AAA 


T =T,(1—R), (9.3.2) 


М 


» 


where ho is the thickness of the plate at its centre, 7 is the temperature excess above the 


4 


reference temperature at any point К, То is Ше temperature excess at the centre R = 0 above Ше 


reference temperature at any point on the boundary of the plate. For most engineering 


materials, the temperature dependence of the modulus of elasticity is given by a relation of the 


US 


type 


Е (T)- E (l- y T) and E,(T)= Е,(1- ут). (9.3.3) 


» 


| wu 
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Using (9.3.2), relations (9.3.3) reduce to 


- 


Me 
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E,(T)= E,(1-G(1-R)) and Е,(г)-Е,(-<(-8). (9.3.4) 


し 


Assume the deflection function as 


5 


с. W-Y AF(R)-Y Aca n +BR)R , (9.3.5) 
4 1=0 1=0 
Е | where, A; are undetermined coefficients , с, В; are unknown constants. 
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As each co-ordinate function has to satisfy elastically restrained against rotation and translation 


conditions at the boundary, then 


aw (1) _ ‚| CW 1 dW 
ea А Fr | "d 
= | d(d'W 1 aw 
КИП)-П і — 5 29). 
Фоча) БЕ UR dR І. ӨЗІ 


The unknown constants 0), 3; are determined using these boundary conditions, which give 


_ 523512 7 515» 513521 — 553511 


p, = 


1 


2 2 
52251 — 521512 52251 — 521512 


where 

зи = Qi-4)K, +(1+0+ B) (27+4)(2:+3+0,), 
s, = Qi 2)К, +(1+a + BJ (Qi+2)Qi+1+0,), 
за 72iK, + (1+ a + В) 2i(2i-1+0,) , 

зи =K-=(1+0+ 8) (1+4) Qi«2), 

5» = К-(1+0+ В) Qi«2)2i , 

s =K-=(1+0+ BJ Qi) (2і-2), 


3k ak 
where К-т зо - 


% To 


| 


ооо 


Using non-dimensional variables W and R along with the relations (9.3.4) and (9.3.5), the 


functional J(W) given by equation (9.3.1) becomes 


2x | = 2 зн == 
за RN 2 20, © W OW 
Jy )- — 1 rap вв (Є zer), un икона 
і? f кае +e (TZ) „22217.97 
„(1 ату ІЛЕ | 
+p a | вавакк [i 0 (меч, дено 2) ao (9.3.8) 
1 27 
-о:| БИШІ 
0 0 
Eh; E ao” ph 
here. De AO HA A 2 ORE 
"em Aa 2 9 > 


The minimization of the functional ди) given by (9.3.8) requires 


2W)_。 П О ут) (9.3.9) 


дА, 


This leads to a system of homogeneous equations in 41, i = 0, 1...., m, whose non-trivial 


solution leads to the frequency equation 


-0, (9.3.10) 


where, А = [а, |ап4 B=[b,] are square matrices of order (m+1) given by 


1 
2 3 " " Vo " 1 " 2 р , 
Зе even) a Е, +% (Е Е +Е Е )+ [Rar оз 
+ K,F, (DF, (D+ K F,(I)F, (І) 
and TT BR?)F Е, ВАВ, (9.3.12) 


0 


for 1=0.1.. те j= 0;1;..., т. 
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4. NUMERICAL RESULTS AND DISCUSSIONS 

The frequency equation (9.3.10) has been solved to obtain first three natural frequencies for 
various values of plate parameters, such as rigidity ratio p (= 0.5, 0.75, 1.0, 2.0, 3.0, 4.0, 5.0). 
thermal gradient £ (= 0.0(0.1)0.5), taper parameters а (= -0.5(0.1)0.5) ; 8 (= -0.5(0.1)0.5) such 
that a + f > -1.0, flexibility parameters K (= 0, 10, 100, 10% = со); K, (= 0, 10, 100, 10% = о) 


and w = 0.3. 


All natural frequencies obtained from Ritz method are upper bounds of the exact ones and 
therefore, convergence should be monotonic from above as the number of terms of admissible 
functions increases. The convergence study has been carried out for circular plates with og = 0.3 
for different sets of plate parameters. The convergence graphs for clamped, simply supported 
and free plates are shown in Figures 9.1(a,b,c) for ¢ = 0.5, а = -0.3, ß = -0.2, р = 5.0. It is 
observed that 11 terms of admissible function give first three frequency parameters at least 


accurate to four significant digits. 


Numerical results are presented in Tables (9.1-9.7) and Figures (9.2-9.5). Table 9.1 gives the 
value of frequency parameter Q for different values of flexibility parameter Ko, rigidity ratio р, 
thermal gradient ¿ for Linearly Varying Thickness (ГУТ), Parabolically Varying Thickness 
(PVT) and Quadratically Varying Thickness (QVT) plates for the first three modes of vibration, 
when the stiffness of translational spring X = 0. The free edge classical boundary condition 
corresponds to flexibility parameters K — 0 and K, — 0. The frequency parameter Q is found to 
increase with the increase in rigidity ratio p as well as flexibility parameter Ky, keeping all the 
other plate parameters fixed. The effect of flexibility parameter K, is more pronounced in range 


of zero to ten in all the three modes of vibration. The frequency parameter О decreases with the 
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Q decreases with the increasing value of thermal gradient と Further, О is found to increase 
with increasing values of taper parameters а and В. The frequency parameter О ут > Орут for 
positive values of taper parameters а and fj, while Орут > Qryr for negative values of a and р. 
Tables 9.2-9.4 present the frequency parameter O for K = 10, K = 100 and K = 10% 
respectively, other plate parameters being the same as in table 9.1. Also, the frequency 
parameter © for clamped plate (K, = 10% and K = 10%) is greater than that for the simply 
supported plate (К, = 0 and К = 1079) presented in table 9.4. Tables (9.5-9.7) present the value 
of frequency parameter О for p = 0.5, 1.0, 2.0, £= 0.0, 0.1, 0.2, 0.3, а = -0.5, 0.0, 0.5, В = -0.5, 
0.0, 0.5 for clamped, simply supported and free plates respectively. It is seen that the frequency 
parameter О. for free plate is greater than that for simply supported plate and lesser than that for 


clamped plate for a > 0,8 > 0. 


Figures 9.2(a,b,c) show the plots for frequency parameter €) versus thermal gradient 0 for 
a= 0.5, B — 0.5 and different values of rigidity ratio p(= 0.5, 1.0, 2.0) for clamped, simply 
supported and free plate for the first three modes of vibration, respectively. It is observed that 
frequency parameter © decreases with increasing value of thermal gradient ¢. It can be seen 
that the effect of into decreases in the order of plates free, simply supported and 


clamped. 


Figures 9.3(a,b,c) depict the variation of frequency parameter Q versus taper parameter а for 6 
= 0.5, p = 5.0, f = 0.0, 0.5 for clamped, simply supported and free plate for the first three 
modes of vibrations, respectively. It is found that frequency increases with increasing value of 
a. Figures 9.4(a,b,c) show the behaviour of frequency parameter Q with taper parameter f. It is 


observed that frequency increases with increasing value of д. The rate of increase of Q with a 
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as well as В for free plate is higher than that for simply supported plate and less than that for 
clamped plate. Also, the frequency for linearly as well as parabolically tapered plate is smaller 


than that for quadratically tapered plate for the same values of taper parameters. 


Figures 9.5(a,b,c) show the plots for Normalized displacements for と = 0.0, 0.5, a= 0.5, 
В = 0.5, p = 5.0 for the first three modes of vibration for clamped, simply supported and free 
plates respectively. It is observed that the effect of thermal gradient decreases the radii of nodal 


circles. 


A comparison of results has been presented in Table 9.8 and 9.9 for uniform isotropic circular 
plate with exact solution given by Leissa[1969] and approximate solutions obtained by 
Azimi[1988] using receptence method, Ansari[2000] by using Ritz method, Pardoen[1978] 
employing finite element method. Table 9.10 shows the comparison of results for parabolically 
tapered orthotropic plate with those of Ansari[2000] by Ritz method. Comparison of the results 
of this study for linearly and parabolically tapered orthotropic plates subjected to thermal 


gradient with those obtained by Gupta[1984] using Frobenius method has been given in table 


9.11. A close agreement of results shows the accuracy and versatility of the present method. 
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Table 9.1 
Values of frequency parameter О for К = 0.0 


た ん ん 


e 

e 
іл 
о 
о 


ЛАЛЕ 


р В 0.0 0.5 -0.5 0.0 0.5 


0.1 | 6.1357 6.3632 | 6.9699 7.0904 7.5682 

0.51 0.2 | 5.9250 6.1534 | 6.7254 6.8520 7.3321 
0 0.3 | 5.7039 5.9336 | 6.4680 6.6024 7.0853 
11.3841 14.2137 | 13.3747 15.9993 19.1964 
5 | 02 |11.1297 13.9171 |13.0709 15.6583 18.8084 
0.3 | 10.8661 13.6097 21200 15.305] 18.4061 


7.8144 8.2259 8.8480 
7.5480 7.9639 8.5887 
7.2677 7.6904 8.3186 
17.8336 20.9105 24.2773 
17.4470 20.4802 23.7968 
17.0467 20.0345 23.2983 


0.1 | 8.8050 11.1432 | 9.5891 11.8211 13.3259 

0.5| 0.2 | 8.5723 10.8947 | 9.3314 11.5587 13.0714 
10 0.3 | 8.3274 10.6319 | 9.0596 11.2821 12.8018 
0.1 | 13.9781 17.7396 | 15.9685 19.5796 22.5904 
5 | 0.2 | 13.6793 17.3779 | 15.6239 19.1808 22.1502 
13.3680 16.9996 | 15.2646 18.7643 21.6894 


12.4532 13.8069 14.6078 
12.1757 13.5420 14.3587 
11.8819 13.2628 14.0958 
21.4053 24.2801 27.0515 
20.9678 23.8054 26.5362 
20.5109 23.3098 25.9980 


[ е 
р ^W 
о 
о 


Ti 


0.1 | 8.9259 11.9216 | 9.7427 12.7815 15.7555 
8.6895 11.6433 | 9.481 12.4871 15.4172 
100 0.3 | 8.4408 11.3497 | 9.2049 12.1771 15.0595 
0.1 | 14.1282 18.6236 | 16.1572 20.6533 24.9761 
13.8244 18.2279 | 15.8067 20.2168 24.4511 
13.5079 17.8143 | 15.4415 19.7611 23.9013 


13.5943 16.5906 19.3351 
13.2836 16.2414 18.95 
12.9547 15.8734 18.5421 
22.6601 26.9744 30.9834 
22.1821 26.4124 30.3444 
21.6828 25.8246 29.6745 


AA 


12.0238 12.9128 16.1584 
0.2 | 8.7032 11.7412 | 9.4987 12.6133 15.8018 
11.4430 12.2980 — 15.4251 


BE 14.1460 18.7490 | 16.1798 20.8125 25.4574 
5 


13.7568 17.0839 20.3990 
13.4404 16.7139 19.9644 
13.1051 | 16.3244 _ 19.5051 
22.8548 27.5563 32.2057 
22.3695 26.9693 31.5102 
21.8625 26.3558 30.7818 


0.2 | 13.8416 18.3479 | 15.8286 20.3697 24.9105 
0.3 | 13.5244 17.9288 | 15.4627 19.9073 24.3382 
||| 


26.2110 31.0602 
0.2 | 25.5066 30.1808 
0.3 | 24.7674 29.2568 
0.1 | 35.7669 43.9117 
34.9068 42.8054 
34.0077 41.6471 


30.1177 34.8682 39.3163 
29.3180 33.8937 38.1847 
28.4755 32.8706 36.9941 
41.2654 49.3127 56.8295 
40.2728 48.0692 55.3634 
39.2326 46.7674 53.8249 


38.7235 43.1746 47.4216 
37.6527 41.9429 46.0391 
36.5211 — 40.6502 44.5843 
54.7615 62.2798 69.4638 
53.3807 60.6685 67.6384 
51.9303 58.9810 65.7222 


0.5 


ao 3584 


31.8598 38.5589 
31.0518 37.5840 
30.2014 — 36.5538 
42.1004 51.4354 
41.1113 50.2090 
40.0737 48.9181 


35.5940 42.0280 45.8619 
34.6914 40.9627 44.6913 
33.7355 39.8385 2 
47.5115 56.6141 62.8795 
46.3894 55.2548 61.3506 
45.2096 — 53.8255 _ 59.7395 


45.5612 49.3148 52.3168 
44.4026 48.0444 50.9284 
43.1707 46.7060 49.4638 
61.8345 68.0537 73.7569 
60.3411 66.3811 71.9027 
58.7649 64.6236 69.9516 

Contd... 


з sS hb ns Q 9 9 па @ 2 9m 
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m $2 S f 95 b. p. D m 


E 


ARR 


A 


j 
| 
| 


FE T 

| 0.1 | 32.2645 41.0307 36.0731 44.801 52.0111 | 48.6078 55.7826 61.6116 

0.51 0.2 | 31.4423 39.9694 35.1543 43.6446 50.6683 | 47.3538 54.3406 60.0284 

100 | 0.3 7 30.5771 38.8484 | 34.1808 42.4244 49.2467 | 46.0189 52.8183 58.3507 
0.1 | 42.6143 54.3902 | 48.1211 59.9301 69.6342 | 65.4807 75.1864 83.2107 

5 | 0.2 | 41.6071 53.06 46.9781 58.4596 67.9081 63.8694 73.3126 81.1326 

| 0.3 | 40.5507 51.6599 | 45.7759 56.9133 66.0848 62.1671 71.34 78.9368 

0.1 |32.3129 41.3968 | 36.1314 45.2332 53.3796 | 49.1070 57.3375 64.9821 

0.5| 0.2 | 31.4889 40.3205 | 35.2105 44.0597 51.9801 | 47.8337 55.8325 63.2615 
ЖЕ 0.3 130.6218 39.1837 | 34.2348 42.8216 50.4987 | 46.4767 54.2444 614371 
0.1 | 42.6762 54.8524 | 48.1958 60.4762 71.3278 | 66.1119 77.1117 87.2646 

5 | 0.2 |41.6668 53.5031 | 47.0501 58.9838 69.5314 64.4759 75.1590 85.0193 

| 0.3 | 40.6080 52.0832 | 45.8450 57.4147 67.6335 62.7463 73.1040 82.6455 
0.1 Мы 73.5901 |68.3596 81.6515 93.1589 [isses 101.3089 111.8524 

0.5} 0.2 | 58.655 71.5484 | 66.5823 79.4013 90.5064 87.276 98.4313 108.6038 

0 0.3 | 57.0011 69.3965 | 64.7029 77.0308 87.7033 | 84.6537 95.3998 105.1614 
0.1 | 74.8632 92.8234 | 85.1805 103.158 118.7498 | | 13.487 129.2114 143.5751 

5 | 0.2 | 73.0156 90.391 | 83.0726 100.4543 115.5544 | 110.5087 125.7064 139.6032 

1 _| 0.3 |71.0805 87.8301 |80.8484 97.6119 1 12.1653 | 107.3421 122.019 135.3932 
0.1 |68.8676 82.976 |76.9429 90.768 100.0929 | 98.5898 107.9556 116.5201 

0.5| 0.2 | 67.1165 80.8025 | 74.9819 88.3855 97.3856 95.993 105.0206 113.2514 

10 0.3 |65.2706 78.5054 | 72.9039 85.8693 94.5196 | 932184 101.9241 109.7853 
0.1 | 84.2682 102.3502 [ss 112.4965 125.4685 | 122.6266 135.7066 147.9869 

5 | 0.2 | 82.2198 99.7719 | 92.2958 109.6448 122.209 | 119.4972 132.1325 143.985 

0.3 | 80.074 97.0495 | 89.8369 106.6403 118.7445 | 116.1535 128.3674 139.7404 

0.1 | 69.7166 87.6965 | 77.9318 95.9424 110.0154 | 104.1782 118.2545 129.4072 

0.51 0.2 | 67.935 85.3667 | 75.9353 93.3938 107.0535 | 101.4055 1 15.0592 125.8909 
66.0576 82.9043 | 73.8183 90.702 103.9124 | 98.438 111.6831 122.1494 
85.284 107.734 | 95.8027 118.4093 136.1596 | 129.0226 146.8399 161.2308 
83.1993 104.979 | 93.4406 115.3673 132.6257 | 125.6891 142.9752 156.9566 

81.0165 102.0692 | 90.9347 112.1619 128.8584 | 122.1173 . 138.8984 152.4091 
69.8203 88.4832 | 78.0546 96.8516 112.8523 | 105.2108 121.4183 136.0367 

68.0348 86.1215 | 76.0535 94.2667 109.7776 | 102.397 118.0963 132.2632 

66.1534 83.626 | 73.9314 91.5371 106.5157 | 99.3792 114.5866 128.236 

85.4094 108.6728 | 95.9521 119.4974 139.4954 | 130.2621 150.5761 168.8815 

83.3201 105.8799 | 93.5845 116.4117 135.834 | 126.8787 146.5598 164.3089 

81.1324 102.9301 | 91.0727 113.1607 131.922 | 123.2459 142.3232 159.4308 
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Table 9.2 
Values of frequency parameter О for K = 10.0 


л 


4 


път, 


-0.5 0.0 E 0.5 
K, ZEN 0.0 0.5 | -0.5 0.0 0.5 -0.5 0.0 0.5 
І 
0.1 ES 6.3633 | 6.9710 7.0905 7.5683 | 7.8146 8.2260 8.8482 
0.5| 02 | 5.9258 6.1535 | 6.7266 6.8521 7.3321 | 7.5482 7.9640 8.5889 
б 0.3 | 5.7045 5.0337 | 64696 6.6006 | 7.0854 | 72681 7.6906 8.3188 
0.1 11.3841 14.2137 | 13.3747 15.9992 19.1964 | 17.8335 20.9105 24.2773 
5 | 0.2 | 11.1297 13.9171 | 13.0708 15.6583 18.8084 | 17.4470 20.4802 23.7968 
0.3 | 10.8662 13.6097 | 12.7557 15.3051 — 18.4061 | 17.0466 20.0345 23.2983 
01 | 8.8054 11.1433 | 9.5898 11.8212 13.3259 | 12.4534 13.8070 14.6076 
0.5| 0.2 | 8.5727 10.8947 | 9.3321 11.5588 13.0715 | 12.1759 13.5420 143585 
id 03 | 83277 10.6320 | 9.0606 11.2822 12.8018 | 11.8822 13.2628 — 14.0955 
0.1 | 13.9782 17.7396 | 15.9687 19.5795 22.5904 | 21.4053 242801 27.0514 
5 | 02 | 13.6794 17.3779 | 15.6240 19.1808 22.1501 | 20.9678 23.8054 26.5361 
03 | 13.3681 16.9996 | 15.2646 18.7643 21.6894 | 20.5109 23.3097 25.9979 
0.1 | 8.9262 11.9216 | 9.7432 12.7815 15.7554 | 13.5943 16.5904 19.3346 
0.5) 0.2 | 8.6898 11.6433 | 9.4815 12.4871 15.4171 | 13.2836 162412 18.9494 
Үй 0.3 | 8441 11.3497 12.1771 — 15.0593 | 12.9547 15.8732 18.5413 
0.1 | 14.1282 18.6236 | 16.1572 20.6532 24.976 | 22.66 26.9743 30.9832 
5 | 02 | 13.8245 18.2279 |15.8067 20.2168 24.451 | 22.1821 26.4123 30.3442 
0.3 | 13.5079 17.8142 | 15.4414 19.761 _ 23.9012 | 21.6827 25.8246 29.6742 
0.1 | 8.9402 12.0239 | 9.7613 12.9129 16.1585 | 13.7569 17.0840 20.3996 
0.5| 02 | 8.7034 11.7412 | 9.4991 12.6134 15.8019 | 13.4406 16.7140 19.9650 
2 0.3 | 8.4541 11.4431 | 92226 12.2981 15.4252 | 13.1054 16.3246 19.5060 
M 0.1 | 14.1460 18.7490 | 16.1798 20.8125 25.4574 | 22.8548 27.5563 322059 
5 | 0.2 | 13.8416 18.3479 | 15.8286 20.3697 24.9105 | 22.3695 26.9694 31.5104 
0.3 | 13.5244 17.9288 | 15.4626 19.9073 24.3382 | 21.8625 26.3559 30.7821 
11 
0.1 | 26.2107 31.0602 | 30.1170 34.8682 39.3164 | 38.7236 43.1747 47.4227 
0.5| 0.2 | 25.5063 30.1808 | 29.3172 33.8937 38.1848 | 37.6528 41.9430 46.0403 
24.7674 29.2568 | 28.4743 32.8706 36.9943 | 36.5213 40.6504 44.5859 
! 0.1 | 35.7673 43.9119 | 41.2659 49.3129 56.8297 | 54.7617 62.2799 69.4649 
5 | 0.2 |34.9071 42.8056 | 40.2734 48.0694 55.3636 | 53.3810 60.6686 67.6396 
0.3 | 34.0078 41.6473 | 39.2335 46.7676 53.8251 | 51.9308 58.9812 65.7238 
| on Enger 38.5590 | 35.5937 42.0281 45.8619 | 45.5614 49.3148 52.3154 
31.0517 37.5841 | 34.6911 40.9628 44.6912 | 444028 48.0444 50.9268 
30.2014 36.5539 | 33.7348 39.8387 43.4542 | 43.1713 46.7059 49.4617 
42.1007 51.4357 | 47.5120 56.6144 62.8795 | 61.8348 68.0538 73.7554 
41.1116 50.2092 | 46.3900 55.2552 61.3507 | 60.3415 66.3812 71.9011 
40.0739 48.9184 | 45.2104 53.8259 59.7396 | 58.7656 64.6237 69.9495 


Contd... 
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0.1 | 32.2644 41.0305 | 36.073 44.8008 52.0103 | 48.6076 55.7818 61.6087 

0.5| 02 |31.4422 39.9693 |35.1541 43.6443 50.6676 | 47.3534 54.3396 60.0252 

100 0.3 |30.5771 38.8482 | 34.1804 42.424 49.2458 ЕСІ 52.817 58.3463 
0.1 | 42.6145 54.3901 |48.1215 59.93 69.633 | 65.4806 75.1856 83.2071 

5 | 0.2 |41.6073 53.0598 | 46.9785 58.4595 67.907 | 63.8693 73.3116 81.1286 

I 0.3_| 40.5508 51.6597 |45.7765 56.9131 66.0835 | 62.1667 71.3388 78.9317 
0.1 | 32.3127 41.3969 | 36.1311 45.2334 53.3800 | 49.1072 57.3379 64.9850 

0.5| 0.2 | 31.4888 40.3206 | 35.2102 44.0598 51.9805 | 47.8340 55.8331 63.2648 

1079 0.3 | 30.6218 39.1838 | 34.2342 42.8218 50.4992 | 46.4775 54.2452 61.4420 
0.1 | 42.6764 54.8526 | 48.1961 60.4764 71.3286 | 66.1121 77.1122 87.2684 

5 | 0.2 |41.6669 53.5033 | 47.0504 58.9841 69.5321 | 64.4761 75.1597 85.0235 

0.3 | 40.6081 52.0835 | 45.8455 57.4151 67.6344 | 62.7469 73.1048 82.6513 

IH | 

| 0.1 | 60.228 73.5904 | 68.3606 81.6519 93.1595 | 89.7399 101.3095 111.8567 

0.5| 0.2 | 58.6556 71.5487 | 66.5836 79.4018 90.5069 | 87.2768 98.4321 108.6088 

0 0.3 | 57.0014 69.3968 | 64.7048 77.0314 87.704 | 84.6556 95.4009 105.1686 
0.1 | 74.8628 92.824 | 85.1797 103.1585 118.7512 | 113.4874 129.2122 143.5817 

5 | 02 | 73.0151 90.3916 | 83.0718 100.4549 115.5556 | 110.5092 125.7074 139.6104 

| 0.3 | 71.0804 87.8308 | 80.8471 97.6126 112.1667 | 107.3432 122.0203 135.4026 
E 0.1 | 68.868 82.9764 | 76.9437 90.7687 100.093 | 98.5907 107.9557 116.5146 
0.5| 0.2 | 67.1169 80.803 | 74.9827 88.3863 97.3857 | 95.9943 105.0208 113.245 

10 65.2708 78.5059 | 72.9051 85.8703 94.5197 | 93.2216 101.9244 109.7763 
0.1 | 84.2681 102.3516 | 94.6151 112.498 125.469 | 122.628 135.707 147.9782 

5 | 0.2 |822197 99.7734 | 92.2956 109.6465 122.2094 | 119.4989 132.1329 143.9755 
80.0741 97.0513 | 89.8365 106.6423 118.745 | 116.1572 128.3678 139.7286 

69.7169 87.6963 | 77.9324 95.9421 110.013 | 104.1777 118.252 129.3943 
67.9353 85.3664 | 75.9359 93.3934 107.0513 | 101.4048 115.0558 125.8758 
100 66.0577 82.9041 | 73.8193 90.7014 103.9095 | 98.4361 111.6785 122.1277 
85.2839 107.7328 | 95.8025 118.408 136.1518 | 129.0215 146.8353 161.209 

83.1992 104.9777 | 93.4403 115.3658 132.6185 | 125.6878 142.9697 156.9331 

81.0166 102.0676 | 90.9342 112.1602 128.8499 | 122.1145 138.8915 | 152.38 


69.8205 
68.035 
66.1535 


88.4835 
86.1218 
83.6262 


78.055 
76.054 
73.932 


85.4091 
83.3198 
81.1324 


108.6733 
105.8805 
102.9309 


95.9517 
93.5839 
91.0717 


96.8519 
94.2672 
91.5377 
119.4977 
116.4122 
113.1613 


109.779 


112.8538 


135.8388 
131.9278 


130.2623 


105.2112 
102.3976 
106.5176 | 99.3812 
139.5007 


121.42 
118.0986 
114.5898 
150.5792 


136.0482 
132.2769 
128.2574 
168.9019 


126.8791 
123.247 


146.5635 
142.3278 


164.3315 
159.4607 
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Table 9.3 
Values of frequency parameter О for K = 100.0 
а -0.5 0.0 0.5 
к |p В оо 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5 
I 

6.1737 6.3657 | 7.0042 7.093 7.5691 7.8171 8.2267 8.8484 
5.9637 6.1559 | 6.7607 6.8547 7.3329 7.551 7.9648 8.5892 
5.746 5.9362 | 6.5028 6.6053 7.0862 7.272 7.6915 8.3191 
11.4044 14.2141 | 13.3903 15.9996 19.1963 | 17.8338 20.9104 24.2772 
11.1502 13.9175 | 13.0859 15.6586 18.8083 | 17.4472 20.4801 23.7966 
10.8904 13.6101 „12.1816 15.3054 18.406 17.0464 _ 20.0343 23.2981 
0.1 | 8.8157 11.1441 | 9.6017 11.8223 13.3263 | 12.4547 13.8073 14.6078 
0.5| 0.2 | 8.5829 10.8955 | 9.3444 11.56 13.0718 | 12.1773 13.5424 14.3587 
10 0.3 | 8.3378 10.6328 | 9.0735 11.2834 12.8022 | 11.8845 13.2633 14.0957 
0.1 | 13.9843 17.7396 | 15.9744 19.5796 22.5903 | 21.4055 24.28 27.0513 
0.2 | 13.6856 17.3779 | 15.6294 19.1808 22315 20.9679 23.8053 26.536 
13.3756 — 16.9996 | 15.2683 18.7643 21.6893 | 20.5107 23.3096 25.9977 
0.1 | 8.9317 11.9221 | 9.7499 12.7822 15.7557 | 13.5951 16.5907 19.3343 
0.5| 0.2 | 8.6953 11.6438 | 94885 12.4878 15.4173 | 13.2845 162415 18.9491 
100 0.3 | 8.4461 11.3502 | 9.2136 12.1778 15.0596 | 12.9563 15.8736 18.5409 
0.1 |14.1311 18.6235 | 16.1597 20.6532 24.9759 | 22.6601 26.9742 30.9829 
5 | 0.2 |13.8274 18.2278 | 15.8091 20.2168 24.4509 | 22.1821 26.4122 30.344 
E 0.3 | 13.5117 17.8142 | 15.4426 19.761 23.9011 | 21.6825 _ 25.8245 29.6739 
8.9449 12.0242 | 9.767 12.9133 16.1587 | 13.7574 17.0842 20.4002 
0.5 8.708 11.7415 | 9.5051 12.6138 15.8021 | 13.4411 16.7143 19.9657 
102 8.4583 11.4434 | 9.2296 12.2986 — 15.4255 | 13.1066 16.3249 19.5069 
14.1482 18.749 | 16.1817 20.8125 25.4574 | 22.8548 27.5563 322061 
5 13.8438 18.3479 | 15.8304 20.3697 24.9105 | 22.3694 26.9693 31.5106 
| 13.5274 17.9287 | 15.4633 19.9073 24.3382 | 21.8623 26.3559 30.7823 


||| 


26.2153 31.0601 | 30.1171 34.8678 39.3165 | 38.7232 43.175 47.4214 
25.5111 30.1806 | 29.316 33.8933 38.1849 | 37.6522 41.9433 46.0389 
24.1761 29.2566 | 28.4677 32.8702 36.9945 | 36.5197 40.6507 44.584 
35.7764 43.9128 | 41.2759 49.3139 56.8308 | 54.7626 62.2806 69.4641 
34.9162 42.8065 | 40.2841 48.0705 55.3645 | 53.3822 60.6695 67.6387 
34.016 _ 41.6483 | 39.2457 46.7689 53.8262 | 51.9331 58.9824 65.7227 
31.8605 38.5586 | 35.5931 42.0277 45.8615 | 45.5611 49.3145 52.3149 
31.0526 37.5837 | 34.6896 40.9624 44.6909 | 44.4024 48.044 50.9263 
30.2042 36.5536 | 33.7296 39.8382 43.4538 | 43.1699 46.7055 49.461 

42.1051 51.4364 |47.5183 56.6153 62.8801 | 61.8357 68.0541 73.7555 
41.116 50.21 | 46.3967 55.2562 61.3511 | 60.3427 66.3816 71.9011 
40.0773 48.9192 | 45.2181 53.827 59.7401 | 58.7677 64.6242 69.9496 


Contd... 


2.2. в. ME p. па D. A о 2 O PA r @. ® Ree 


» 


m В 


а, 


772 


/ 


x 


m. 


0.1 | 32.2644 41.0303 | 36.0719 44.8006 52.0103 | 48.6074 55.7819 61.6065 

0.5| 0.2 |31.4423 39.969 |35.1525 43.6441 50.6676 | 47.3532 54.3397 60.0227 
100 0.3 |30.5784 38.848 | 34.1763 42.4238 49.2459 46.0174 52.8173 58.3429 
0.1 | 42.6171 54.3906 | 48.1254 59.9307 69.6339 | 65.4814 75.1862 83.2049 

5 | 0.2 |41.6098 53.0604 | 46.9826 58.4603 67.9078 63.8702 73.3124 81.1262 

03 |40.5526 51.6604 |45.7816 56.9139 66.0845 | 62.1685 71.3398 78.9285 

0.1 | 32.3126 41.3968 | 36.13 45.2333 53.3805 | 49.1072 57.3384 64.9881 

0.5| 0.2 |31.4887 40.3204 (зге 44.0598 51.981 | 47.8339 55.8337 63.2683 
1079 0.3 | 30.6229 39.1837 | 34.2305 42.8217 50.4997 | 46.4775 54246 61.4467 
0.1 | 42.6786 54.8531 | 48.1995 60.4769 71.3299 | 66.1126 77.113 87.2724 

5 | 0.2 |41.6691 53.5038 | 47.0541 58.9847 69.5332 | 64.4768 15.1607 85.028 

| | 0.3 |40.6096 52.084 | 45.8502 57.4158 67.6357 | 62.7484 73.1061 82.6569 

IH 
ーー 

0.1 | 60.236 73.5916 | 68.372 81.6537 93.1618 | 89.7421 101.3119 111.8529 

0.5| 0.2 | 58.6635 71.5499 | 66.5962 79.4038 90.509 | 87.2797 984352 108.6044 

0 0.3 | 57.0072 69.3981 | 64.7215 77.0337 87.7066 | 84.6619 95.405 105.1623 
0.1 | 74.8604 92.8244 | 85.1737 103.1588 118.7559 | 113.4875 129.2151 143.5744 

5 | 0.2 | 73.013 90.3921 | 83.0644 100.4553 115.56 | 110.5095 125.711 139.6025 

0.3 | 71.0821 87.8315 | 80.835 97.6132 112.172 | 107.3438 122.0247 135.3927 
0.1 | 68.8722 82.9772 | 76.9508 90.7702 100.0937 | 98.5926 107.9563 116.5139 

0.2 | 67.121 80.8038 | 74.9904 88.3879 97.3863 | 95.9967 105.0216 113.2443 

.3 |65.2736 78.5068 | 72.9151 858721 94.5204 | 93.2267 101.9254 109.7751 

0.1 | 84.2661 102.3518 | 94.6115 112.4981 125.4693 | 122.628 135.707 147.9759 

0.2 | 82.2177 99.7738 | 92.2908 109.6467 122.2095 | 119.499 132.133 143.9731 

.3 | 80.0748 97.0518 | 89.8273 106.6426 118.7452 | 116.157 128.3681 139.7255 
0.1 | 69.7196 87.6969 | 77.9373 95.9432 110.0147 | 104.1792 118.2537 129.3864 
0.2 | 67.9379 85.3671 | 75.9415 93.3947 107.0527 | 101.4069 115.0581 125.8665 
3 166.0593 82.9048 | 73.8273 90.703 103.9114 | 98.4411 111.6816 .122.1138 
0.1 | 85.283 107.7335 | 95.8008 118.4088 136.156 | 129.0222 146.8378 161.1948 
0.2 |83.1984 104.9786 | 93.4382 115.3668 132.6224 | 125.6886 142.9727 156.9177 
0.3 | 81.0172 102.0687 | 90.9302 112.1613 128.8545 | 122.1163 138.8952 152.3604 
0.1 | 69.8229 88.484 | 78.0596 96.8529 112.856 | 105.2126 121.4222 136.0633 
0.2 | 68.0374 86.1224 | 76.0591 94.2684 109.781 | 102.3995 118.1015 132.2945 
0.3 | 66.1549 83.6269 | 73.9397 91.5391 106.5201 | 99.3863 114.5939 128.2828 
0.1 | 85.4083 108.6745 | 95.9501 119.499] 139.5076 | 130.2635 150.583 168.9267 

0.2 | 83.319 105.8819 | 93.582 116.4138 135.8449 | 126.8807 146.5683 164.358 
0.3 | 81.1329 102.9325 | 91.0682 113.1633 131.9351 | 123.251 142.3339 159.4932 
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Table 9.4 
Values of frequency parameter Q for K = 1029 


-0.5 0.0 0.5 

0.5 -0.5 0.0 0.5 -0.5 0.0 0.5 
І 
3.6063 | 3.4313 3.9591 4.4845 4.3072 4.8126 5.3627 
3.4959 | 3.3244 3.8356 4.3528 4.1709 4.6682 5.2138 
3.3803 | 32112 3.7062 4.2153 4.0269 4.5176 5.0587 
7.6959 | 5.9234 8.4054 10.9841 9.1254 11.6728 14.3152 
7.5623 | 5.8142 8.2563 10.8004 | 8.9610 11.4733 14.0821 
7.4244 | 5.7013 8.1024 10.6109 | 8.7913 11.2675 | 13.8418 
7.6200 | 5.6893 7.8328 9.0126 8.0235 9.0942 9.6417 
7.4848 | 5.5635 7.6944 8.8808 7.8803 8.9583 9.5137 
7.3415 | 5.4298 7.5482 87411 | 7.7277 8.8153 9.3790 
11.3077 | 8.5726 11.9797 14.3241 | 12.6242 14.8937 16.9550 
11.1315 | 8.4297 11.7945 14.1157 | 12.4289 14.6750 16.7110 
10.9469 | 8.2808 11.6009 13.8980 | 12.2250 14.4472 16.4572 
8.6004 | 5.8742 8.985 11.8276 | 9.3336 12.1732 14.6247 
8.4325 | 5.7432 8.8131 11.6191 | 9.1569 11.9643 14.3932 
100 8.255 5.6038 8.6317 11.3979 | 8.9686 - 11.7437 14.1472 
12.6219 | 8.8475 13.5233 17.6322 | 14.3773 18.4938 22.0191 
12.4048 | 8.6972 13.2949 17.3371 | 14.1372 18.1904 21.6681 
d 12.1776 | 8.5406 | 13.0561 17.0277 | 13.8862 17.8727 21.2995 
8.7410 | 5.8966 9.1590 12.3899 | 9.5419 12.8387 16.1019 
8.5676 | 5.7649 8.9809 12.1586 | 9.3584 12.6051 15.8115 
20 8.3843 | 5.6246 8.7930 11.9139 | 9.1624 12.3589 | 15.5040 
0 12.8290 | 8.8817 13.7813 18.4492 | 14.6875 19.4595 24.0902 
12.6041 | 8.7304 13.5439 18.1226 | 14.4373 19.1214 23.6603 
12.3690 | 8.5728 13.2960 17.7805 | 14.1759 18.7678 23.2097 
II 

0.1 | 19.2579 24.3030 | 21.5818 26.8648 31.3766 | 29.3989 34.0766 38.3525 
0.5) 0.2 | 18.7611 23.6512 | 21.0378 26.1600 30.5293 | 28.6425 33.1710 37.3076 
0.3 | 18.2392 22.9653 | 20.4605 25.4189 29.6363 | 27.8366 32.2192 36.2055 
0 0.1 | 27.0025 34.4671 | 30.7198 38.4355 45.1860 | 42.3682 49.2944 55.7075 
5 | 0.2 | 26.3778 33.6269 | 30.0134 37.5045 44.0558 | 41.3488 48.0672 54.2861 
0.3 | 25.7246 32.7469 | 29.2727 36.5298 42.8698 | 40.2769 46.7815 52.7934 
0.1 | 24.2921 29.9494 | 26.5502 32.2123 35.5334 | 34.4941 37.9649 41.1398 
0.5| 0.2 | 23.7009 29.2326 | 25.9108 31.4432 34.6637 | 33.6736 37.0343 40.0880 
0.3 | 23.0778 28.4744 | 25.2291 30.6308 33.7440 | 32.7942 36.0536 38.9768 
10 0.1 |32.9268 40.4837 | 36.6065 ` 44.1842 49.3148 | 47.8861 53.1977 58.3770 
5 | 0.2 | 32.1856 39.5651 | 35.7812 43.1753 48.1527 | 46.7887 51.9365 56.9415 
0.3 | 31.4078 38.5984 | 34.9120 42.1145 46.9295 | 45.6294 50.6120 55.4319 
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" 0.1 |24.8984 33.1984 |27.2635 35.745 42.1402 | 38.2863 44.7293 49.5179 
0.5| 0.2 |24.2864 32.381 26.6 34.8711 41.1182 | 37.3564 43.6461 48.3278 
100 0.3 ET 16 31.5163 |25.8909 33.9477 40.0339 | 36.3581 42.5008 47.064 
0.1 | 33.7359 44.5476 |37.5575 48.5981 56.9301 | 52.6185 61.0107 67.4023 
5 | 0.2 132.9674 43.5062 | 36.7006 47.4598 55.5916 | 51.3852 59.57 65.8084 
m L 0.3 |32.1611 42.4097 | 35.7977 46.2622 54.1774 | 50.0797 58.0524 64.1242 
0.1 | 24.9742 33.7775 |27.3546 36.4180 44.2366 | 39.0554 47.0680 54.3891 
0.5| 0.2 |24.3595 32.9373 |26.6877 35.5183 43.1339 | 38.0966 45.8967 53.0218 
1020 0.3 |23.7119 32.0488 | 25.9733 34.5680 41.9647 | 37.0635 44.6590 51.5693 
0.1 | 33.8386 45.3252 |37.6812 49.5021 59.6900 53.6513 64.0875 73.6201 
5 | 0.2 133.0665 44.2538 | 36.8199 48.3297 58.2475 | 52.3796 62.5325 71.8038 
| 0.3 | 32.2564 43.1262 | 35.9119 47.0965 56.7238 | 5 1.0319 _ 60.8951 69.8832 
Ë E Ш 
0.1 | 49.7268 62.594 | 55.7345 68.8595 79.8955 | 75.0904 86.3419 96.4467 
0.5| 0.2 | 48.4515 60.9046 | 54.309 67.0138 71.6922 | 73.0851 83.9656 93.7351 
0 0.3 | 47.1099 59.1221 | 52.7898 65.0672 75.3596 | 70.9291 81.4587 90.8538 
0.1 | 62.6795 79.4445 | 70.6795 87.7908 102.2538 | 96.0734 110.8234 124.11 
5 | 0.2 | 61.1588 77.4044 | 68.9584 85.5372 99.5581 | 93.6049 107.8817 120.7436 
0.3 | 59.5656 75.2558 | 67.1352 83.1664 96.6978 | 90.9659 104.7837 117.1693 
0.1 | 57.4046 69.2153 | 63.4308 75.2684 83.9895 | 81.3054 90.2789 98.9728 
0.5| 0.2 | 55.9714 67.4417 | 61.8413 73.3363 81.7538 | 792117 87.8678 96.2463 
10 0.3 | 54.4608 65.5664 | 60.142 71.295 79.3847 | 76.9525 85.3219 — 93.348 
Гол 71.1851 86.2759 | 792622 94.445 106.3143 | 102.5637 114.753 126.5711 
5 | 02 169.4882 84.145 | 77.3559 92.0977 103.5832 | 99.9985 111.7719 123! 868 
- 0.3 | 67.7086 81.8961 | 75.3287 89.6242 100.6813 | 97.245 108.63 119.5918 
0.1 | 58.7453 75.2332 | 64.9793 81.7069 93.8466 | 88.1264 100.3322 109.5201 
0.5| 0.2 | 57.2651 73.2827 | 63.3356 79.5888 91.3962 | 85.837 97.7007 106.6256 
3 | 55.7057 71.2196 | 61.5729 77.3497 88.7939 | 83.3597 94.9168 103.5406 
100 0.1 | 72.8242 93.2263 | 81.1572 101.8889 117.0633 | 110.4559 125.7435 137.5798 
5 | 0.2 | 71.071 90.8959 | 79.1853 99.3294 114.1039 | 107.6658 122.5197 134.0148 
69.2334 88.4344 | 77.0837 96.6308 110.9474 | 104.6585 119.1158 130.2172 
à 58.9204 76.5395 | 65.1863 83.2009 98.2801 | 89.8106 105.2082 118.9864 
0.51 0.2 |57.4336 74.5377 | 63.5343 81.0249 95.664 | 87.4561 102.3951 115.7621 
| 0.3 | 55.8676 72.4211 | 61.7579 78.7254 92.8861 | 84.8939 99.4203 112.3172 
10 0.1 |73.0413 94.8352 | 81.4146 103.7316  122.4367 | 112.5353 131.6569 148.7729 
5 | 02 | 71.2801 92.4429 | 79.4328 101.1016 119.2844 | 109.6653 128.2149 144.8226 
69.4346 89.9168 | 77.3169 98.3293 115.918 | 106.5564 124.581 140.6026 
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Table 9.5 
Values of frequency parameter Q for clamped plate for vp=0.3 
Е а 
-0.5 0.0 0.5 
В В _B 
Ep әлі 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5 
| 
0 5.6525 8.9061 6.0223 9.3288 12.6105 9.7155 13.0603 16.3793 
0.5 | 0.1 5.5364 8.7410 5.8966 9.1590 12.3899 9.5419 12.8387 16.1019 
0.2 | 5.4148 8.5676 5.7649 8.9809 12.1586 9.3584 12.6051 15.8115 
0.3 | 5.2866 8.3843 5.6246 8.7930 11.9139 9.1624 12.3589 15.5040 
0 6.1504 9.6733 6.6320 10.2158 13.7310 10.7241 14.3022 17.8332 
1 |01 6.0312 9.4979 6.5019 10.0331 13.4909 10.5336 14.0571 17.5281 
0.2 | 5.9065 9.3141 6.3658 9.8418 13.2392 10.3344 13.8005 17.2084 
0.3 | 5.7751 9.1204 6.2227 9.6406 12.9741 10.1252 13.5306 16.8716 
0 6.8448 10.7879 7.4619 11.4865 15.3837 12.1492 16.1193 20.0109 
2 MOS 6.7212 10.5986 7.3260 11.2875 15.1180 11.9400 15.8456 19.6679 
0.2 | 6.5922 10.4008 7.1843 11.0796 14.8402 11.7216 15.5594 19.3094 
+ 6.4570 10.1930 7.0356 10.8615 14.5482 11.4924 15.2590 18.9323 
Е II 
0 25.5616 34.5777 | 27.9912 37.2743 45.2878 | 39.9582 48.1751 55.6945 
0.5 | 0.1 | 24.9742 33.7775 27.3546 36.4180 44.2366 39.0554 47.0680 54.3891 
0.2 | 24.3595 32.9373 26.6877 35.5183 43.1339 38.0966 45.8967 53.0218 
0.3 | 23.7119 32.0488 | 25.9733 34.5680 41.9647 | 37.0635 44.6590 51.5693 
0 27.3004 36.7864 30.0152 39.7711 48.1833 42.7395 51.3487 59.2193 
I | 0.1 | 26.6825 35.9411 29.3411 38.8605 47.0645 41.7657 50.1602 57.8314 
0.2 | 26.0341 35.0532 28.6339 37.9044 45.8894 40.7435 48.9120 56.3737 
25.3498 34.1155 27.8880 36.8951 44.6483 39.6643 47.5940 54.8336 
29.7718 39.9938 | 32.9008 43.4139 52.4724 | 46.8084 56.0813 64.5556 
29.1102 39.0868 32.1720 42.4302 51.2644 | 45.7527 54.7925 63.0474 
0.2 | 28.4186 38.1359 31.4092 41.3984 49.9979 | 44.6420 53.4371 61.4658 
0.3 | 27.6914 37.1327 | 30.6024 40.3106 48.6588 | 43.4659 52.0074 59.7945 
Ш 
- 0 60.3410 78.4457 | 66.7627 85.2709 100.7752 | 92.0171 107.8569 122.0720 
0.5 | 0.1 | 58.9204 76.5395 | 65.1863 83.2009 98.2801 89.8106 105.2082 118.9864 
0.2 | 57.4336 74.5377 | 63.5343 81.0249 95.6640 | 87.4561 102.3951 115.7621 
0.3 | 55.8676 72.4211 61.7579 78.7254 92.8861 84.8939 99.4203 112.3172 
0 | 63.0618 81.9009 | 69.8624 89.1041 105.2133 | 96.2274 112.6399 127.3516 
E 0.1 | 61.5896 79.9173 | 68.2289 86.9445 102.6045 | 93.8954 109.8486 124.1400 
0.2 | 60.0435 71.8331 66.5131 84.6753 99.8627 | 91.4436 106.9132 120.7663 
0.3 | 58.4104 _ 75.6305 | 64.7006 82.2772 96.9643 88.8478 | 103.8101 117.1934 
0 | 67.0271 87.0376 | 74.4187 94.8696 111.9901 | 102.5974 120.0520 135.6973 
2 10.1 | 65.4745 84.9482 | 72.6895 92.5887 109.2373 | 100.1382 117.1009 132.2879 
0.2 | 63.8536 82.7576 | 70.8782 90.1926 106.3503 | 97.5399 113.9879 128.7089 
0.3 | 62.1496 80.4419 | 68.9498 87.6624 | 103.2864 | 94.7736 110.6982 124.9208 
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Table 9.6 
Values of frequency parameter Q for simply supported plate for уб=0.3 


ーー 


-0.5 0.5 


В Bau 
0.0 0.5 | 0.0 0.5 


3.1402 3.7122 Ё 4.437 4.951 5.5068 
3.0511 3.6063 4.3072 4.8126 5.3627 
2.9580 3.4959 4.1709 4.6682 5.2138 
2.8601 3.3803 4.0269 4.5176 5.0587 
3.5498 4.4716 5.4003 6.2928 7.2492 
3.4610 4.3624 5.2639 6.1435 7.0902 
3.3684 4.2492 5.1224 5.9890 6.9262 
3.2716 4.1313 4.9750 5.8287 6.7564 
4.1291 55757 6.7238 8.1704 9.6986 
4.0396 5.4606 6.5796 8.0062 9.5172 
3.9469 5.3417 6.4304 7.8368 9.3304 
3.8505 5.2185 6.2756 7.6616 9.1377 


19.7337 24.9263 | 22.1003 4 32.188 30.1156 34.9378 39.3547 

19.2579 24.3030 | 21.5818 26.8648 31.3766 | 29.3989 34.0766 38.3525 

18.7611 23.6512 | 21.0378 26.1600 30.5293 | 28.6425 33.1710 37.3076 

18.2392 22.9653 | 20.4605 _ 25.4189 29.6363 | 27.8366 322192 262055 

21.2387 26.8325 23.887 29.72 34.729 32.5693 37.1427 42.4887 

20.7379 26.1725 | 23.3342 29.0012 33.8619 | 31.7942 36.8143 41.4165 

20.2140 25.4824 | 22.7560 28.2496 32.9556 | 30.9837 35.8440 40.2962 

19.6631 24.7571 22.1480 27.4598 32.0036 | 30.1319 34.8248 39.1194 

23.3828 29.6222 | 26.4284 32.9117 38.5145 | 36.1592 41.9307 47.2429 

22.8468 28.9120 | 25.8303 32.1322 37.5729 | 35.3142 40.9175 46.0702 

22.2879 28.1706 | 25.2059 31.3180 36.5902 | 34.4296 39.8576 44.8462 
21.7020 27.3923 | 24.5490 30.4636 35.5574 | 33.4986 38.7453 5 
Ш 

50.9465 64.2057 | 57.0959 70.6186 82.0004 | 76.9790 88.5882 99.0439 
49.7268 62.5940 | 55.7345 68.8595 79.8955 | 75.0904 86.3419 96.4467 

48.4515 60.9046 | 54.3090 67.0138 77.6922 | 73.0851 83.9656 93.7351 

47.1099 59.1221 52.7898 65.0672 75.3596 | 70.9291 81.4587 90.8538 

53.4409 67.3817 | 59.9533 1741561 86.1120 | 80.8740 93.0367 103.9816 
52.1745 65.7009 | 58.5381 72.3164 83.9063 | 78.8776 90.6666 101.2683 
50.8464 63.9384 | 57.0538 70.3870 81.5929 | 76.7828 88.1797 98.4235 

49.4460 62.0796 | 55.4881 68.3521 79.1531 74.5711 85.5567 95.4206 

57.0633 72.0834 | 64.1360 79.4452 92.3447 | 86.7342 99.8640 111.6876 
55.7265 70.3083 | 62.6368 77.4967 90.0080 | 84.6206 97.3490 108.7967 
54.3315 68.4501 61.0676 75.4537 87.5620 | 82.3945 94.7032 105.7688 
52.8662 66.4906 | 59.4059 73.3007 84.9748 | 80.0354 91.9137 102.5719 
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Table 9.7 


Values of frequency parameter Q for free plate for уд =0.3 


а 
-0.5 0.0 0.5 
B B B 
PU | 00 са | QS 0.0 -0.5 0.0 0.5 

I 
0 | 63375 6.5646 | 72040 7.3191 7.1956 | 80688 84772 9.986 
0.5 0.1 | 6.1357 — 63632 | 6.9699 70904 7.5682 | 78144 | 82259 — 88480 
02 | 5.9250 6.1534 | 6.7254 68520 7.3321 | 75480 7.9639 85887 
0.3 | 5.7039 5.9336 | 64680 6.6024 7.6904 83186 
O | 73210 8.0104 | 84538 9.0031 10.0019 | 10.0004 10.9166 12.0855 
| рол | 7111 — 7.7961 | 82086 | 87570 9505 | 9.7316 10.6357 11.7991 
02| 68946 7.5736 | 7.9533 8.5015 — 94902 | 94432 103448 115032 
03 | 6.6672 | 73418 | 7.6863 82353 92198 | 9.1408 10.0426 11.1964 
8.7395 10.1358 | 10.2054 11.4280 13.1807 | 12.7519 143912 — 163278 
8.5192 9,8999 | 99440 11.1555 12.8912 | 12.4424 14.0671 159853 
8.2907 9.6558 | 9.6729 108734 12.5921 | 12.1219 13.7320 15.6317 
8.0530 94023 | 93905 10.5805 122818 | 11.7890 133847 152655 

T 
26.8863 31.9022 | 30.8834 35.8008 404010 | 39.7421 443485 487486 
262110 31.0602 | 30.1177 34.8682 393163 | 38.7235 43.1746 474216 
25.5066 30.1808 | 29.3180 33.8937 38.1847 | 37.6527 41.9429 46.0391 
241614 — 292568 | 284755 32.8706 36.9941 | 36.5211 | 40.6502 44.5843 
28.6949 34.2396 | 33.0007 384432 43.5210 | 42.6847 47.7600 52.5990 
27.9892 33.3536 | 32.1967 374573 423710 | 41.5994 46,5081 51.1900 
272519 32.4281 | 313565 364277 41.1700 | 40.4658 452007 49.7190 
264715 31.4568 | 304743 35.3470 39.9100 | 392759 43.8200 48.1754 
313203 37.7309 | 36.0782 42.3897 482698 | 47.0838 52.9632 58.5702 
30.5718 36.7846 | 352210 41.3320 47.0318 | 45.9167 51.6118 57.0433 
29.7918 35.7977 | 343265 40.2281 45.7407 | 44.6962 50.1992 55.4508 
28.9749 — 34.7625 | 333874 | 39.0707 442851 | 434142 487179 53.7797 

Ш 
61.7314 75.5397 | 70.0565 83.7983 95.6952 | 92.0679 104.0347 114.9669 
60.2275 73.5901 | 683596 81.6515 93.1589 | 89.7392 101.3089 111.8524 
58.6550 71.5484 | 66.5823 79.4013 90.5064 | 87.2760 98.4313 108.6038 
57.0011 | 69.3965 | 64.7029 77.0308 87.7033 | 84.6537 95.3998 105.1614 
64.5155 79.1067 | 732292 87.7502 1003099 | 96.3948 109.0018 1204950 
62.9583 | 77.0796 | 71.4698 85.5135 97.6619 | 93.9498 106.1394 117.2496 
613265 74.9558 | 69.6255 83.1696 94.8873 | 91.3862 103.1385 113.8505 
59.6071 _ 72.7183 | 67.6815 80.6008 91.9639 | 88.6827 99.9762 1102659 
68.6007 84.4560 | 77.9329 93.7427 1074151 | 103.0112 1167510 1292827 
66.9669 82.3237 | 76.0812 | 91.3849 104.6209 | 1004347 113.7263 — 125.8404 
65.2600 80.0932 | 74.1429 88.9145 101.6082 | 97.7254 110.5485 122.2368 
634615 17.1427 | 72.0976 | 863131 98.6104 | 94.8632 1072009 1184369 
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Table 9.8 


Comparison of frequency parameter Q for uniform isotropic circular plate 


K 0 со 
K。 Е | 
Mace 0 10 100 со ЕН һ 100 со 

9.0030” | 13.5130° | 14.5390° | 14.6820' | 49350" 10.0190° | 10.2160" 

І 9.0031” | 13.5129 | 14.5388° | 14.6820 | 4.9351 10.0192 | 10.2158 
9.0031 | 13.5129 | 14.5388 | 14.6820 | 4.9351 10.0192 | 10.2158 
38.4430" | 45.7640° | 48.7460° | 492180" | 29.7200° | 352180” | 39.0290" 39.7710* 

| 38.4432 | 45.7643 | 48.7457 | 492159 7200 | 35.2190 | 39.0288 | 39.7711 
38.4432 | 45.7643 | 48.7457 | 49.2185 | 29.7200 | 35.2190 | 39.0288 | 39.7711 
87.7490° | 97.0450" | 102.5180" | 103.5000" | 74.1560" | #0.6850' | 874880" 89.1030" 

Ш 87.7502 | 97.0428 | 102.5204° | 103.4995° | 74.1560 | 80.6869° | 87.4900 | 89.1041" 
87.7502 | 97.0428 | 102.5204 | 103.4995 | 74.1561 | 80.6870 | 87.4901 | 89.1041 

values taken from Azimi[1988]. 

values taken from Ansari[2000]. 

Table 9.9 


Comparison of frequency parameter Q for uniform isotropic circular plate 


Method 


F.E.M. 10.2159" 


Receptence | 10.21 60° 


Ritz 10.2158" 


Exact 10.2158 


present 10.2158 


39.7766' 
39.7710 
39.7711" 
39.7711* 


39.7711 


89.1708" 
89.1030 
89.1041* 
89.1041* 
89.1041 


* values taken from Pardoen[1978]. 


values taken from Azimi[1988]. 


+ values taken from Ansari[2000]. 


++ 


exact values taken from Leissa[1969]. 


74.1938' 
74.1560° 
29.7200* 74.1560' 
29.7200* 74.1561 


29.7200 74.1561 
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Table 9.10 


eircular plate 


Comparison of frequency parameter €) for parabolically tapered (a = 0) orthotropic 


Dan 
В E 0.5 0.75 || 
Clamped 
-0.5 6.0167" 6.3543" 6.6320 74614 90266 
6.0223 6.3549 6.6320 7.4619 9.0273 
-0.3 7.3394 7.7414 8.0759 9.0923" 11.0598" 
| 7.3468 7.7422: 8.0759 9.0932 11.0601 
-0.1 8.6602" 9.1195" 9.5055: 10.6932° 13.0263' 
8.6690 9.1206 9.5055 10.6944 13.0367 
0 9.3194' 9.8057 10.2158° 11.4852" 14.0090" 
9.3288 9.8068 10.2158 11.4865 14.0094 
0.1 9.9775 10.4898° 10.9235 122723" 14.9731 
| 9.9877 10.4911 10.9235 12.2739 14.9737 
0.3 | 11.2905° 11.8526' 12.3317' 11.8342 16.8795' 
11.3015 | 11.8540 12.3317 13.8360 16.8803 
0.5 12.5988' 13.2086" 11.7310' 15.3818° 18.7620 
12.6105 | 13.2100 13.7310 15.3837 18.7626 
S-S 
-0.5 3.5298 3.8098 40392” 4.7237  6.0293' 
3.5335 3.8102 4.0392 4.7239 
-0.3 3.7562" 4.1101” 44034" 5.2936° 7.0320 
3.7607 4.1106 4.4034 5.2940 7.0321 
-0.1 3.9680” 4.3982° 4,7576: 5.3598°  8.0405' 
3.9730 _ 4.3987 47576 
0 4.0723" 4.5418" 4.9351" 
4.0775 4.5423 4.9351 6.1461 8.5503 


6.4343" 90640" 

4.1822 4.6860 5.1142 6.4348 9.0642 
4.3882 4.9807 5.4787 7.0216: 10.1049’ 
4.9808 5.4787 7.0222 10.1050 

4.6056 5.2827 5.8537 7.6231: 11.16257 
5.2833 5.8537 7.6237 11.1627 


values taken from Ansari[2000]. 
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Table 9.11 
Comparison of frequency parameter О for linearly tapered (В = 0) and parabolically 
tapered (a = 0) orthotropic (p? = 1.44) circular plate subjected to thermal gradient 


た た た ノ 


|) 


ва Г a=0, B=0 27-03, B=0 ато, B=-0.3 

w... Q Mode| б |(Frobenius)' present_| Frobenius | Frobenius present 
Ше | Clamped 
3 0 10.8285 10.8292 | 8.2281 8.2287 8.5696 8.5701 
D 0.1 10.6377 10.6384 8.0785 8.0790 8.4137 8.4142 
I 0.2 10.4382 10.4389 7.9222 7.9227 8.2509 8.2513 
те 0.3 10.2286 10.2293 7.7580 7.7585 8.0800 8.0804 
ne 0.4 | 10.0073 10.0080 7.5845 7.5850 7.8997 7.9001 
0 41.5200 41.5281 33.8840 33.8906 35.7066 35.7124 
- 0.1 40.5736 40.5815 33.1191 33.1249 34.9025 34.9080 
TN y H | 02 39.5806 39.5882 32.3167 32.3225 34.0590 34.0641 
- 0.3 38.5331 38.5403 31.4704 31.4766 | 33.1697 33.1745 
77 Ë 0.4 37.4204 37.4277 30.5719 30.5778 32.2259 322312 
М” 0 91.8433 91.8749 76.1952 76.2207 | 80.5468 80.5690 
Em 0.1 89.6248 89.6557 74.3899 74.4146 78.6378 78.6601 
и HI | 0.2 87.2942 87.3240 72.4994 72.5212 76.6349 76.6549 
— | 0.3 | 84.8319 84.8607 70.4979 70.5233 | 74.5191 74.5374 
NM. 0.4 | 822125 82.2406 68.3708 68.3953 | 72.2695 72.2888 
Pm В 5-5 

М. 0 5.5202 5.5205 4.5140 4.5142 4,8356 4.8358 
й 0.1 5.3940 5.3943 4.4087 4.4089 4.7220 4.7223 
D. I |02 5.2634 5.2637 4.2995 4.2997 4.6042 4.6044 
> 0.3 5.1277 5.1279 4.1858 4.1860 4.4814 4.4816 
ШИ 2. 0.4 4.9861 4.9864 4.0669 4.0671 4.3531 4.3533 
> 0 31.2503 31.2558 25.9639 25.9681 | 27.7302 27.7340 
m 0.1 | 30.5023 30.5072 25.3520 25.3558 | 27.0825 27.0862 
* : H |0.2| 29.7201 29.7249 24.7125 24.7162 | 26.4055 26.4089 
0.3 | 28.8988 28.9033 24.0407 24.0446 | 25.6945 25.6977 
0.4| 28.0310 28.0355 23.3308 23.3345 24.9432 24.9467 
0 76.6757 76.6986 64.1305 64.1506 68.2644 68.2816 
0.1 | 74.7825 74.8054 62.5873 62.6039 | 66.6232 66.6404 
Ш | 0.2 | 72.7980 72.8201 60.9680 60.9847 | 64.9043 64.9193 
0.3 70.7063 70.7271 59.2608 59.2789 63.0906 63.1051 
0.4 | 68.4854 68.5057 57.4487 57.4663 61.1654 61.1817 


values taken from Gupta[1984]. 
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CONCLUSION 


The present work analyses free axisymmetric vibrations of isotropic and polar orthotropic non- 
homogeneous circular and annular plates of non-uniform thickness with various complicating 
effects such as elastic foundation, shear deformation, rotatory inertia, thermal gradient and 


elastically restrained edge. The analysis is of practical importance due to the use of such plates 


in various technological situations. 


The governing differential equations of motion for various plate models considered in different 
chapters based on classical plate theory(CPT) and first order shear plate theory of Mindlin 
(SPT) have been derived using Hamilton’s energy principle. Four different numerical methods 
namely Ritz method and differential quadrature method(DQM), new version of differential 
quadrature method(NDQM) and Chebyshev collocation technique have been employed to 
solve the above resulting equations with variable coefficients. Convergence and accuracy 
studies for all the methods have been carried out to reveal the convergence characteristics of 
particular method as well as 5 ensure the accuracy of the results. The present choice of 
collocation methods provides a faster convergence as compared to finite difference method, 
finite element method, quintic splines method and characteristic orthogonal polynomials 
method etc. In DOM and NDQM the collocation points have been chosen as zeros of shilied 
Chebyshev polynomials. This choice of collocation points has faster rate of convergence as 
compared to other types of collocation points i.e. equally spaced points and zeros of shifted 
Legendre polynomials. Further, NDQM converges faster than DOM while the convergence 


characteristics of DOM and Chebyshev collocation technique are more or less the same. 


In case of circular plates, the frequency parameter Q for free plate is smaller than that for 


clamped plate and greater than that for simply supported plate. The frequency parameter 
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increases with the increasing values of non-homogeneity parameter z, taper parameters a and 


В, rigidity ratio p and flexibility parameter K, while it decreases with increase in density 
parameter 7 and thermal gradient と This increase/decrease in frequency parameter further 
increases with the increasing order of modes. In case of plates for which thickness increases 
towards the outer edge, the frequency parameter for linear thickness variation (a> 0, B = 0) is 
higher than that for parabolic thickness variation (а = 0, 8 > 0) and smaller than that for 


quadratic thickness variation (a > 0, В > 0). The behaviour is just the reverse when thickness 


decreases towards the outer edge. 


In case of annular plates, the frequency parameter Q for C-S plate is smaller than that for C-C 
libens greater than that for C-F plate. The effect of various plate parameters such as u, n 
and a, В on the frequency parameter remains almost similar to that of circular plates. For all 
the three boundary conditions, the frequency parameter is found to increase with the increase in 


values of foundation parameters K and G as well as the hole size of the plate, whatever be the 
values of other plate parameters. It is observed that the natural frequencies obtained by 


Pasternak foundation model are higher than that for Winkler model. The effect of foundation 


decreases with the increase in the number of modes. 


In case of annular plates, the radii ratio plays an important role on the behaviour of frequency 


parameter ©, which is found to increase with its increasing values. The values of radii ratio 
&-b/a) from 0.1 to 0.7 have been taken from the literature. However, efforts were made to 
consider two extreme values ої є when it is equal to zero and when it approaches to unity. In 
case when e is very small there is instability in the values of frequency parameter О, Further. 
for є - 0 the annular plate reduces to iss plate and the two point boundary value problem 
becomes a boundary value problem. In case, when є approaches unity, the plate reduces to a 


ring and the domain (& 1) becomes very small. The present collocation techniques give 
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converging results even for the half of the number of collocation points for є = 0.8 and 0.9. The 


corresponding 


the plate. However in this case the theory of rings should be applied instead of applying the 


theory of plates. 


For moderately thick circular/annular plates, the frequency parameter Q has been computed 


using first order shear plate theory of Mindlin (Q,) and classical plate theory (Q.). It is found 


that (О, - Q,) increases with the increasing values of non-homogeneity parameter д, taper 


parameters а and р, thickness parameter ho and with decreasing values of density parameter 7. 


It also increases with the increase in order of modes. Thus the effects of rotatory inertia and 
transverse shear cannot be neglected while predicting the vibrational behaviour of non- 


homogeneous moderately thick plates (/o > 0.1). Similar inferences were drawn by 


Deresiewicz and Mindlin[1955], Gupta et al.[1994], Gupta and Lal[1985] in case of 


isotropic/orthotropic circular/annular plates. 


Further, it is found that in case of CPT, the effect of non-homogeneity parameter и (и = 0.5) for 


small value of density parameter y (и = 0.1) on the frequency parameter is found to increase by 


15.7%, 11.3% and 9.2%, respectively for clamped, simply supported and free isotropic circular 
plates vibrating in fundamental mode. Similarly for u = 0.1 and y = 0.5, the frequency 
parameter is found to decrease by 5.796, 8.2% and 11.4%. respectively. The above percentages 
are found to decrease and increase respectively with the increase in the number of modes. 


Moreover, the effect of non-homogeneity due to thermal gradient ¢ (¢ = 0.3) is to decrease the 
frequency parameter by 5.6%, 7.8% and 8.5% for clamped, simply supported and free isotropic 
circular plates, respectively. These percentage changes are found to decrease with the increase 


in orthotropy and also when the plate becomes thicker and thicker towards the outer edge. In 


case of isotropic annular plates, the effect of non-homogeneity parameter и(и< 0.5) for 0.1 


frequencies are sufficiently high which may be attributed to the reduced mass of 
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on Ше frequency parameter is found to increase by 14.3%, 12.3% and 8.3% for C-C, C-S and 
C-F boundary conditions, respectively, in the fundamental mode, while for 4t = 0.1 and y = 0.5, 
the frequency parameter decreases by 12.2%, 13.6% and 17.6%, respectively. These 


percentage changes decrease with the incorporation of foundation and increase with increase in 


hole size. 


In case of SPT, the overestimation of fundamental frequency for non-homogeneous circular 
plate ( = 0.5, y = 0.1), in per cent by CPT with respect to SPT is 2.7%, 7.8% and 1.4% for 
clamped, simply supported and free edges, respectively for Ag = 0.1. The corresponding 
percentage change in case of C-C, C-S and C-F annular plates are 15.2%, 9.8% and 2.2%, 
respectively. These percentage changes increase with the increase in the thickness parameter ho 


of Ше plate and with the increasing order of modes. 


Scope for Future Work 
All the problems considered in the thesis can be extended to asymmetric vibrations. Further, 
the analysis can be extended to study the natural frequencies of non-homogeneous plates of 


uniform and non-uniform thickness subjected to in-plane force due to their engineering 


applications. 


4 


J 


^ 


4 
Y 


* 


E 
4 » 
ES 


a TEE 
* с 
k 


ШЫБЫНЫ А, 


| 


“a 


ann 


し っ 


REFERENCES 


Ansari, A.H., “Vibration of Plates of Variable Thickness", Ph.D. Thesis, University of 
Roorkee, India, 2000. 

Ansari, A.H. and Gupta, U.S., *Transverse vibration of polar orthotropic parabolically 
tapered circular plates”, Indian Jl. Pure and Appl. Math., Vol. 34(6). 819-830, 2003. 

Arafat, H.N., Nayfeh. A.H. and Faris, W., *Natural frequencies of heated annular and 
circular plates", Int. Jl. of Solids & Structures, Vol. 41, 3031-3051, 2004. 

Avalos,.D.R. and Laura, P.A.A., “A note on transverse vibrations of annular plates 
elastically restrained along the edges", Jl. of Sound and Vibration, Vol. 66-63-67, 1979. 
Avalos, D.R., Hack, H. and Laura, P.A.A., *Galerkin's method and axisymmetric 
vibrations of polar orthotropic circular plates”, AIAA Jl., Vol. 20, 1626-1628, 1982. 
Avalos, D.R., Laura, P.A.A. and Bianchi, A., “Analytical and experimental investigations 
on vibrating circular plates with stepped thickness over a concentric region”, Jl. of the 
Acoustical Society of America, Vol. 82, 13-16, 1987. 

Ayvaz, Y., Daloglu, A. and Dogangun, A., “Application of a modified Vlasov model to 
earthquake analysis of plates resting on elastic foundation”, Л.-оҒ Sound and Vibration, 
Vol. 212(3), 499-509, 1998. 

Azimi, S., *Free vibration of circular plates with elastic edge supports using the receptance 
method", Jl. of Sound and Vibration, Vol. 120(1), 19-35, 1988. 

Bambill, D.V. and, Laura, P.A.A., Comments on “Axisymmetric vibration of circular 
plates with double linear thickness variation”, Jl. of Sound and Vibration, Vol. 197(1), 131- 
134, 1996. 7 

Bambill, D.V., Rossit, C.A. and Laura, P.A.A., *First mode approximation of mass and 
compliance of a circular plate elastically restrained against rotation along the edge", Jl. of 
Sound and Vibration, Vol. 189(4),543-546, 1996. : 

Barakat, R. and Baumann, E., “Axisymmetric vibrations of a thin circular plate having 
parabolic thickness variation”, Jl. of the Acoustical Society of America, Vol. 44, 641-643, 
1968. 

Bauer, H.F. and Eidel, W., “Determination of the lower natural frequencies of circular 
plates with mixed boundary conditions”, Jl. of Sound and Vibration, Vol. 292(3-5), 742- 
764, 2006. 


* 300 


13. 


ААА 


= = 


B 21. 
Йо 22. 
те 28, 


+ 


ト う 
た 


25. 


Bell, R. and Kirkhope, J., “Vibration analysis of polar orthotropic disc using the transverse 
matrix method”, Jl. of Sound and Vibration, Vol. 86, 47-60, 1983. 

Bellman, R.E. and Casti, J.. “Differential quadrature and long term integration”, Jl. of 
Mathematical Analysis and Applications, Vol. 34, 235-238, 1971. 

Bellman, R.E., Kashef, B.G. and Casti, J., “Differential quadrature: technique for the rapid 
solution of nonlinear partial differential equation”, Journal of Computational Physics, Vol. 
10, 40-52, 1972. 

Bercin, A.N., “Free vibration of solution for clamped orthotropic plates using the 
Kantorovich method”, Jl. of Sound and Vibration, Vol. 196(2), 243-247, 1996. 

Bert, C.W., Jang, S.K. and Striz, A.G., “Two new approximate methods for analyzing free 
vibration of structural components", AIAA Journal, Vol. 26, 612-618, 1988. 

Bert, C.W. and Malik, M., “Free vibration analysis of tapered rectangular plates by the 
differential quadrature method: A semi-analytical approach”, Jl. of Sound and Vibration. 
Vol. 190, 41-63, 1996a. 

Bert, C.W. and Malik, M., “Differential quadrature method in computational mechanics: A 
review”, Appl. Mech. Rev., Vol. 49, 1-28, 1996b. 

Bert, C.W. and Malik, M., “The differential quadrature method for irregular domains and 
applications to plate vibration”, Int. J. Mech. Sci., Vol. 38, 589-606, 1996c. 

Bhattacharya, В. “Free vibration of plates оп Vlasov's foundation”, Jl. of Sound and 
Vibration, Vol. 54(3), 464-467, 1977. 

Biswas, S.K., “Note on the torsional vibration of a finite circular cylinder of non- 
homogeneous material by a particular type of twist on one of the plane surface”, Indian Jl. 
of Physics, Vol. 43, 320-323, 1969. 

Bose, R.K., “Note on forced vibration of a thin non-homogeneous circular plate with 
central hole”, Indian Jl. of Physics, Vol. 41, 886-890, 1967. 

Chakraverty, S., “Numerical Solution of Vibration of Plates”, Ph.D. Thesis, University of 
ROO, India, 1992. 

Chakraverty, S., Bhat, В.В. and Stiharu, I., “Recent research on vibration of structures 
using boundary ТЕ orthogonal polynomials in the Rayleigh-Ritz method”, The 
Shock and Vibration Digest, Vol. 31(3), 187-194, 1999. 


ОД ај 


"> 

й 

H= 30. 

Ж 

"_ 

“ 。 

= 35. 

B. 

" 38. 
39. 


Chakraverty, S., Bhat, R.B. and Stiharu, I., *Free vibration of annular elliptic plates using 
boundary characteristic orthogonal polynomials as shape functions in the Rayleigh-Ritz 
method", Jl. of Sound and Vibration, Vol. 241(3), 524-539, 2001. 

Chen, S.H.H., “Bending and vibration of plates of variable thickness", Trans. ASME Jl. of 


Е Engineering for Industry, Vol. 98, 166-170, 1976. 


Chen, D.Y., “Axisymmetric vibration of circular and annular plates with arbitrarily varying 
thickness", Jl. of Sound and Vibration, Vol. 206(1), 114-121, 1997. ] 
Chen, D.Y. and Ren, B.S., “Finite element analysis of the lateral vibration of thin annular 
and circular plates with variable thickness", ASME Journal of Vibration and Acoustics, 
Vol. 120(3), 747-752, 1998. 
Cheung, Y.K. and Zhou, D., “Vibration of tapered Mindlin plates in terms of static 
Timoshenko beam function”, Л. of Sound and Vibration, Vol. 260(4), 693-709, 2003. 
Chung, J.H., Chung, T.Y. and Kim, K.C., “Vibration analysis of orthotropic Mindlin plates 
with edge elastically restrained against rotation”, Jl. of Sound and Vibration, Vol. 163(1). 
151-163, 1993. 
Clastornik, J., Eisenberger, M., Yankelevsky, D.Z. and Adin, M.A., “Beams on variable 
Winkler elastic foundation”, Jl. of Applied Mechanics, Vol. 53, 925-928, 1986. 

Conway, H.D., “An analogy between the flexural vibrations of a cone and a disc of 
linearly varying thickness”, ZAMM, Vol. 37(9-10), 406-407, 1957. 

Conway, H.D., “Some special solutions for the flexural vibration of discs of varying 
thickness”, Ingr.-Arch., Vol. 26, 408-410, 1958. 

Conway, H.D., “Analysis of plane stress in polar co-ordinates and with varying thickness", 
Л. of Applied Mechanics, Vol. 26, 437-439, 1959. 

Conway, H.D., Becker, E.C.H. and Dubil, J.F., “Vibration frequencies of tapered bars and 
circular plates”, Trans. ASME Jl. of Applied Mechanics, Vol. 31, 329-331, 1964. 

Davi, G. and Milazzo, A., “A meshfree method for transverse vibrations of anisotropic 
plates”, Int. Jl. of Solids and Structures, Vol. 40(20), 5229-5249, 2003. 

Deresiewicz, H. and Mindlin, R.D., “Axially symmetric flexural vibrations of a circular 
disk”, Trans. ASME Л. of Applied Mechanics, , Vol. 22(1), 86-88, 1955. 

Duan, W.H., Quek, S.T. and Wang, Q., “Generalized hypergeometric function solutions for 
transverse vibration of a class of non-uniform annular plates”, Jl. of Sound and Vibration. 


Vol. 287(4-5), 785-807, 2005. 


Dumir, P.C., “Circular plates on Pasternak elastic foundation”, Int. Jl. of Num. Anal. Meth. 
Geomech, Vol. 11(1), 51-60, 1987. 
4l. Elishakoff, I. and Pentaras, D., *Lekhnitskii's classic formula serving as an exact mode 
shape of simply supported polar orthotropic inhomogeneous circular plates", Jl. of Sound 
and Vibration, Vol. 291(3-5), 1239-1254, 2006. 
42. Erdogan, F., "The crack problem for bonded nonhomogeneous materials under antiplane 
shear loading", Jl. of Applied Mechanics, Vol. 52, 823-828, 1985. 
| 43. Fauconneau, G. and Marangoni, R.D., “Effect of a thermal gradient on the natural 
j frequencies of a rectangular plate”, Int. Jl. of Mech. Sci., Vol. 12, 113-122, 1970. 


44. Ficcadenti, G.M., Iglesias, De and Laura, P.A.A., *Numerical experiments on vibrating 


(луун ЛС) 


circular plates of non-uniform thickness and variable rotational constraint along the edge”. 


| 


j 


м Jl. of Sound and Vibration, Мої. 111, 173-175, 1986. 

иа. 45. Filipich, СР. and Rosales, M.B., “A further study about the behaviour of foundation piles 

ша. and beams in a Winkler-Pasternak soil”, Int. Jl. of Mech. Sci., Vol. 44(1), 21-36, 2002. 

" 46. Fox, L. and Parker, I.B., “Chebyshev Polynomials in Numerical Analysis", Oxford 
Ta . University Press, Oxford, 1968. 


47. Ganesan, N. and Dhotarad, M.S., “Influence of a thermal gradient on the natural 

Ы: frequencies of tapered orthotropic plates”, Jl. of Sound and Vibration, Vol. 66(4), 621-625, 

> , 1979. | 

ЕР 48. Gelos, R., Ficcadenti, G.M., Grossi, К.О. and Laura, P.A.A., “Vibration of circular plates 
with variable profile”, Jl. of the Acoustical Society of America, Vol. 69, 1326-1329, 1981. 

49. Ghosh, N.C., “Thermal effect on the transverse vibration of high speed rotating anisotropic 
disc", ASME Jl. of Applied Mechanics, Vol. 52, 543-548, 1985. 

50. Ginesu, F., Picasso, B. and Priolo, P., “Vibration analysis of polar orthotropic annular 
disks", Jl. of Sound and Vibration, Vol. 65, 97-100, 1979. 

51. Gorman, D.G., “ Natural frequencies of polar orthotropic annular uniform plates”. Jl. of 
Sound and Vibration, Vol. 80, 145-154, 1982. 

52. Gorman, D.G., “Natural frequencies of polar orthotropic variable thickness annular plates", 
Jl. of Sound and Vibration, Vol. 86, 47-60, 1983a. 

53. Gorman, D.G., “Vibration and elastic stability of polar orthotropic variable thickness 


circular plates subjected to peripheral loading", Composite Structure 2, Proceeding of 


+ 


y 


= 
y 


D 
= 


= 


EZ 


2 


54. 


55: 


56. 


S. 


58. 


59. 


60. 


61. 


63. 


64. 


65. 


second Int. Conf. on Composite Structure edited by І.Н.М.Н. Marshell, pp. 114-127, 


1983b. 
Gorman, D.G., “Vibration of thermally stressed polar orthotropic annular plates”, 
Earthquake Engg. and Structural Dynamics, Vol. 11, 843-855, 1983c. 

Gorman, D.G., “Thermal gradient effects upon the vibrations of certain composite circular 
plates, Part I”, Л. of Sound and Vibration, Vol. 101, 325-336, 1985a. 

Gorman, D.G., “Thermal gradient effects upon the vibrations of certain composite circular 
plates, Part II : Plane orthotropic with temperature dependent properties”, Jl. of Sound and 
Vibration, Vol. 101(3), 337-345, 1985b. 

Gorman, D.J., “Free Vibration Analysis of Rectangular Plates", Amsterdam 
Elsevier/North-Holland, 1982. 

Güler, K., “Circular elastic plate resting on tensionless Pasternak foundation”, ASCE Jl. of 
Engg. Mechanics, Vol. 130(10), 1251-1254, 2004. 

Gunaratnam, D.G. and Bhattacharya, A.P., “Transverse vibrations and stability of polar 
orthotropic circular plates: High-level relationships”, Jl. of Sound and Vibration. Vol. 
132(3), 383-392, 1989. 

Gupta, A.K., “Thermal Effect on Some Vibration Problems of Orthotropic Plates of 
Variable Thickness”, Ph.D. Thesis, University of Roorkee, Roorkee, 1984. 

Gupta, U.S. and Lal, R., “Axisymmetric vibrations of linearly tapered annular plates resting 
on an elastic foundation”, Jl. Aero. Soc. of India, Vol. 31, 97-102, 1979. 

Gupta, U.S. and Lal, R., “Axisymmetric vibrations of polar orthotropic Mindlin annular 
plates of variable thickness”, Jl. of Sound and Vibration, Vol. 98, 565-573, 1985. 

Gupta, U.S., Lal, R. and Verma, C.P., “Effect of elastic foundation on axisymmetric 
vibration of polar orthotropic annular plates of variable thickness”, Jl. of Sound and 
Vibration, Vol. 103, 159-169, 1985. 

Gupta, U.S., Lal, R. and Jain, S.K., “Effect of elastic foundation on axisymmetric 
vibrations of polar orthotropic circular plates of variable thickness”, Jl. of Sound and 
Vibration, Vol. 139(3), 503-513, 1990. 

Gupta, U.S., Lal, R. and Jain, S.K., “Buckling and vibrations of polar orthotropic circular 
plate of linearly varying thickness resting on an elastic foundation”, Jl. of Sound and 
Vibration, Vol. 147, 423-434, 1991. 


= 


4 


L 
b. 


x 


4 


リリ リリ ギャ AA | 


66. 


67. 


68. 


69. 


70. 


TAL. 


73. 


74, 


7/9 


76. 


ШШ 


Gupta, U.S., Lal, К. and Sagar, R., “Effect of an elastic foundation оп axisymmetric 
vibrations of polar orthotropic Mindlin circular plates”, Indian Jl. of Pure and Applied 
Mathematics, Vol. 25(12), 1317-1326, 1994. 

Gupta, U.S. and Ansari, A.H., “Free vibration of polar orthotropic circular plates of 
variable thickness with elastically restrained edge”, Jl. of Sound and Vibration, Vol. 213. 
429-445, 1998a. 

Gupta, U.S. and Ansari, A.H., “Asymmetric vibration and elastic stability of polar 
orthotropic circular plate of linearly varying profile”, Jl. of Sound and Vibration. Vol. 
215(2), 231-250, 1998b. | 

Gupta, U.S. and Ansari, A.H., “Effect of elastic foundation on asymmetric vibration of 
polar orthotropic parabolically tapered circular plate” Indian Jl. of Pure and Applied 
Mathematics, Vol. 30(10), 975-990, 1999. 

Gupta, U.S. and Ansari, A.H., “Effect of elastic foundation on asymmetric vibration of 
polar orthotropic linearly tapered circular plates”, Jl. SP Sud and Vibration, Vol. 254, 
411-426, 2002. 

Gupta, U.S. and Ansari, A.H., “Transverse vibration of polar orthotropic parabolically 
tapered circular plate", Indian Jl. of Pure and Applied Mathematics, Vol. 34(6), 819-830, 
2003. 

Gupta, U.S., Ansari, A.H. and Sharma, S., *Asymmetric buckling and vibration of polar 


orthotropic circular plate resting on Winkler foundation", Jl. of Sound and Vibration, (in 


` press) 2006. 


Gutierrez, R.H., Romanelli, E. and Laura, P.A.A., *Vibrations and elastic stability of thin 
circular plates with variable profile”, Jl. of Sound and Vibration, Voi. 195(3), 391-399, 
1996. 

Han, J.B. and Liew, K.M., “Numerical differential quadrature method for Reissner/Mindlin 
plates on two-parameter foundations”, Int. Л. of Mech. Sci., Vol. 39(9), 977-989, 1997. 
Harris, G.Z., “The normal modes of a circular plate of variable thickness”, Quarterly Jl. of 
Mechanics and Applied Mathematics, Vol. 21, 321-327, 1968. 

Hearmon, R., “The elastic constants of anisotropic materials”, Revs. Mod. Phys., Vol. 18, 
409-440, 1946. 

Hencky, H.,- “Uber die Berucksichtigung der Schubverzerrung in ebenen Platten”, 


Ingenieur Archiv, Vol. 16, 72-76, 1947. 


305 


リリ リヤ ヤヤ 


80. 
81. 

82. 

83. 

к т 
і 85. 
те 87. 
ть 88. 
ме 89. 
и“ 91. 
92. 


79. 


Hetenyi, M., *Beams on Elastic Foundation", Michigan, The University of Michigan Press, 
1946. 


Hetenyi, M., “Beams and plates on elastic foundation and related problems", Applied 
Mechanics Reviews, Vol. 19, 95-102, 1966. 

Hoff, N.J., “High Temperature Effect in Aircraft Structures”, Pergamon Press, New York, 
1958. 

Hou, Y., Wei, G.W. and Xiang, Y., “DSC-Ritz method for the free vibration analysis of 
Mindlin plates”, Int. Jl. for Numerical Methods in Engg., Vol. 62, 262-288, 2005. 

Irie, T. and Yamada, G., “Thermally induced vibration of circular plate”, Bulletin of the 
JSME, Vol. 21, 1703-1709, 1978. 

Irie, T., Yamada, G. and Aomura, S., “Natural frequencies of Mindlin circular plates”, 
Trans. ASME Jl. of Applied Mechanics, Vol. 47, 652-655, 1980. 

Irie, T., Yamada, G. and Takagi, K., “Natural frequencies of thick annular plates”, Trans. 
ASME Л. of Applied Mechanics, Vol. 49, 633-638, 1982. 

Irie, T., Yamada, G. and Tanaka, K., “Free vibration of a circular plate elastically 
restrained along some radial segments”, Jl. of Sound and Vibration, Vol. 89(3), 295-308, 
1983. 

Itao, K. and Crandall, S.H., “Natural modes and natural frequencies of uniform, circular 
free-edged plates”, Jl. of Applied Mechanics, Vol. 46, 448-453, 1979. 

Jain, S.K., “Vibration of Non-Uniform Composite Plates”, Ph.D. Thesis, University of 
Roorkee, India, 1993. 

Joshi, A., “Free vibration characteristics of variable mass rockets having large axial thrust / 
acceleration”, Jl. of Sound and Vibration, Vol. 187(4),727-736, 1995. 
Kamal, К. and Durvasula, S., “Bending of circular plate on elastic foundation”, ASCE Л. 
of Engg. Mechanics, Vol. 109, 1293-1298, 1983. 

Kang, J.H., “Three dimension vibration analysis of thick, circular and annular plates with 
nonlinear thickness variation", Computers and Structures, Vol. 81, 1663-1675, 2003. 

Kang, W., Lee N.H., Pang, S. and Chung, W.Y., “Approximate closed form solutions for 
free vibration of polar orthotropic circular plates”, Applied Acoustics, Vol. 66(10), 1162- 
1179, 2005. 

Kapania, R.K. and Raciti, S., “Recent advances in the analysis of laminated beams and 


plates, Part II: Vibrations and Wave propagation", AIAA Л., Vol. 27(7), 935-946, 1989. 


306 


93. Kar, R.C. and Sujata, T., “Parametric instability of a non-uniform beam with thermal 
gradient resting on a Pasternak foundation”, Computers & Structures, Vol. 29(4), 591-599. 
1988. 

94. Kar, R.C. and Sujata, T., *Parametric instability of Timoshenko beam with thermal 
gradient resting on a variable Pasternak foundation", Computers & Structures, Vol. 36(4). 
659-665, 1990. 

95. Kerr, A.D., "Elastic and viscoelastic foundation models”, Jl. of Applied Mechanics, Vol. 
31, 491-498, 1964. 


リリ リキ も も 


/ 


96. Kim, C.S. and Dickinson, S.M., “The flexural vibration of thin isotropic and polar 
orthotropic annular and circular plates with elastically restrained peripheries”, Л. of Sound 
and Vibration, Vol. 143, 171-179, 1990. 

97. Kirchhoff, G.R., *Uber das gleichgewicht and bewegung einer elastischen scheibe", Jl. fur 
die Reine Angenwandte Mathematik(Crelle), Vol. 40, 51-88, 1850a. 


Kurs 


98. Kirchhoff, G.R., “Uber die schwingungen einer kreisformigen elastischen scheibe”, 


Annalen der Physik und Chemie (Poggendorf), Vol. 81, 258-264, 1850b. 


99. Kirkhope, J. and Wilson, G.J., “Vibration of circular and annular plates using finite 
elements", Int. Jl. for Numerical Methods in Engg., Vol. 4, 181-193, 1972. 

100. Lal, R., *Vibration of Elastic Plates of Variable Thickness", Ph. D. Thesis, University of 
Roorkee, India, 1979. 


А 


101. Lal, R. and Gupta, U.S., “Axisymmetric vibrations of polar orthotropic annular plates of 
variable thickness", Jl. of Sound and Vibration, Vol. 83, 229-240, 1982. ` 


102. Lal, R., Gupta, U.S. and Reena “Quintic splines in the study of transverse vibrations of 


i 
М 


non-uniform orthotropic rectangular plates”, Jl. of Sound and Vibration, Vol. 207(1), 1-13, 
1997. 


103. Lal, R., Gupta, U.S. and Goel, C., “Chebyshev polynomials in the study of transverse 
vibrations of non-uniform rectangular orthotropic plates”, The Shock and Vibration Digest, 
Vol. 33(2), 103-112, 2001. 


104. Lal, R. and Sharma, S.. “Buckling and vibrations of polar orthotropic non-homogeneous 


annular plates”, Proc. Conf. of Indian Society of Mechanical Engineers held at LLT. 
Roorkee, pp. MD-075, Dec. 30-31, 2003. 


105. Lal, R. and Sharma, 5., “Axisymmetric vibrations of non-homogeneous polar orthotropic 


annular plates of variable thickness", Jl. of Sound and Vibration, Vol. 272, 245-265, 2004a. 


307 


リヤ リヤ すす 


7 


= 
1 


k 


E 


Ew 


| 


EX" · 
в. 


= 
y 


i 
М 


1222327 


worry 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


Lal, R. and Sharma, S., “Effect of elastic foundation on axisymmetric vibrations of polar 
orthotropic non-homogeneous annular plates subjected to in-plane force”, Proc. Int. Conf. 
on Advances in Structural Engineering and Mechanics(ASEM’04) held at Seoul, Korea, 
pp. 1957-1971, Sept. 2-4, 2004b. 

Larrondo, H., Topalian, V., Avalos, D.R. and Laura, P.A.A., Comments on “Free vibration 
analysis of annular plates by the DQ method”, Jl. of Sound and Vibration, Vol. 17741), 
137-139, 1994. 

Laura, P.A.A., Arias, A. and Luisoni, L.E., “Fundamental frequency of vibration of a 
circular plate elastically restrained against rotation and carrying a concentrated mass”, Л. of 
Sound and Vibration, Vol. 45(2), 298-301, 1976. 

Laura, P.A.A. and Gutierrez, R.H., Comments on “Vibration analysis of a rectangular plate 
subjected to a thermal gradient”, Jl. of Sound and Vibration, Vol. 72(2), 263, 1980. 

Laura, P.A.A., Pardoen, G.C., Luisoni, L.E. and Avalos, D., “Transverse vibration of 
axisymmetric polar orthotropic circular discs elastically restrained against rotation along 
the edge", Fibre Sci. and Tech., Vol. 15, 65-77, 1981. 

Laura, P.A.A., Avalos, D.R. and Galles, C.D., *Vibration and elastic stability of polar 
orthotropic circular plates of linearly varying thickness", Jl. of Sound and Vibration, Vol. 
82, 151-156, 1982. 


Laura, P.A.A. and Gutierrez, R.H., “Free vibration of a solid circular plate of linearly 


. varying thickness and attached to a Winkler type foundation", Jl. of Sound and Vibration, 


113. 
114. 
115. 
116. 


117. 


Vol. 144(1), 149-167, 1991. 

Lawrence, C.B. and Yin, J., “Buckling of orthotropic plates with free and rotationally 
restrained unloaded edges”, Thin-Walled Structures, Vol. 24(1), 83-96, 1996. 

Leissa, A.W. “Vibration of Plates”, Washington, DC: U.S. Government Printing Office 
(NASA SP 160), 1969. 

Leissa, A.W., “Free vibrations of rectangular plates”, Jl. of Sound and Vibration, Vol. 
31(3), 257-293, 1973. 

Leissa, A.W., “Recent research in plate vibrations, 1973-1976 : classical theory”, Shock 
and Vibration Digest, Vol. 9(10), 13-24, 1977. 

Leissa, A.W., “Recent research in plate vibrations, 1973-1976 : complicating effects”, 


Shock and Vibration Digest, Vol. 10(12), 21-35, 1978. 


Е Е AU AMAN, | 


k 


7 | 
У E 
N 
т 


mE * 
y 


Фет 


“ 


7 


2 
Ж 


© 
© 


118. 


119. 


120. 


ОЛЕ 


122. 


123. 


127. 


Leissa, A.W., “Plate vibration research, 1976-1980: complicating effects”, Shock and 
Vibration Digest, Vol. 13(10), 19-36, 1981. 

Leissa, A.W. and Narita, Y., “Vibration of free circular plates having elastic constraints and 
added mass distributed along the edge segments”, Л. of Applied Mechanics, Vol. 48, 196- 
198, 1981. 

Leissa, A.W., “Recent studies in plate vibration, 1981-1985: complicating effects”. Shock 
and Vibration Digest, Vol. 19(3), 10-24, 1987. 

Lekhnitskii, S., “Anisotropic Plates”, Translated by S.W. Tsai and T. Cheron, Gordon and 
Breach, New York, 1968. 

Levinson, M., “An accurate simple theory of the statics and dynamics of elastic plates”, 
Mechanics Research Communications, Vol. 7, 343-350, 1980. 

Li, S.R. and Zhou, Y.H., “Shooting method for non-linear vibration and thermal buckling 
of heated orthotropic circular plates”, Jl. of Sound and Vibration, Vol. 248(2), 379-386, 
2001. 


. Liew, K.M., Xiang, Y. and Kitipornchai, S., “Research on thick plate vibration: A literature 


survey”, Jl. of Sound and Vibration, Vol. 180(1), 163-176, 1995. 


. Liew, K.M., Han, J.B., Xiao, Z.M. and Du, H., “Differential quadrature method for Mindlin 


plates on Winkler foundation”, Int. Jl. of Mech. Sci., Vol. 38(4), 405-421, 1996. 


. Liew, K.M., Han, J.B. and Xiao, Z.M., “Vibration analysis of circular Mindlin plates using 


the differential quadrature method”, Jl. of Sound and Vibration, Vol. 205(5). 617-630, 
1997. 

Liew, K.M. and Yang, B., “Three-dimensional elasticity solutions for free vibrations of 
circular plates: a polynomials-Ritz analysis", Computer Meth. in Appl. Mech. and Engg.. 
Vol. 175, 189-201, 1999. 


. Liew, K.M. and Yang, B., “Elasticity solutions for free vibrations of annular plates from 


three-dimensional analysis", Int. Jl. of Solids and Structures, Vol. 37, 7689-7702. 2000. 


. Liu, C.F. and Chen G.T., *A simple finite element analysis of axisymmetric vibration of 


annular and circular plates”, Int. Jl. of Mech. Sci., Vol. 37(8), 861-871, 1995. 


. Liu, C.F. and Lee, Y.T., “Finite element analysis of three dimensional vibrations of thick 


circular and annular plate", ”, Jl. of Sound and Vibration, Vol. 233(11), 63-80, 2000. 


244 


ç 


/ リ リヤ 


"uw 
Ut 


| 


verry) 


4 
~ 


133. 


134. 


135. 


136. 


137. 


141. 


142. 


143. 


. Liu, C.F., Chen, T.J. and Hwang, C.Y., “Effect of satisfying stress boundary conditions in 


the axisymmetric vibration analysis of circular and annular plates”, Int. Jl. of Solids and 


Structures, Vol. 38, 7559-7569, 2001. 


. Love, A.E.H., “A Treatise on the Mathematical Theory of Elasticity”, Dover Publications, 


New York, 1944. 

Luisoni, L.E., Laura, Р.А.А. ‚and Grossi, R., “Antisymmetric modes of vibration of a 
circular plate elastically restrained against rotation and of linearly varying thickness", Jl. of 
Sound and Vibration, Vol. 55, 461-466, 1977. 

Malekzadeh, P. and Karami, G., “Vibration of non-uniform thick plates on elastic 
foundation by differential quadrature method", Engg. Structures, Vol. 26, 1473-1482, 2004. 
Malekzadeh, P., Karami, G. and Farid, M., *A semi-analytical DQEM for free vibration 
analysis of thick plates with two opposite edges simply supported", Computer Meth. in 
Appl. Mech. and Engg., Vol. 193, 4781-4796, 2004. 

Malekzadeh, P. and Shahpari, S.A., *Free vibration analysis of variable thickness thin and 
moderately thick plates with elastically restrained edges by DQM”, Thin-Walled 
Structures, Vol. 43(7), 1037-1050, 2005. 

Masad, J.A., “Free vibrations of a non-homogeneous rectangular membrane”, Jl. of Sound 
and Vibration, Vol. 195, 674-678, 1996. 

Mindlin, R.D., “Influence of rotatory inertia and shear on flexural motions of isotropic, 


elastic plates”, Trans. ASME Л. of Applied Mechanics, Vol. 18(1), 31-38, 1951. 


. Narita, Y. and Leissa, A.W., “Transverse vibration of simply supported circular plates 


having patial elastic constraints", Jl. of Sound and Vibration, Vol. 70, 103-116, 1980. 


. Narita, Y. and Leissa, A.W., *Flexural vibrations of free circular plates elastically 


restrained along parts of the edge", Int. Jl. of Solids and Structures, Vol. 17, 83-92, 1981. 
Narita, Y., “Free vibrations of continuous polar orthotropic annular plates", Jl. of Sound 
and Vibration, Vol. 98, 503-511, 1984. 


Narita, R.O., Laura, P.A.A. and Narita, Y., “A note on vibrating polar orthotropic circular 
plates carrying concentrated masses", Jl. of Sound and Vibration, Vol. 106(2), 181-186, 
1986. 
Naruoka, M., “Bibliography on Theory of Plates", Gihodo Publishing Co. Ltd., Tokyo, 
1981. 


た た な た たん びび 


т 
А 


pay ay 


Ta 151. 

> 

к. 

р- 152. 

D > 153. 

gje 

ya 155 

4% 156. 
. 157. 


x 
SS 


144. 


145. 


146. 


147. 


148. 


149. 


Nassar, M., “Bending of a circular plate on a linear viscoelastic foundation”, Applied 
Mathematical Modelling, Vol. 5, 60-62, 1981. 

Nowacki, W., “Thermoelasticity”, Pergamon Press, New York, 1962. 

Omurtag, М.Н. and Kadioglu, F., “Free vibration analysis of orthotropic plates resting on 
Pasternak foundation by mixed finite element formulation”, Computers & Structures, Vol. 
67(4), 253-265, 1998. 

Paliwal, D.N. and Pathak, R.S., “Free vibrations and stability of orthotropic plates on a 
Pasternak foundation", Jl. of Structural Engg., Vol. 29(4), 195-203, 2003. 

Panc V., “Theories of Elastic Plates”, Noordhoff International Publishing, Leyden. The 
Netherlands, 1975. 

Pardoen, G.C., “Asymmetric vibration and stability of circular plate”, Computers and 
Structures, Vol. 9, 89-95, 1978. 


50. Quan, J.R. and Chang, C.T., “New insights in solving distributed system equations by the 


quadrature method-I. Analysis”, Computers and Chemical Engg., Vol. 13, 779-788. 1989a. 

Quan, J.R. and Chang, C.T., “New insights in solving distributed system equations by the 
quadrature method-II. Numerical Experiment”, Computers and Chemical Engg., Vol. 13, 
1017-1024, 1989b. 

Ramaiah, G.K. and Vijaykumar, K., “Natural frequencies of polar orthotropic annular 
plates”, Jl. of Sound and Vibration, Vol. 26, 517-531, 1973. 

RamKumar, R.L., Chen, P.C. and Sanders, W.J., “Free vibration solution of clamped 
orthotropic plates using Lagrangian multiplier technique”, AIAA Л., Vol. 25, 146-151. 
1987. 


. Rao, G.V., Rao, В.Р. and Raju, 1.5., “Vibrations of inhomogeneous thin plates using a 


high-precision triangular element”, Jl. of Sound and Vibration, Vol. 34(3), 444-445, 1974. 


. Rao, G.V., Sinha, G., Mukherjee, N. and Mukhopadhyay, M., “A finite element free 


vibration analysis of a thermally stressed spinning plate”, Computers & Structures, Vol. 
59(2), 377-385, 1996. 

Rao, S.S., “Mechanical Vibrations”, Pearson Education(Singapore) Pvt. Ltd., Indian 
Branch, Delhi, India, 2004. F 

Ratko, M., “Transverse vibration and instability of an eccentric rotating circular plate", Jl. 


of Sound and Vibration, Vol. 280, 467-478, 2005. 


158. Reddy, J.N., “A simple higher-order theory for laminated composite plates”, Trans. ASME 
Jl. of Applied Mechanics, Vol. 51(4), 745-752, 1984. 

159. Reddy, J.N. and Phan, N.S., “Stability and vibration of isotropic, orthotropic and laminated 
plates according to a higher-order shear deformation theory”, Jl. of Sound and Vibration, 
Vol. 98(1), 157-170, 1985. 

160. Reddy, J.N., “A review of refined theories of laminated composite plates”, Shock and 
Vibration Digest, Vol. 22(7), 3-17, 1990. 

161. Reissner, E., “The effect of transverse shear deformation on the bending of elastic plates”, 
Trans. ASME Л. of Applied Mechanics, Vol. 12, 69-77, 1945. 

162. Rossi, R.E., “Transverse vibrations of a circular annular plate with a free inner edge and a 


secant support”, Jl. of Sound and Vibration, Vol. 254(4), 801-804, 2002. 


リリ リリ ヤヤ ギヤ も 94 


163. Rossi, R.E. and Laura, P.A.A., “Transverse vibrations of a thin, elastic circular plate with 


mixed boundary conditions”, Л. of Sound and Vibration, Vol. 255(5), 983-986, 2002. 
164. Saha, K.N., Kar, R.C. and Datta, P.K., “Dynamic stability of a rectangular plate on non- 


"EU 


- 
) 


£v vg. 


i, 
A 


homogeneous Winkler Foundation”, Computers and Structures, Vol. 63(6), 1213-1222, 
1997. 


165. Sankarnarayanan, N., Chandrasekaran, K. and Ramaiyan, G., “ Axisymmetric vibrations of 
layered annular plates with linear variation in thickness", Jl. of Sound and Vibration, Vol. 
99(3), 351-360, 1985. 

166. Sanzi, N.C., Bergmann, A., Elvire, C.F. and Laura, P.A.A., *Numerical experiments on the 
determination of natural frequencies of vibrating circular plates with stepped thickness over 
a concentric circular region", Jl. of Sound and Vibration, Vol. 34, 190-192, 1989. 

167. Saxena, V., “Numerical Solution of Some Vibration Problems of Plates with Variable 


Thickness", Ph.D. Thesis, University of Roorkee, India, 1996. 


168. Selmane, A. and Lakis, A.A., *Natural frequencies of transverse vibrations of non-uniform 


2 


“ 


circular апа annular plates”, Jl. of Sound and Vibration, Vol. 220(2), 225-249, 1999. 


169. Senthilnathan, N.R., “A Simple Higher Order Shear Deformation Plate Theory”, Ph.D. 


ч 


Thesis, National University of Singapore, 1989. 


170. Shames, І. H. and Dym, C.L., “Energy and Finite Element Methods in Structural 


Mechanics”, Hemisphere, Washington, DC, 1985. 


145 


171. Sharma, S., “Free Vibration Analysis of Elastic Plates", Ph.D. Thesis, I.I.T. Roorkee. India. 
2005. 


МАЛ 


X7 


i» 


172. 


173. 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


181. 


182. 


183. 


184. 


Sheikh, A.H., Dey, P. and Sengupta, D., “Vibration of thick and thin plates using a new 
triangular element”, ASCE Jl. of Engg. Mechanics, Vol. 129(11), 1235-1244, 2003. 

Shen, H.S., “Thermal post-buckling analysis of imperfect shear-deformable plates on two 
parameter elastic foundations”, Computers & Structures, Vol. 63(6), 1187-1193, 1997. 
Shen, H.S., Yang, J. and Zhang, L., “Free and forced vibration of Reissner-Mindlin plates 
with free edges resting on elastic foundations", Jl. of Sound and Vibration, Vol. 244(2). 
299-320, 2001. 

Shu, C. and Richards, C.E., *Application of generalized differential quadrature to solve 
two-dimensional incompressible Naviour-Stokes equations", Int. Jl. Num. Meth. Fluids. 


Vol. 15, 791-798, 1992. 
Shu, C., "Differential Quadrature and its Applications in Engineering”, Springer-Verlag. 
Great Britain, 2000. 

Singh, B. and Chakraverty, S., *Use of characteristic orthogonal polynomials in two 
dimensions for transverse vibration of elliptical and circular plates with variable thickness". 
Jl. of Sound and Vibration, Vol. 173(3), 289-299, 1994. 

Singh, B., Hassan, S.M. and Lal, J., *Some numerical experiments on high accuracy fast 
direct finite difference methods for elliptic problem", Communication in Numerical 
Method in Engineering, Vol. 12, 631-641, 1996. 

Singh, B. and Hassan, S.M., “Transverse vibration of a circular plate with arbitrary 
thickness variation", Int. Jl. of Mech. Sci., Vol. 40(11), 1089-1104, 1998. 

Singh, B. and Saxena, V., “Axisymmetric vibration of a circular plate with double linear 
thickness variation", Jl. of Sound and Vibration, Vol. 179(5), 879-897, 1995. 

Singh, B. and Saxena, V., “Transverse vibration of a circular plate with unidirectional 
quadratic thickness variation”, Int. Jl. of Mech. Sci., Vol. 38(4), 423-430, 1996a. 

Singh, B. and Saxena, V., “Axisymmetric vibration of a circular plate with exponential 
thickness variation", Jl. of Sound and Vibration, Vol. 192(1), 35-42, 1996b. 

Singh, R.P. and Jain, S.K., “Asymmetric vibration of non-uniform polar orthotropic 
annular plate with edges elastically restrained — a particular case study", The Institute of і 
Engineers(India)-AS, Vol. 84, 35-40, 2003. М 
Singh, К.Р. and Jain, S.K., “Free asymmetric transverse vibration of parabolically varying 
thickness polar orthotropic annular plate with flexible edge conditions”, Tamkang Jl. of 
Sci. and Engg., Vol. 7(1), 41-52, 2004. 


SS 


= 
1 


j қ 


7 


| 


| 


1 | 


177477 


¿PU 


Ms 195 


185. 


186. 


187. 


190. 


191. 


1922 


193. 


194. 


196. 


197. 


198. 


199. 


Singh, R.P. and Jain, S.K., “Free asymmetric transverse vibration of polar orthotropie 
annular sector plate with linearly varying thickness in the radial direction”, Indian Jl. of 
Engg. & Materials Sci., Vol. 12, 129-140, 2005. 

Smaill, J.S., “Large deflection response of annular plates on-Pasternak foundations”, Int. JI. 
of Solids and Structures, Vol. 27(8), 1073-1084, 1991. 


Snyder, M.A., “Chebyshev Methods in Numerical Approximations", Prentice-Hall Inc., 
Englewood Cliffs, NJ, 1969. 


. Soedel, W., “Vibration of Shells and Plates", Marcel Dekker, New York, 2004. 


. Soni, S.R. and Amba-Rao, C.L., "Axisymmetric vibration of annular plates with variable 


thickness", Jl. of Sound and Vibration, Vol. 38, 465-473, 1975. 

Sternberg, E. and Chakravorty, J.G., *On the propagation of shock waves in a non- 
homogeneous elastic medium", Trans. ASME Jl. of Applied Mechanics, Vol. 26, 528- 、 
1959. 

Striz, A.G., Jang, S.K. and Bert, C.W., “Non-linear bending analysis of thin circular plates 
by differential quadrature", Thin-Walled Structures, Vol. 6, 51-62, 1988. 

Szilard, R., “Theory and Analysis of Plates: Classical and Numerical Methods", Prentice 
Hall, Englewood Cliffs, New Jersey, 1974. 

Teo, T.M. and Liew, K.M., “Differential cubature method for analysis of shear deformable 
rectangular plates on Pasternak foundations", Int. Jl. of Mech. Sci., Vol. 44(6), 1179-1194, 
2002. 

Thorkildsen, R.L. and Hoppmann, W.H., *Flexure of non-homogeneous cylindrically 


aelotropic plate”, Trans. ASME Jl. of Applied Mechanics, Vol. 26, 669-672, 1959. 


. Timoshenko, S. and Woinowsky-Krieger, S., “Theory of Plates and Shells”, 214 ed., 


McGraw-Hill Book Company, New York, 1984. 
Tomar, J.S. and Gupta, A.K., “Thermal effect on frequencies of an orthotropic rectangular 
plate of linearly varying thickness", Jl. of Sound and Vibration, Vol. 90, 325-331, 1983. 
Tomar, J.S. and Gupta, A.K., “Thermal effect on axisymmetric vibration of an orthotropic 
circular plate of variable thickness”, AIAA Jl., Vol. 22(7), 1015-1017, 1984a. 

Tomar, J.S. and Gupta, A.K., “Vibrations of an orthotropic elliptic plate of non-uniform 
thickness and temperature”, Jl. of Sound and Vibration, Vol. 96(1), 29-35, 1984b. 

Tomar, J.S. and Gupta, A-K., “Harmonic temperature effect on vibrations of an orthotropic 
plate of varying thickness”, AIAA Л., Vol. 24(4), 633-636, 1985a. 


314 


> 


/ 


IIIT TS ИЛА UU 


(4 209. 


. Tomar, J.S. and Gupta, A.K., “Effect of thermal gradient on frequencies of an orthotropic 


201. 


202. 


203. 
204. 
. Tsai, S.W., “Composite Design”, Thick Composite third edition, 1987. 

. Uflyand, Y.S., “Propagation of waves for transverse oscillations of rods and plates”, Akad. 


. Verma, C.P., “Some Problems in Vibration of Plates”, Ph.D. Thesis, University of 


208. 


210. 


211. 


. Wang, C.M., Wang, C. and Ang, K.K., “Vibration of initially stressed Reddy plates on a j 


. Wang, C.M., Xiang, Y. and Wang, Q., “Axisymmetric buckling of Reddy circular plates on 3 


TN а TTT 


rectangular plate whose thickness varies in two directions”, Л. of Sound and Vibration, 
Vol. 98(2), 257-262, 1985b. 

Tomar, J.S., Gupta, D.C. and Jain, N.C., “Vibrations of nonhomogeneous plates of variable 
thickness”, Л. of the Acoustical Society of America, Vol. 72, 851-855, 1982a. | 
Tomar, J.S., Gupta, D.C. and Jain, N.C., “Axisymmetric vibrations of an isotropic elastic 
nonhomogeneous circular plate of linearly varying thickness”, Л. of Scund and Vibration. 
Vol. 85, 365-370, 1982b. 

Tomar, J.S., Gupta, D.C. and Jain, N.C., “Free vibrations of an isotropic non-homogeneous 
infinite plate of linearly varying thickness”, Meccanica, Vol. 18, 30-33, 1983. 

Tomar, J.S., Gupta, D.C. and Jain, N.C., “Free vibrations of an isotropic nonhomogeneous 
infinite plate of parabolically varying thickness”, Indian Jl. of Pure and Applied 
Mathematics, Vol. 15, 211-220, 1984. 


Nauk. SSSR, Prikl. Mat. Mekh., Vol. 12(3), 287-300, 1948. 


Roorkee, India, 1987. 

Vlasov, V.Z. and Leontev, U.N., “Beams, Plates and Shells on Elastic Foundation” 
(translated from Russian), Israel program for scientific translation Jerusalem, Israel, 1966. 
Volterra, E. and Zachmanoglou, E.C., “Dynamics of Vibrations”, Charles E. Merrill Books 
Inc. Columbus, Ohio, 1965. 


Wang, X., Striz, A.G. and Bert, C.W., “ Free vibration analysis of annular plates by DQ 
method”, Jl. of Sound and Vibration, Vol. 164(1), 173-175, 1993. 


Wang, X., Yang, J. and Xiao, J., “On free vibration analysis of circular annular plates with 


non-uniform thickness by the differential quadrature method”, Jl. of Sound and Vibration, 3 
Vol. 194, 547-551, 1995. > 


Winkler-Pasternak foundation”, Л. of Sound and Vibration, Vol. 204(2), 203-212, 1997. 


Pasternak foundation”, ASCE Jl. of Engg. Mechanics, Vol. 127(3), 254-259, 2001. 


4 


UVA ДА 


217. 
218 
= —- 
чий 219 
“д 
и. 220. 
P E 
M 
A 222. 
2... | 228; 
Че 224 
Au 
m 225. 


i 
=> 


214. 


215. 


216. 


Wang, C.M., Xiang, Y.. Watanabe, E. and Utsunomiya, T., “Mode shapes and stress- 
resultants of circular Mindlin plates with free edges”, Jl. of Sound and Vibration. Vol. 
276(3-5), 511-525, 2004. | 

Wang, С.У. and Wang, C.M., “Examination of the fundamental frequencies of annular 
plates with small core”, Л. of Sound and Vibration, Vol. 280, 1116-1124, 2005. 

Wang, X., Tan, M. and Zhou, Y., “Buckling analyses of anisotropic plates and isotropic 
skew plates by the new version differential quadrature method”, Thin-Walled Structures. 
Vol. 41, 15-29, 2003. 

Wang, X. and Wang, Y., “Re-analysis of free vibration of annular plates by the new 


differential quadrature method”, Jl. of Sound and Vibration, Vol. 278, 685-689, 2004. 


. Weisensel, G.N., “Natural frequency information for circular and annular plates”, Jl. of 


Sound and Vibration, Vol. 133. 129-137. 1989. 


. Xiang, Y., Wang, СМ. and Kitipornchai, S., “Exact vibration solution for initially stressed 


Mindlin plates on Pasternak foundations", Int. Jl. of Mech. Sci., Vol. 36(4), 311-316, 1994. 
Xiang, Y., “Exact vibration solutions for circular Mindlin plates with multiple concentric 
ring supports”, Int. Л. of Solids and Structures, Vol. 39(25), 6081-6102. 2002. 

Xiang, Y. and Wei, G.W., “Exact solutions for buckling and vibration of stepped 
rectangular Mindlin plates", Int. Jl. of Solids and Structures, Vol. 41(1), 279-294. 2004. 
Xiang, Y. and Zhang, L., “Free vibration analysis of stepped circular Mindlin plates", Jl. of 
Sound and Vibration, Vol. 280(3-5), 633-655, 2005. \ 

Zagrai, A. and Donskoy, D., “A “soft table” for the natural frequencies and modal 
parameters of uniform circular plates with elastic edge support”, Л. of Sound and 


Vibration, Vol. 287(1-2), 343-351, 2005. 


. Zhou, D., Au, F.T.K., Cheung, Y.K. and Lo, S.H., “Three-dimensional vibration analysis 


of circular and annular plates via the Chebyshev-Ritz method”, Int. Л. of Solids and 
Structures, Vol. 40(12), 3089-3105, 2003. ' 

Zhou, D., Lo, S.H., Au, F.T.K. and Cheung, Y.K., “Three-dimensional free vibration of 
thick circular plates on Pasternak foundation", Jl. of Sound and Vibration, Vol. 292. 726- 


741, 2006. 


wi <.” ~ 


в. - RG а К fe па збва za бгаа 
an. | Eun eere meme | 
rat 50%@ ЧЕНО Ф Гата û {Әсте Yeh СТАТ | 


ІІ аю 


а, 


ry 


on 


28 


+ 


УН 
— ーー 
on 


ыы 


=F OY 
tg 
IL s 


ча 


г” 
CHI 


uS <. 


ーーーーーーーーー 


Eh 1 
i 
і 
і 
| 
| 
| 
| 
і 


qae 


Ime! Raai, 
ч « Te 


A ЧЕ 


· 


P M ーー u FIM | ES |" У Б. al " ^ A лк 


